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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. Let M : H — H
be a multivalued mapping, let dom(M) = {x € H : M(z) # 0} denotes the effective
domain of M. M is monotone on H iff (z—y,u—v) > 0 for all z,y € dom(M),u € Mz,
and v € My. M is maximally monotone on H iff M is a monotone operator on H and
its graph

gra(M) ={(z,y) € Hx H :y € M(z)}
is not properly contained in the graph of any other monotone operator on H. In this
case, J4! is defined by J!(x) := (I + BM)~"(x) for each § >0, and z € H.

Let H be a real Hilbert space and let A and B be maximally monotone operators
on H. The problem of finding a zero of A + B is the problem:

(Problem Q) Find x € H such that « € (A + B)~!0.

(Problem Q) provides a powerful tool to study the problems in optimization theory,
nonlinear analysis, medical science, data analysis and signal recovery. One can refer to
sections 3-6 of this paper.

Let A and B be maximally monotone operators on H, let v > 0, let R, 4 = 2J4 — 1
be reflected Rachford resolvent of A and T':=Ty g = %(I + R,pR,4) be the Douglas-
Rachford algorithm associated with (A, B). In 1956, the Douglas-Rachford algorithm



was first introduced in [13] to numerical solution for certain heat equation. In 1976,
Rockafellar [22]studied the zero solution of a maximally monotone operator. In 1979,
Lions and Mercier [19] and Svaiter [23] used the Douglas-Rachford algorithm to establish

the following celebrated result.

Theorem 1.1. [19, 23] Let H be a Hilbert space and let A and

B be set-valued maximally monotone operators from H to H with resolvent
JA =T +vA) L JB=(I+vB)™.

Suppose that (A+ B)"'0={z € H:0€ Az + Bx} # 0,

let xy € H and iterate Vn € N,

yn = JBx, and

Tnt1 = T+ T (2Yn — Tn) = Yn:

Then the following hold for some (x,y) € graJ?.

(i) x=J*2y —2),2, = rand y € (A + B)~'0 for some (z,y) € graJ?;

(i) yn — y.

It is well known that the Douglas-Rachford algorithm converges weakly to (Prob-
lem Q). There are many results related to the solution of (Problem Q) and its
applications. One can refer to [1, 2, 12, 14] and references therein.

For each i € {1,2,--- ,m},

(i) Let H; (resp. H) be a real Hilbert space with inner product (-,-) and norm || - ||.
Let {z,}nen be a sequence in H and z € H, x, — x and z,, — x denote the
strong convergence and the weak convergence of {x, }nen to x respectively.Let I;

(resp I) be the identity mapping on H; (resp H);

(ii) Let (An)n>0 and (B,,)n>0 be real sequence satisfying the conditions; (i) 0 < 8, <
> 1 — — —
1 for any n > O,nh_>1n[01O Bn =1, Z(l Brn) = oo and

n>0
Zn21 |ﬁn - 6n—1| < o<



(ii)) 0 < A\, < 1 for any n > O,IimniEEOAn > O,Z IAn — An_1] < o0

n>1

(iii) LetM; : H — H,G; : H — H be maximally monotone operators.

Throughout this paper,we use these notations unless specified otherwise.
Recently Bot et al. [3] establishes a strong convergence theorem for finding the solution

for (Problem Q) with Douglas-Rachford algorithm.

Theorem 1.2. [3] Let A,B : H — H be maximally monotone operators such that
(A+B)'0#£0, let v > 0. Let g € H and {z,, }nen and {y, fnen be sequences defined
by
Yn = S (Bun);
Tnss = Bun + AT (20 — Butn) — vl

Then the following are true:
()z = lim z, = Ppis(r, AR, 5)0;

(ii) lim y, = JPz € (A + B)~'0.
n—00

([

Let ) € H, 23 € H, ---, 2" € H, o = (x}, 23, ,2") and let the sequences

{u? }nen, {y }nen, and parallel Douglas-Rachford algorithm {27 },cn, j € {1,2,--- ,m}
be defined by

() up =) — ga((m = Dl — a2 =~ al);
up =yt = g ((m = Dat =y — - —ap™h;
wh =l = gh((m = — ) = =T ) 1< <y

(H) ?Jf{ = J’/G](Bnugz)?] € {1727 7m};

(i) a1 = Bud, + AalBotsd, + S (203 — Buud)) — v, — Bawd].



