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1 Introduction

It is a key point in this paper that a composite function is a function which is the
nesting of two or more functions to form a single new function. Such operation
frequently preserves several mathematical properties of each nested function. For
instance, a composition of continuous maps is continuous on topological spaces.
This kind of mathematical inheritation is very useful and productive to get new
results in Mathematics. On the other hand, in the theory of global convergency for
algorithm in optimization, it is well-known that a sequence defined by z**1 € A(x*)
for some algorithm map A : X — 2% has a global convergence property if (i) the
set-valued map A is upper semicontinuous, (ii) there is a real-valued continuous
function Z : X — R such that Z(y) < Z(z) for any y € A(z), and (iii) the sequence
is contained in a compact set in X. This property is one of the properties for a
composition of a set-valued map and its scalarization function.

From the view point of vector optimization and set optimization, this kind
of inheritance by composite operations is important and useful to prove extended
results and to get characterizations of optimal solutions through scalarization. This
is a typical approach by which optimization problems with vector-valued or set-
valued maps can be easily handled by converting vectors or sets into real numbers;
see [4] and [5, 6].
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Therefore, it is interesting to investigate the inheritance of cone continuity for
set-valued maps via general scalarization functions for sets shown in [1]. Besides, by
transforming set relations to twofold scalar optimization problems of some (real-
valued) characterizing functions, the set-relations in [10] can be established by
solving real-valued twofold optimization problems; see [7]. For each of the six set-
relations, some necessary conditions and sufficient conditions are established on
the negativity or the nonpositivity of the associated twofold scalar problems.

The aim of the paper based on [1, 7] is to intrduce the mechanism by which
composite functions of a set-valued map and a scalarization function transmit
semicontinuity of parent set-valued maps through several scalarization functions
for sets, and to show the method how to characterize the set-relation through some
characterizing functions for the convex cone.

2 Scalarizing functions for vectors

A linear functional on a real vector space is a bilinear form as a function of two
variables of the original space and its dual space; it is an inner product of two
vectors in the case of a finite-dimensional space. Also, it is one of the most useful
tools for evaluation with respect to some index of the adequacy of efficiency in
multiobjective programming or vector optimization. This is a typical approach to
comparing vectors or sets, and it is referred to as “scalarization”; see [5]. Each
object is mapped to an (extended) real number so that any two objects become
comparable as elements of the totally ordered space R (or R := RU {£oc}). Nat-
urally, converting vectors or sets into scalars involves a decrease of the amount of
information; however, a well-designed conversion makes the problem less signifi-
cant and can be a powerful tool. A norm |[|-|| and an inner product (w,-) with
a fixed vector w are familiar examples of a scalarization for vectors. In addition,
Gerstewitz’s (Tammer’s) sublinear scalarizing functional has exerted a prominent
presence in vector optimization (e.g., see [5, Sections 2.3 and 3.1]):

he(vid) :==inf{t e R |v e td— C} (1)

where C'is a convex cone and d € C. This scalarizing functional h¢e(+; d) is sublinear
(i.e., ho(vr + v9;d) < he(vy) + he(ve) and he(tv;d) = the(v;d) for ¢ > 0) and
hence this conversion is called “sublinear scalarization,” found early in [3]. If
convex cone C'is a half space, that is, C' = {v | (w,v) > 0} with w satisfying
(w,w) = 1, then he(v;w) = (w,v). Therefore this special functional is a certain
generalization of linear scalarization including the notions of weighted sum and
inner product. Accordingly, this idea has inspired some researchers to develop
particular scalarization methods for sets, leading to several applicative results.
For example, we consider a scalarizing function ¢: V' — R for vectors in a real
vector space V. Let 6y and C be the zero vector and a (nonempty) convex cone
in V with 8, € C'. We define a preorder <gin V induced by C' as follows: for vy,



vy €V, v <c g <d:ef> vy — v; € C. This preorder is compatible with the linear
structure:

v <cvy = v +v3 <cvy+ vz forall vy, vy, v3 €V (2)

v <cvy = tv; <ctvy forall vi,v, €V and t > 0. (3)

For well-designed conversions in scalarization, we need the following “order-monotone”
(that is, order preserving) property:

v <cvy = Y(vy) < Y(vy).

If the scalarizing function is an inner product, that is, ¥ (v) = (w,v) with the
weight vector w chosen as an element of the dual cone C* in V*, where

C*={we V| (w,v) >0 Yvel},

¥ has the order-monotone property. Owing to this property, any minimal or max-
imal element of a convex set in a vector optimization problem is characterized by
optimal solutions of its scalarized problem with a certain nonzero weight vector in
C*, which is guaranteed by separation theorems for two convex sets.

