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1 Preliminaries

We first recall some notations, definitions and well-known results, which will be used in this
paper. Let R™ be n-dimensional Euclidean space,

R == {z = (z1,22,...,2n) ER" | 21 > 0,22 > 0,...,x, > 0}

be its nonnegative orthant and 0 be the origin of R™, respectively.

For a set A C R™, int(A), cl(A), cor(A) conv(A) denote the topological interior, the topolog-
ical closure, the algebraic interior and the convex hull, respectively. The symbol P(R™) denote
the family of nonempty subsets of R" including the empty set # and V denote the family of
nonempty subsets of R™. The sum of two sets V;, V5 € V and the product of « € R and V € V
are defined by

(OP) Vi+ Ve = {1)14—2)2’2)16‘/1,1)26‘/2}, aV = {OA}”UEV}.

In this paper, we assume that C' C R" is a solid pointed closed convex cone, that is, intC' # (),
CNn(-C)={0},cdlC=C,C+CcCandt-CcCC foralltel0oc0).

Definition 1.1. For a,b € R™ and a solid convex cone C C R", we define
a<cb by b—acC a<intcb by b—ae€int(C).
Proposition 1.1. For x € R™ and y € R", the following statements hold:
(i) = <c y implies that x + z <¢c y + z for all z € R,

(il) = <¢ y implies that ax <c ay for all o > 0,

(iii) <¢ is reflexive and transitive. Moreover, if C is pointed, <c is antisymmetric and hence
a partial order.



We next introduce the concept of minimal elements in vector optimization problem, which
are also known as Edgeworth-Pareto-minimal or efficient elements.

Definition 1.2. Let Z denote a real vector space that is pre-ordered by some convex cone C C Z
and let A denote some nonempty subset of Z. We also suppose that cor(C') # (.

o An element Z € A is called a minimal element of the set A, if
An(z-C)c{z}+C.
If C is pointed, then the above inclusions can be replaced by

AN(z-C) = {z}.

o An element Z € A is called a weakly minimal element of the set A, if

AN (z—cor(C)) = 0.

Lemma 1.1 (Jahn). Let C have a nonempty algebraic interior and C' # Z. Then every minimal
element of the set A is also a weakly minimal element of the set A.

2 Set optimization and complete lattice optimization problem

2.1 Preliminaries in set optimization

Definition 2.1 (Kuroiwa-Tanaka-Ha). For A, B € V and a solid closed convex cone C C R™,
we define

A<LB by BcCA+C, A<LB by AcCB-C.
Proposition 2.1 ([2]). For A, B, D € V and a > 0, the following statements hold.
(i) <L and <% are reflexive and transitive.
(i) A<LB < —-B<{ —-A < B<l,—A
(i) A<, B <= B+CCA+Cand A<, B < A-CCB-C.
(iv) A Slc B implies A+ D SZC B+ D and A <, B implies A+ D <}, B+ D.
(v) A Slc B implies aA Slc aB and A <}t B implies a A <}, aB.
Definition 2.2 (Luc, Hernandez). It is said that A € V is
(i) C-proper (resp. (—C)-proper) if A+ C #R" (resp. A—C #R").
(ii) C-closed (resp. (—C)-closed) if A+ C (resp. A—C) is a closed set,

(iii) C-bounded (resp. (—C')-bounded) if for each neighborhood U of zero in R™ there is some
positive number t > 0 such that

ACctU+C (resp. ACtU—C),



(iv) C-compact (resp. (—C)-compact) if any cover of A the form
{Us + C| U, are open} (resp. {U, — C| U, are open})
admits a finite subcover,
(v) C-convex (resp. (—C)-convezx) if A+ C (resp. A—C) is a conver set.
It is easy to see that every C-compact set is C-closed and C-bounded.

Introducing the equivalence relations
A~ B+ A<, B and B<L A,

A~, B<= A<{( B and B <{ A,

we can generate the set of equivalence classes which are denoted by [-]' and []“, respectively.
The followings are easily confirmed.