Motivated and inspired by the above results, in this paper, we study zeros of system of
sums of two maximally monotone operators with parallel Douglas-Rachford algorithm.
We study the following problem:

(Problem P) Find (z',z',--- ,z") € A such that

(i) lim z, = (z',3",--- ') = P,0, where
n—oo
A= {(l’l,LITl, T 7$1) < ®1§i§mH ot € m;zl le(RVMlRVGI)}7
and z,, = (xl, 22 .- 2™);

(i) lim J% (2f) = JS 7' € (M; + G;)7'0 for all j € {1,2,--- ,m}.

v
n—0o0

By Problem P, we study the solution to the following problems:

(1) (Problem Q); (2) common zeros to finite maximally monotone operators;
(3)solutions of convex feasibility problem, the method and algorithm of Problem (3)
are different from Theorem 29.2(Dykstra’s algorithm [1]); (4)solutions of system of
mixed type variational inequalities; (5)solutions of system of constrained variational in-
equalities; (6) solutions of system of Stampachia variational inequalities; (7)solutions of
system of Lax-Milgram type problems; (8)solutions of Stampachia variational inequal-
ity; (9)solutions of Lax-Milgram type problem; (10) solutions of system of optimization
problems for the sum of two convex functions; (11) solutions of system of approxima-
tion problem; (12) solutions of system of constrained optimization problems for convex
functions; (13) solution of system of signal recovery problems; (14) solutions of system
of signal recovery problems; (15) solutions of system of split feasibility problem.

We study solution of system of feasibility problem without knowing the norms of the
operator we consider.

Our result for solution to system of constrained variational inequalities is different from
Theorem 3.6 [9]. In order to study zeros of system of sums of two maximally monotone
operators (Problem P) ; we introduce a new parallel algorithm to find a common fixed
point for a family of a;— averaged mappings. Then we apply this common fixed point

theorem to study (Problem P) with parallel Douglas-Rachford algorithm and strong



convergence theorems are established for (Problem P). We also apply our result for
(Problem P) to study solutions of problems(1) to (15) with parallel Douglas-Rachford

algorithm and strong convergence theorems are established for these problems.

2 Preliminaries

For each x € H, there is a unique element z € C such that ||z — Z|| = mingec ||z — y||.
In this study, we set Pcx = ¥, and P¢ is called the metric projection from H onto C.
Let T': C' — H be a mapping, we denote Fiz(T) :={z € C :Tx=z}. Let T:C — H

be a mapping,
(i) T is nonexpansive iff ||Tx — Ty|| < ||z — y|| for all z,y € C;

(ii) T is demiclosed iff for cach sequence {z,} and

x in C' with z,, = x and (I — T')x,, — 0 implies that (I —T)x = 0;

(iii) 7T is firmly nonexpansive iff [Tz — Ty|* + [|(I — T)z — (I — T)y)||*> < ||z — y||*
for all x,y € C.

(iv) T': C' — H is averaged or a— averaged if there exist a € (0, 1) and a nonexpansive

mapping S : C' — H such that T'= (1 — a)I + asS.

Let I; : Hi — H; (vresp. I : H — H) be the identity mapping on H;( resp. H),
Let T'g(H;)(resp.I'o(H)) denote the set of all proper, lower semi-continuous, and convex
functions from H;( resp. H) into (—oo, c0]. Let g : H —| — 00, 00[ and let v > 0.