3 Imnheritance of cone continuity by scalarization

Throughout the paper, let X be a topological space and Y a real topological
vector space. Let 6y be the zero vector in Y and P(Y') denote the set of all
nonempty subsets of Y. The topological interior, topological closure, convex hull,
and complement of a set A € P(Y) are denoted by int A, cl A, coA, and A°,
respectively. Let A (z) and < be a neighborhood system of a point € X and a
binary relation on P(Y), respectively. Furthermore, we assume that C' is a convex
cone in Y with int C' # () and #y € C. Then, C'+ C = C holds, and int C' and cl C
are also convex cones. Accordingly, we can define a preoder <son Y induced by
C as follows:

def
for yi,92 € Y,y1 <cyo <= 12—y € C.

When C' is pointed (i.e., C N (=C) = {0y}), <¢ is antisymmetric and then a
partial order. In this section, we consider the transmiting mechanism for the
semicontinuity of parent set-valued maps through several scalarization functions
for sets.

Definition 1 (Definition 2.6 in [1]). Let F' : X — P(Y), zp € X, < a binary
relation on P(Y) and C' C Y a convex cone. We say that F' is (<, C')-continuous
at T if

VIV.C Y, W open ,W < F(xg),3V € Nx(x9) s.t. W+ C < F(x),Vx € V.
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Remark 2. If C' = {0} then (=, C)-continuity for set-valued maps becomes <-
continuity in Definition 3.2 in [8].

Definition 3 (Definition 2.9 in [1]). Let ¢ : P(Y) — RU {£o0}, 49 € P(Y), =<
a binary relation on P(Y), and C' a convex cone in Y with C' # Y. Then, we say
that ¢ is

(i) (g, C)-lower semicontinuous at Ay if Vr < ¢ (Ag),3dW € P(Y), W open,
st. WxAgand r < ¢ (A),VAc UMW + C,x);

(ii) (=, C)-upper semicontinuous at Ay if Vrr > ¢ (Ay),IW € P(Y), W open,
st. W< Agand r> ¢ (A),VAec UW +C,x),

where U(V,x):={AePY)|V< A}

Remark 4. When C = {0}, (=, C)-lower and (=<, C)-upper semicontinuities are
coincident with <-lower and <-upper semicontinuities, respectively, which are in-
troduced in Definition 3.3 of [8]. In Definition 3, we adopt that if ¢ (Ay) = —o0
(resp. +00) then ¢ is (%, C)-lower (resp. upper) semicontinuous at Ag.

Therefore, we can easily show the following results as generalizations of Theo-
rems 3.1 and 3.2 in [8].

Theorem 5 (Theorem 3.2 in [1]). Let F: X — P(Y), ¢ : P(Y) = RU {£oc},
o € X, % a binary relation on P(Y), and C CY a convex cone. If F is (X,C)-
continuous at xo and ¢ is (X, C)-lower semicontinuous at F(xg), then p o I is
lower semicontinuous at xg.

Theorem 6 (Theorem 3.3 in [1]). Let F: X — P(Y), ¢ : P(Y) = RU {£oc},
zo € X, <X a binary relation on P(Y), and C CY a convex cone. If F is (%,C)-
continuous at xo and ¢ is (X, C)-upper semicontinuous at F(xg), then ¢ o F is
upper semicontinuous at xg.

Remark 7. Theorems 5 and 6 are generalizations of and reduced to Theorems 3.1
and 3.2 in [8] whenever C' = {0}; see Remarks 2 and 4.

Besides, in case of singleton function, both theorems generalize a usual inher-
itance property for a composite function of a set-valued map and a continuous
linear functional. If f is C-continuous (vector-valued) function from X to Y then
the composite function ¢ o f is lower semicontinuous for each ¢ € Ct, where

Ct={y" eY"ly'(y) > 0Vy € C}

and Y* denotes the set of all continuous linear functionals on Y. Similarly, if f is
(—C)-continuous function from X to Y then the composite function ¢ o f is upper
semicontinuous for each ¢ € C'*. For instance, refer to Proposition 2.3 in [11].



4 Characterization of set-relations by scalar problems

As generalizations of partial orderings for vectors, we give a definition of certain
binary relations between sets in Y, called set relations.

Definition 8 (set relations, [10]). For A, B € P(Y'), we define the following eight
types of binary relations on P(Y").