(¢) A€[B'«<=A+C=B+C, Ac[Bl"+<=A-C=B-C.

Definition 2.3 (I-minimal element, u-minimal element). Let S C V. We say that A € S is a
l[u]-minimal element if for any A € S,

A Slc[yu} A implies A Sgu} A.

The symbols l[u]-Min(S; C) denote the family of l[u]-minimal elements of S.

2.2 Complete lattice optimization problem

The property (iii) in Proposition 2.1 and (¢) allow to define the following set
L={AcPR")|A=A+C}.

We can easily see that (£,D) is a partially ordered set (that is, the above order relation
satisfies the antisymmetric property).

Proposition 2.2 (Hamel et al.[6]). The pair (£, D) is a complete lattice. Moreover, for a subset
A C L, the infimum and supremum of A are given by

inf A= UA, sup A = ﬂA
AcA AcA

where it is understood that inf A = () and sup. A = R" whenever A = (). The greatest (top)
element of L with respect to D is (), the least (bottom) element is R™.

Proposition 2.3 (Hamel et al.[6]). The following statements hold.
(i) For AB,D,E€ L, AD B, DDE implies A+ D D B+ E.
(i) For A,Be€ L, AD B, s >0 implies sA D sB.

(iii) AC L, B € L implies inf(A+ B) = (inf A) + B and
AC L, Be L implies sup(A+ B) 2 (sup A) + B,
where A+ B={A+ B|Ac L}.



Inspired by Definition 2.2, we introduce the following new concepts.
Definition 2.4 ([2]). It is said that A € L is
(i) L-proper if A # R",
(ii) L-closed if A is a closed set,

(iii) L-bounded if for each neighborhood Uy = Uy + C of zero in R™ there is some positive
number t > 0 such that A C tUq,

(iv) L-compact (resp. U-compact) if any cover of A the form
{Uq| Uy, are open and U, + C = U, }
admits a finite subcover,
(v) L-convex if A is a convex set.
Remark 2.1. FEvery L-compact set is L-closed and L-bounded.

We conclude this subsection by introducing the solution concept in complete lattice-valued
optimization problem. We set

c(L):={AePR")|A=cl(A+C)},
cleconv(L) :={A € P(R")|A = clconv(A + C) }.

Definition 2.5 (Hamel et al.[6]). Let A C cl(£). An element A € A is called I-minimal for A
if it satisfies

Ac A, ADA = A=A
The set of all [-minimal elements of A is denoted by MinA.

Let M be a nonempty set and F' : M — cl(£) a set-valued mapping. Similar to Zhang-
Huang][8] in 2021, we consider the following complete lattice-valued optimization problem:

(CLOP) Minimize F(x) subject to x € M.
Definition 2.6 (Minimal solutions [2]). A point xg € M is said to be

(1) an L-minimal solutions of (CLOP) if for any x € M, F(x) C F(x¢) implies F(x) = F(x).
The set of all L-minimal solutions of (CLOP) is denoted by Min(F(M); C).

(i) a weak L-minimal solutions of (CLOP) if for any x € M, F(x) C int(F(x)) implies F(x) =
F(xo). The set of all weak L-minimal solutions of (CLOP) is denoted by wMin(F(M); C).

Remark 2.2. Hamel et al.[6] introduced complete lattice optimization problem (CL) using the
concept of the infimum and minimal elements. Given a set A C cl(L) or A C clconv(L),
complete lattice optimization problem look for

(CL) a set B C A such that
inf B=inf A and B C MinA.

In this paper, for simplicity, we adopt the definition of the minimal solution of (CLOP) using
the definition 2.5 and 2.6. The concept of minimal solutions using (CL) is a subject for fulure
research.