The Moreau-Yosida approximation of g of order v is

1
Yg(z) = inf — ||z — y|%
g() ;gHg(y) + 27Hx yll

Let g € To(H) and A €]0, 00[. The proximal operator of g € T'g(H) of order A €]0, c0|
1s

1
Proxy,r = argg&ig{g(v) + ﬁ”“ —z|*}, x € H.
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The variational inequality for an operator F' : C' — H is the following problem:
Find z € C such that (Fz,y —z) >0 for all y € C.
Let f € I'o(H). Then the subdifferential 0f of f is defined by

Of(z) ={ue H: fly)> f(x)+(y—z,u) forally € H}.

The indicator function v : H — [0, 00| is defined by

0, reC
to(x) =
00, ¢ C

is a proper, lower semicontinuous, convex function.
Let z € H, let V(z) be the family of all neighborhood of x , let W € V(z) and let
f W — R. Then f is said to be Fréchet differentiable at x € H iff there exists an

operator V f(z) € H such that
Ut ) — (@)~ (y, V@)

= 0.
0#[ly]—0 [yl
Here, Vf(z) € H is call the Fréchet derivative of f at .

Lemma 2.1. [4] Let T': C' — H be a nonexpansive mapping, and let {z,},en be a

sequence in C. If z,, = w and lim ||z, — T'z,|| = 0, then Tw = w.
n—oo

Proposition 2.1. [1] Let T : C — H be nonexpansive, and « € (0,1).Then the
following are equivalent:
(i) T is a-averaged;

(it)(Vz € C)(Vy € O), [Tz = Tyl* < [l — yl* = 22 = T)a — (I = T)y|*.

Lemma 2.2. [1] Let T : H — H be monotone and hemicontinuous, ie.,for every

(z,y,2) € H3 limyo(z, T(z + ay)) = (2, Tz). Then T is maximally monotone.

Lemma 2.3. [21] Let f € I'o(H), then Jf is maximally monotone.
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Lemma 2.4. [1] Let g € T'y(H) and X €]0,00[. Then,

()prozy, = (I + Xdg)~' = J27;

(ii)proxy, is firmly nonexpansive;

(iii) If C' is a nonempty, closed and convex subset of H and g = t¢, then proxy, = Po

for all A €]0, ool.

Lemma 2.5. [1] Let A: H — H and B :— H be maximally monotone operators such
that one of the following holds:
(i) domB = H; (ii) domA()int(domB) # 0; (iii)0 € (domA — domB).

Then A + B is maximally monotone.

Lemma 2.6. [1] Let C' be a nonempty closed convex subset of a Hilbert space H. Then

the projector Pg is firmly nonexpansive.

Lemma 2.7. [1] Let A : H — A be maximally monotone and let ¥ > 0. Then The

reflection resolvent R, 4 : A — H : x — 2J,f‘$ — x is nonexpansive.

Lemma 2.8. [1] Let A: H —o H and B : H — H be monotone, let R,4 and R,p be
the reflection resolvents and let v > 0. Then (A + B)™'0 = JPFiz(R,aR.5).

Lemma 2.9. [10] Let 7" and S : C'— H be mappings. Then the following are satisfied:

(i) If S and T are both averaged, then the product (composite) ST is averaged,;

(ii) If the mappings {T;}7, are averaged and have a common fixed point, then ()., Fiz(T;) =
Fix(Ty---T,).

Lemma 2.10. [1] Let f € I'((H) and let v > 0. Then "f : H — R is Fréchet
differentiable on H, and its gradient

Vif=~vI- pProzy)

is v~ !-Lipschitz continuous.

Proposition 2.2. [1] Let f : H —]— 00, 00| be convex and let 4 > 0.Then 7 f is convex.



Lemma 2.11. [5] For each i € {1,2,--- ;m}, let p; > 0,5, : H — H be a demi-
closed p;-strongly quasi-nonexpansive mapping, and let S = 5155 ---S,,. Suppose that
Niv, Fiz(S;) # 0. Then S is a demiclosed p— strongly quasi-nonexpansive mapping
with p = (327, 0 7).