() ASVB <5 Vae A, Ve B, a<cb <= AC()pb—0C)
= B C(eala+0O);

def

(i) AEYB &5 ZaeAst. WheB, a<cb <= AN (Nyepb—C)) #0;
(i) AsPYB &5 BeBst.Vac A, a<cb < (Nyeala+C)) N B #£0;

(iv) AsP'B &5 A8 Band A <GB = AN (Nepb—C)) #10
and (N,eala+C)) N B #0;

(v) A<BYB &L whe B, Juc Ast.a<cb < BC A+C;

(vi) A<BB &L Vae A eBst.a<eh — ACB-C;

(vii) AYB &L A< Band A< B <= BCcA+Cand AC B-C;

(vii) A<WB <L Jae A BeBsta<ch — AN(B-C)#0
— (A+C)NB#0.

For each of the six set-relations, we shall give necessary conditions and sufficient
conditions for set-relations on two subsets in a vector space under several types of
binary relations via the corresponding twofold scalar optimization problems such
as inf-inf, inf-sup, sup-inf, sup-sup problems on the two sets for a characterizing
function of an ordering convex cone.

Definition 9. Let C' C Y be a convex cone and f : Y — RU{+o00}. We say that
f is a characterizing function of —C' if

fly) <0 <= yec -C. (4)

Remark 10. Condition (4) means that the 0-lower level set of f coincides with
—(C'. This idea is introduced by Eichfelder and Jahn [2] and applied to the charac-
terization of set-relation by Jahn [9].

Theorem 11 (Type 1; Theorem 3.5 in [7]). Let f : Y — R U {400} be a charac-
terizing function of —C'. For A, B € P(Y), the following statements hold:

A <g) B <= supsup f(a —b) <0 <equivalently, supsup f(a —b) < O> .
a€A beB beEB acA
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Theorem 12 (Type 2L; Theorem 3.6 in [7]). Let f : Y — R U {400} be a
characterizing function of —C. For A, B € P(Y), the following statements hold:

(i) Ag< 'B = infsup f(a—b) <

a€A peB

(i) inf supf(a -b) <0 = A -\<(02L)B;
a€A pep

(1i) if A is compact and a — f(a — D) is l.s.c. at any a € A for each b € B, then

inf sup f(a —b) <0 = A<C B,
acA pep

Theorem 13 (Type 2U; Theorem 3.7 in [7]). Let f : Y — R U {400} be a
characterizing function of —C. For A, B € P(Y), the following statements hold:

(i) Ag< 'B = 1nfsupf(a—b)

beEB 4eA

(i1) mfsupf(a—b) <0 = AﬁgU)B
beB geA

(i11) if B is compact and b — f(a —b) is l.s.c. at any b € B for each a € A, then

inf sup f(a —0) <0 = A ﬁgU)B
beB geA

Theorem 14 (Type 3L; Theorem 3.9 in [7]). Let f : Y — R U {400} be a
characterizing function of —C. For A, B € P(Y), the following statements hold:

(i) A <(CSL)B = sup inf f(a —b) <0;

beB a€A

(#i) sup inf f(a— b)) <0 = A —\<(C§L)B;
beB acA

(ii) if A is compact and a — f(a —b) is l.s.c. at any a € A for each b € B, then

sup inf f(a—b) <0 = A<C B,
beB a€A

Theorem 15 (Type 3U; Theorem 3.10 in [7]). Let f : Y — R U {+o0} be a
characterizing function of —C. For A, B € P(Y), the following statements hold:

(i) Ag< B = supmfj(a—b) 0;

acA beB

(i) supinf f(a —b) <0 = A —<(3U)B,
acA bEB



(ii) if B is compact and b — f(a —b) is l.s.c. at any b € B for each a € A, then

supinf f(a —0) <0 = A g<gU)B.
acA bEB

Theorem 16 (Type 4; Theorem 3.13 in [7]). Let f : Y — RU{+o0c} be a charac-
terizing function of —C. For A, B € P(Y), the following statements hold:

acAbeB beAbeB

(i) A <(C4)B — inf inf f(a—0) <0 (equivalently, inf inf f(a —b) < 0) ;

acAbeB beAbeB

(11) inf inf f(a —b) <0 <equivalently, inf inf f(a —b) < O) — A <(C4)B;

(i1i) if A and B are compact and if (a,b) — f(a—0b) is l.s.c. at any (a,b) €

A x B, then

e (4)
—b) <
;Ielggggf(a b)) <0 = A<, B.

These results would be useful to computational problems including set opti-

mization. If we consider two subsets A and B in the paper as images of a set-
valued map, it would be an interesting research direction. Finally, we would like
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