2.3 Cancellation laws in complete lattices

The Radstrom cancellation law is a well-known fundamental result. After, Prakash-Sertel gen-
eralized the above result. As a direct consequence of Durea-Floreal4] in 2024, we obtain the
following cancellation laws in complete lattices.

Proposition 2.4 ([2]). The following statements hold.

(i) Let A,B,D € L be such that L-closed, L-bounded and L-convex. Then

ADB < A+DD>B+D.

(ii) Let A, B,D € U be such that U-closed, U-bounded and U-convex. Then

ACB < A+DCB+D.

Remark 2.3. We have found that the concept of C-closedness, C-convexity and C-boundedness
play an important role to obtain cancellation laws in set optimization. Using Radstrém’s idea,
Nuriya-Kuroiwa introduced parametrized embedding functions on compact and convex subset to
observe I-type solutions. Moreover in 2023, Araya assumed C-convexity to establish algebraic
operations on V. The subject of next research is to investigate the relationships among embedding
theorems, cancellation laws and algebraic operations of set order relations. See also Kuroiwa’s
manuscript in 2024 RIMS workshop.

3 Existence results

The aim of this section is to present a minimal element theorem with set perturbation in complete
lattice optimization problem using Brézis-Browder’s principle, sublinear scalarizing functions
for complete lattices proposed in [2]. In 2006, Hamel-Lohne[5] defined the following new order
relations on X x V),

(21, V1) =ko (22, V) = Vi + d(21,22)k° <L V3,

where X is a metric space. We see that jko is reflexive and transitive on X x V.
Let Dy, C R™ be a convex set. As a natural generalization of the above order relations, we
define the following new order relation on X x £, where X is a metric space:

(x1,V1) 2p, (22, V2) <= Vo +d(x1,22)Dp C V4.

Proposition 3.1 ([2]). Let D, C R™ be a convex set. Then <p, is reflexive and transitive on
X x L.

Let Px and Py be projections of X x Y onto X and Y, respectively, that is, for every
(x,y) e X XY

Px(z,y) =2  Py(z,y)=y.

Theorem 3.1 (A minimal element theorem [2]). Let X be a complete metric space, C C R™ a
solid pointed closed convex cone, L a family of L-proper and L-closed subsets of R™, k¥ € intC,
Dy, € clconv(L) a L-proper, L-closed and L-convex subset of R"™ such that 0 € int(Dr) and
A C X X L a nonempty set. We assume the following conditions:



(i) A is bounded below (there exists V € L such that V > Pz (A));

(ii) For all < p, -decreasing sequence {(xn, Vy) }nen C A with x, — x € X, there exists (z,V) €
A such that (x,V) <p, (xn,Vy) for alln € N.

Then for every (xo, Vo) € A there exists (Z,V) € A such that
(a) (z,V) =p, (z0, Vo), and
(b) If (&,V) € A such that (2,V) <p, (%,V) then & = T.

Using scalarizing functions for complete lattices defined in [2] and applying Theorem 3.1, we
obtain the following new weak form of Ekeland’s variational principle for complete lattices with
set perturbation.

Theorem 3.2 (Weak form of generalized Ekeland’s variational principle [2]). We suppose that
X is a complete metric space, C C R" is a solid pointed closed convex cone, kK € intC, Dy, €
clconv(L) is a L-proper, L-closed and L-convex set such that 0 € int(Dp), F : X — L is a
L-proper and L-closed valued function. We also assume that

(i) F is bounded below
(there exists V € L such that V O F(z) for all x € X );
(i) {& € X|(z,F(&)) <p, (z,F(x))} is closed for all z € X.
Then for any xo € X, there exists T € X such that
(a) F(Z) D F(xo),
(b) F(x) p F(Z)+ d(Z,x)Dy, for all x € X with x # Z.