Proposition 2.3. [5] Let A : H — H be a bounded linear operator with ||A[ > 0
and T : Hy — H, be an operator satisfying TAw = Aw for some w € H;. Further let
V=I— WA*(IQ —T)A. If T is an a — SQNE operator for some a > 0, then

(i) Fiz(V) = A7 Fiz(T);

(i)Visa— SQNE.

If T is demiclosed , then V is demiclosed .

Lemma 2.12. Stampachia [1] Let C' be a nonempty closed convex subset of H, let
F: H x H — R be a symmetric bilinear form, 8 > 0, > 0. Let ¢ € B(H,R), and let
[+ HxH — R be defined by f(z) = 1F(z,z) — {(z), where B(H,R) is the set of all
bounded linear operators from H to R. Suppose that

|F(x,y)| < Bllz|l||ly|| and F(x,z) > a||z|* for all x € H and for all y € H.

Then there exists £ € H such that

zeC, Flz,y—z)>lly—1z) foralyeC.

Lemma 2.13. [1] Let f,g € T'o(H) such that one of the following holds:
(i) domdg = H; (ii) domdf () int(domdg) # 0; (iii)0 € (domdf — domdyg).
Then O(f + g) = 0f + 0g.

3  Zeros of system of sums of two maximally mono-
tone mappings

Foreachi e N7 =1,2,--- m+1, let
(i) A; : H; — H,,41 be a bounded linear operator with adjoint A} and || A4;|| > 0;
(i) The product ®1§i§m H; = Hy x Hy x - -- X H,, is a Hilbert space with inner product
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given by (z,y) = > " (%, y;), and norm given by |z|| = O°1%, H:viHQ)% for any x =
($17 T, 7wm) € ®1§i§m Hi7 Yy = <y17 Yo, 7ym) € ®1§i§m Hz

(ii) M; : H — H,G; : H — H be maximally monotone operators, C; ,D;and C be
nonempty closed convex subsets of H, f; € T'o(H), and g; € T'o(H);

(iv)ay € H, z3 € H, ---, ' € H;

(Yl = 7 — (O — 1l — a2 — - — a1

= = (= D)ot k- )

wy=a) — L((m—-1z) —al — - —ai =2l — =) 1< j<m.

Throughout this paper,we use these notations unless specified otherwise.

Theorem 3.1. [3|Let xy € H, let T : H — H be a nonexpansive mapping such that
FizT # 0 and let {x,}nen be a sequence defined by

Tpa1 = BnTn + A (T (Bpxn) — Buxy) for all n > 0.

Then lim z, = Ppiy1)0.

n—oo

O

Theorem 3.2. For each j € {1,2,---,m}, let p; > 0, and let T; : H; — H; be
p;-averaged. Suppose that
A={(z"2? - 2™ € ®1§i§m H;: 29 € Fiz(T}),j € {1,2,--- ,m},

Ap(zh) = Ay(2?) = - = A (a™)} #£ 0.

Let #} € Hy, 23 € Hy, -+, 20' € H,,, 9 = (2,23, ,27) and let the sequences
{ul }nen, and {2 }nen, 7 € {1,2,--- ,m} be defined by

Dvn = 2 — msm apAi(m — DA(z;,) — Ao(a]) — - — An(a));

vt =2y — s Am((m = DA () — Av(ay) — - = A (277);

vl =, — s AS(m — 1A (e0) — Ay(al) =+ — Aya(a )

— Aj(@) = = An@), 1 < j <my

({2 = Batd, + Aa(Tj(Bavl) — Buad), for all m > 0 and for all j € {1,2,--- ,m}.

Let m, = (x},22,--- ,2™), then lim z, = (z',7°%,--- ,3™) = P,0.
n—oo



Theorem 3.3. For each j € {1,2,--- ,m}, let p; > 0, and let T; : H — H be p;-
averaged. Suppose that

A={(z" 2, ,al) € Rr<icm H - vl € ﬂ;’ll Fix(T;)} # 0.

Let sequences {7 },cn, 7 € {1,2,--+ ,m} be defined by:

(i)IzH»l = anj + )\n(T(ﬁnu]) - anj)aj S {1727 o 7m}7n Z 0.

Let x, = (zL,22,--- ,2™), then hm $n—(f1,f1,-~- , ') = PA0.

n»*n’

Theorem 3.4. Suppose that

A={(z" 2", 2") € Ry H - 2t € N2, Fiz(Ryn, Rua,)} # 0.

Let the sequences {27 }nen, and {y? }nen, j € {1,2,--+ ,m} be defined by
(i )yn = 7 (Buid);

()20, 1 = Bu), + AnlButd) + T (20 — Buti) — v — Bai]

Then there exists (z',z!,---,Z') in A such that

(i) lim =, = (z',z', -, 7)) = PyO;

(i) lim JS (29) = JSiz' € (M; + G;) 70 for all j € {1,2,--- ,m}.
n—oo

Theorem 3.5. [3]Let v > 0. Suppose that A = (M +G)™'0# 0. Let M : H — H,G :
H — H be maximally monotone operators and v > 0. Suppose that

A= (M+G)~'0#£0.

Let zyp € H and {x,}neny and {yn fnen be sequences defined by

Yn = I (Bun);

Tni1 = Bntn + Ml L) (20 — Ban) — Ynl.

Then there exists x € Fiz(R, ) R,¢) such that the following hold:

(i) JPx e (M +G)™!

(i)z = 711131 Tn = Prig(RynRye)0-

Theorem 3.6. Let v > 0. Suppose that

A={(zt, 2, 2 € Rcicm H A= ﬂ;nzl Mj_lo} # 0.
Let sequences {7 },en, and {9/ }nen, 7 € {1,2,--- ,m} be defined by
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() j:an
(i) 22, ) = Butd + Aul o (Butid) — Buad)], 5 € {1,2,--- ,m}.

Let m, = (zL,22, -+ ,2™), then there exists (z*,7',--- ,Z') in A such that
(i) lim x, = (z',2',--- ,7') = PAO;
n—oo

(iz' e N7, M; 0.

Theorem 3.7. Let v > 0. Suppose that
A={(hal, - 2") € Qe H 2t €L Ci} # 0.
Let sequences {7 }nen, and {9 }nen, 7 € {1,2,--- ,m} be defined by
(i) ¥, = Buwd;;
(i) 2741 = Bu), + Aa[Po, (Buwd,) — Bud)],j € {1,2, -, m}.

Let z, = (zl,22,--- ,2™), then there exists (z',7',--- ,Z') in A such that
<1)7}1—>Holoxn = (flvjla e a'f ) = PAOa

(i)z' e N, Cj.

Theorem 3.8. Let v > 0. Suppose that

A={(zt, 2!, - 2t e Q1<icm H A= ﬂ;n:l argmingep f;(y)} # 0.
Let sequences {7 } ey, and {9 }nen, 7 € {1,2,--- ,m} be defined by
(i) ¥, = Bawd;;

()1 = Bud + Ml 207 (Buu) — Bud)].J € {1,2,-+  m}.

Let z, = (xzl,22, -+ ,2™), then there exists (z',z',--- ,Z') in A such that
(i) lim x, = (z',2',--- ,7") = PAO;
n—oo

(ii)z! € Nz, argminye g f;(y)-

4 Solutions of system of variational inequalities, so-
lutions of system of Stampachia variational in-
equalities

Theorem 4.1. Let v > 0. Suppose that
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A={(" 2! 2") € @ eyer H : 2t € N1y Fin((2Pc; — I)Rug;)} # 0.
Let sequences {7 }nen, and {9 }nen, 7 € {1,2,--- ,m} be defined by
(i) = 157 (Buud);
()21 = Butd, + MalButsh + Po, (29 — Buv) =yl — Burd] j € {1,2,--- ,m}.
Let @, = (x}, 22 ... 2™

such that J,"z' € ¢},

), then there exists (z!,z',---,7') in A

(i) lim =, = (z', 7', 7)) = PyO;

(ii)(y" — J,,szfl,vj> >0 for all y* € Cj and for all j € {1,2,---,m}

for some v; € Gj(Jijil).