4 Application to Game Theory under Uncertainty

In this section, we apply Ekeland’s variational principle to derive the existence of robust Nash
equilibrium solutions for vector-valued games under uncertainty.
Let G := (A, {Xi},{gi},U)ica be a vector-valued game under uncertainty, where

(a) A:={1,2,--- ,n} is the set of n players;

(b) The symbol X; denotes the set of strategies of the i*" player for each i € A, which is a
nonempty subset of a complete metric space X with metric d;;

(c) set X = ea X5

(d) For each i € A and the set U of all uncertainties, g; : X x U — R" is a vector-valued loss
function corresponding to the i** player.

Set X_; := ILjcp\ i3 Xj. For each i € A, we define
i =4z, i1, Tix1, &} € Xy, Va=(x1, - ,x,) € X.
If for each ¢ € A, w; € X;, then we define

(wi,x—;) =={x1, -+, Tio1, Wi, Tig1, - ,Tp} € X.



The image of the uncertainty set 2/ and all € X under g; is the set g;(2,U) = {gi(z,u)|u €
U}. These sets will be compared by using complete lattices in order to obtain the notions of
robust Nash equilibria. Based on [1, 3], we now define the notion of robust Nash equilibria for
the game G with complete lattices.

Definition 4.1. An element & = (Z1,Z2, *+ ,&p) € X is said to be a robust Nash equilibrium
for the game G if and only if for any i € A,

gi(xi, T—i,U) O gi(T,U), x; € X; = ¢:(T,U) = gi(xs, T—s,U);

The symbol RMin(G, D) denotes the set of robust Nash equilibrium for the game g.
Define a metric d on X = Il;cA X; by

d(z,w) = Z di(x, w;),
i=1

where z = (x1,%2,--- ,2n) € X and w = (wy,wa, -+ ,w,) € X. Clearly, (X,d) is a complete
metric space. 3
An element & = (#1, 22, , ) € X is a robust Nash equilibrium if and only if Z; € X is a

[-minimal solution, respectively, of the following complete lattice optimization problem

Minimize g;(x;, Z_;,U)

. (P)
subject to z; € Xj,

for each ¢ € A. We now establish the existence of the solution for vector-valued game G.

Theorem 4.1. Let C C R" be a solid pointed closed convex cone, k° € intC, Dy, € clconv(L)
be a L-proper, L-closed and L-convez set such that 0 € int(Dy). We also assume that

(a) x> gi(x,U) is L-proper and L-closed valued function on X ;

(b) gi(+-,U) is bounded below
(there exists V € L such that V > g;(x,U) for all x € X );

(c) the set {# € X |(2,9:(2,U)) <p, (z,gi(x,U))} is closed for allz € X ;
(d) for each x € X with x ¢ RMin(G, D), there exists & € X \ {x} such that
gi(#,U) D gi(x,U) + d(&,x)Dy.
Then RMin(G, D) admits a robust Nash equilibrium.
Proof. Tt follows from Theorem 3.2 that there exists Z € X such that
gi(z,U) B gi(Z,U) + d(z,Z)Dy, Vre X,z #Z. (1)

We need to prove that Z € RMin(G, D). Assume that ¢ RMin(G, D), then there exists
z € X \ {z} such that

gi(&,U) D gi(z,U) + d(i,%) Dy,

which contradicts to (1) and hence Z € RMin(G, D). O



5 Conclusions

In this paper, we established new cancellation laws of set order relations. Moreover, we intro-
duced new concepts on complete lattice optimization problem. Applying nonlinear scalarizing
techniques in complete lattice which is a generalization of Gerstewitz’s scalarizing function [7],
we presented a new type of minimal element theorem and generalized Ekeland’s variational prin-
ciples in complete lattice optimization problem. Moreover, as an application, we proposed an
existence theorem of robust Nash equilibrium.

We have found that the family of C-closed, bounded and convex subset of R™ allow cancella-
tion laws and algebraic operations on some complete lattice. This fact may bring a new insight
into the complete lattice optimization problems and new existence results are expected.
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