Corollary 4.1. Let v > 0. For each j € {1,2,--- ,m}, let G; : H — H be a monotone
hemicontinuous mapping. Suppose that

A={(hat - 2") € Qe H -t €N, Fix(2Pg; — I)Rya,)} # 0.

Let sequences {7 }nen, and {9 }nen, 7 € {1,2,--- ,m} be defined by

()i, = 157 (B

(i1) @1 = Bu), + MalButs), + Po, (24), — Butid) — 4, — Baad],j € {1,2,--- ,m}.

Let a, = (x1, 22, -+ ,2™), then there exists (z', 2%, -+ ,Z') in A such that J," 7 € C},
(i) lim =, = (z',z', -, 7)) = PAO;

(i) (S 7 — yl,Gj(ijf1)> >0 for all y* € C; and for all j € {1,2,--- ,m}.

Remark 4.1. Theorem 4.1 is different from Theorem 3.6 [9]. In Theorem 3.6 [9],
Censor et al. assumed that G; : H — H is a maximum monotone Lipschitz continuous
mapping with bounded closed values for each i € {1,2,--- m}, but in Theorem 4.1, for
each j € {1,2,--- ,m}, G, does not assume to be Lipschitz continuous and bounded
closed values. Nadezhkina and Takahashi [20], Kraikaew and Saejung [15], Censor,
Gibali and Reich[8] studied variational inequalities for Lipschitz monotone mappings.
The result, algorithm and technique of Corollary 4.1 are different from Nadezhkina and

Takahashi [20], Kraikaew and Saejung [15], Censor, Gibali and Reich|[8].

As consequence of Theorem 4.1, we study the solutions of system of the Stampachia

variational inequalities.
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Theorem 4.2. Let v > 0, for each i € {1,2,--- ,m}, let v, >0, let F; : Hx H - R
be a symmetric bilinear form. For each i € {1,2,--- ,m}, let ¢; € B(H,R), and let
fi : Hx H — R be defined by f;(z) = $F;(z,z) — {;(x), where B(H,R) is the set of all
bounded linear operator from H :— R. Suppose that

|Fi(z,y)| < villz||llyl]] and Fi(z,z) > 0 for all x € H and for all y € H, and for all
ie{l,2,--- ,m},

and suppose that

A={(zt, 2!, 2 € Rcicm H A= ﬂ;nzl Fiz((2Pc; — I)Ryvy,)} # 0.

Let sequences {7 },en, and {9/ }nen, 7 € {1,2,--- ,m} be defined by

(W), = 7 (Bausd):

(i)t g1 = o) + AnlButsd, + Po, (29, — Buud) =y + Buwd) 5 € {1,2,--+ ,m}.

Let x, = (zL,22,--- ,2™), then there exists (z*, 7', - ,Z!) in A such that
JVijfl S Cj
(i) lim =z, = (z', 2", ,2") = P\0;

n—oo

(i) "zt e C; and (y — Jyvfjfl,ij(Jyvfjfl).) > 0forally € C; and for all j €
{1727... 7m};

(ii)) ) 77" € Cj and Fy(L 77y — L3 > 05y — 1 7)) for all y € C; and for all
je{1,2,--- ,m}

By solutions of system of the Stampachia variational inequalities, we get the solu-

tions of the Stampachia variational inequality.

Theorem 4.3. Let v > 0, v > 0, > 0. Let F': H x H — R be a symmetric bilinear
form , let ¢ € B(H,R), and let f : H x H — R be defined by f(z) = $F(z,z) — {(z),
where B(H,R) is the set of all bounded linear operators from H to R. Suppose that
|F(x,y)| <vllz||||y|| and F(x,z) > 0 for all x € H and for all y € H. Let

A={zxe H:zeFiz((2Pc —I)R,vys)} # 0.

Let zyp € H and {x, }nen and {y, fnen be sequences defined by

Yn = Jyvf(ﬁn«rn)v
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Tpi1 = Bntn + M[Po(2yn — Bun) — Ynl.

Then there exists Z € A such that J)/z € C and

(1)731%1110 Ty, =T = Pp0;

(ii)JY/z € C, and (y — JY/2, Vf(JY/Z)) > 0 for all y € C;

(iii)there exists a unique JY/Z € C such that JY/z € C and F(JY/Z,y — JY/z) >
Uy — JY!z) for all y € C.

Theorem 4.4. Let v > 0, v > 0,a > 0. Let F': H x H — R be a symmetric bilinear
form , let ¢ € B(H,R), and let f : H x H — R be defined by f(z) = 3F(z,z) — {(z),
where B(H,R) is the set of all bounded linear operators from H to R. Suppose that
|F(z,y)| < vllz|/||y|| and F(z,z) > a|jz||? for all z € H and for all y € H. Let

A={zx € H:x € Fix((2Pc — I)R,vy)}.

Let zyp € H and {x,}neny and {yn tnen be sequences defined by

Un = I (Bun);

Tnt1 = BnTn + M| Po(2yn — Bnn) — Ynl.

Then there exists Z € A such that JY/Z € C and

(1)731%1110 T, =T = Pp0;

(ii)JY/z € C, and (y — JY/z2, Vf(JY/7)) > 0 for all y € C;

(iii)there exists a unique JY/Z € C such that JY/z € C and F(JY/z,y — JY/z) >
Uy — JY/z) for ally € C.

Remark 4.2. In Theorem 4.2, we assume that A # (), and Fj(x,x) > 0 for all x € H
and for all ¢ € {1,2,--- ,m}, while in Theorem 4.3, we assume that F(z,z) > oz

for all z € H, we don’t assume A # ().

For the special case of solutions of system of the Stampachia variational inequalities

, we study the solutions of the system of Lax-Milgram lemma.

Theorem 4.5. Let v > 0, for each i € {1,2,--- ,m}, let F; : H x H — R be a
symmetric bilinear form, let 7; > 0 and let ¢; € B(H,R), let f; : H x H — R be defined
by fi(xr) = LFy(x,2) — £;(x), where B(H,R) is the set of all bounded linear operators

— 2
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from H to R. Suppose that

|Fi(z,y)| < villz|l|ly|| and Fi(x,z) > 0 for all x € H and for all y € H,
and suppose that

A={(hal - 2") € Qe H o 2t € N2, Fiz((Ryvy,)} # 0.

Let sequences {7 },en, and {9/ }nen, 7 € {1,2,--+ ,m} be defined by
(i) h = S (i)

(1) @41 = Butth + AW — Bof),j € {1,2,-++ ,m}.

Let , = (zL,22,--- ,2™), then there exists (z*,7',--- ,Z!) in A such that
(i) lim =z, = (z', 2", ,2") = P\0;
n—oo

(i) o "zt € H and F;(J, 72" y) = 4;(y) for all y € H
and for all j € {1,2,--- ,m}.

The special case of solutions of system of the Lax-Milgram lemma is the solutions

of the Lax-Milgram lemma [16].

Theorem 4.6. Let v > 0,7 > 0, > 0, and let F': Hx H — R be a symmetric bilinear
form. Let f: H x H — R be defined by f(z) = 3F(z,z) — {(x), where B(H,R) is the
set of all bounded linear operators from H to R.

Suppose that

|F(z,y)| < |lz|/||y|| and F(z,z) > a||z||* for all z € H and for all y € H. Let

A={r e H:x € Fiz(JY))}.

Let o € H and {z, }neny and {y, }nen be sequences defined by

Yn = ST (Bun);

Tpt1 = BnTn + M (Yn — Bnn)-

Then there € A such that

(i) im z, = T = PA0;

n—oo

(ii)there exists unique JY/Z € H such that F(JY/Z,y) = {(y) for all y € H.

Proof.Take C' = H in Theorem 4.4, then by Theorem 4.4, there & € A such that

(1)3220 Ty, = T = Pprxg;

15



(ii)JY/z € H and F(JY!z,y—JY/%) > ((y—JY/Z) for all y € H. Argue as in Theorem

4.4, we can prove Theorem 4.6. U

5 Solutions of system optimization problems for the
sum of two convex functions

Theorem 5.1. Let v > 0. Suppose that

A={@"az! 2" Qe H -2t € ML, Fiz(Ruos, Ruag,)} # 0.

Let sequences {7 }nen, and {9 }nen, 7 € {1,2,--- ,m} be defined by

(s, = 1" (Bt

()71 = Buh + NalBach, + 17 2y = fud) =y — Bud). G € {12, m}.

Let @, = (x},22,---  2™), then there exists (z',z',--- ,Z') in A such that
(i) lim z, = (z',2',--- ,Z") = PAO;
n—00
(i) lim J2%(2) = J297" € argmingen(f5(y") + g;(y")) for all j € {12, m}.

Proof. For eachi € {1,2,...,m}, let M; = 0f;, and G; = Jg;. We see 0f;, and Jg; are
maximally monotone operator. Then by Theorem 3.4,

(i)TLlLIT()lown = (34, 7,--- ,7') = P,0;

(i) 09z € (Df; + Dg;) " 0 C O(f; +g;) 0 for all j € {1,2,--- ,m}.

Therefore, JJ% 7! € arg mingey (f; + g;)(y) for all j € {1,2,--- ,m}.

Theorem 5.2. [3] Let f € I'y(H), and g € I'y(H). Suppose that
A={zx e H:z e Fiz(RsRua)} # 0.

Let xo € H and the sequences {x, }nen, and {y, }nen be defined by
(Dyn = 7% (Bawn);

()T 1 = Butin + Ml T (20 — Buwn) — yn-

Then there exists T € Fiz(R,9sR,a4) such that the following hold:
(i) lim z, =T = P\0;

n—oo

(it) lim JY(x,) = J2% € argmingen(f(y) + 9(y)).

n—oo
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Theorem 5.3. Let v > 0. Suppose that

A= {(fvlaxlv e 7331) ®1§i§mH rat € m;nzl CiN Dy} #0.

Let sequences {7 },en, and {92 }nen, 7 € {1,2,--- ,m} be defined by

)y, = Pp,(Baud);

()2 11 = Buth, + MalButsh, + Po, (29} — Buv) =yl — Burd] j € {1,2,--- .m}.

Let x, = (zL,22,--- ,2™), then there exists (z*, 7', -, ') € Q such that
(i) lim =z, = (z',2',---,2") = Py0, where
n—oo

Q= {(wlv‘rlu e 7$1) ®1§i§m H: ! m;nzl Fim(RVDLCjRVGLDj)};
(11) PDjfl S ijDj for all j € {1,2,- .- ,m}.

Theorem 5.4. Let v > 0, for each i € {1,2,--- ,m}, let g; € T'o(H) and let C; be a
nonempty closed convex subset of H. Suppose that

A={(hat 2" Qi H o 2t € )2, Fiz((2Pc; — I)Ryag,)} # 0.

Let sequences {27 },en, and {9/ }nen, 7 € {1,2,--+ ,m} be defined by

(D) ¥ = 1" (Buuid);

(i) 1 = Buh + Ma[Bu + o, 2y} — Butd) — v, — Bad)sj € {1,2,--- ,m}.

Let x, = (zL,22,--- ,2™), then there exists (z*,7',--- ,Z!) in A such that
(i) lim x, = (', 7', -+ ,7") = PA0;

n—oo )
(ii) 11_{11 J%% 11y = Jo9iz! ¢ arg minylecjgj(yl) for all j € {1,2,--- ,m}.
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