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1. Introduction

Theorem 1 (=77 DOEHL).
X DHFEZEMTH 572613,

l]* + lyll* = llz — yl* <=2 Ly ({z,y) =0).

DD LB, TR & MRS TR, A S Tw 5.

PRS2 TIPSR 0 TH DL LT2ODTTDOERL R EZ S T LT, NFEZ
BT 2 HRZDOBERIE A2 D BRER < | BRA S BIE TThbIRTWwWg. —J7, /v
LZEMITIXAREBFEST 2 LIRS 20T, /7 VAT 2HE LA ERITED
B 2R L - B OBEEER, STV 5 (2, 3] FE2ZH).

JIVLZERITE, ZEFOEHIZBIF 2 FRITE D Pythagorean [EXRD3EF S
ns.

Definition 2 (Pythagorean HE%). /L AZER] X DI z,y THNL, 2 25 y I
Pythagorean EX$ % (z Llpy &Kid) &1,
lzl% + lyllx = llz = vll%
DD SLDOHEZTE S ([6]).
Pythagorean [EX DML, 2 Xt LD@WHE D / V2 ly-norm || - ||o ZHWT

)1/2

Iz lxs )l = (lzllx + lx) ™ = lle = yllx

ERIATES.



p BICET 2RI DS UDEREINTV.
Definition 3 (L, EHAZ). /VAZEH X OJT 2,y WL, 2 23y I L, BXT S (
$J_Lp Yy Z?E%ﬂ) X@i,
2% + lyllx = llz — yllx
DD ILDHEZEE S (8, 12)).
L, BRDZEMHK S, (,norm || - ||, ZFHWT
1 lxs Iylloll, = ll + Iyl = lle = ylx

CRIFATEETH 5.
MUEDe, ReEZ 5.

Definition 4. ||- || ZFE 2XT LD/ VLT 5. JIVAZER X OJC 2,y WL, x
D3 y \Z generalized relation of Pythagorean orthogonality by ||| 22 (x L cp y
LREL) i

I(lzlx, [yl = lle = ylix
DD IDHEEE D .

ME normalized: ||(1,0)|| = ||(0,1)]| =1 ZRETZ 2 ([1]). 0 A LETH 2 ||z|x,
lyllx XU T ||(|zllx, lyllx)|| 2% Z % DT, absolute / V2 %FZIUX T TH
5. 2RIC LD 7 V2 || -] A absolute TH % &1

1(a, )| = lI(lal, [B)II (*(a,b) € R?)

D DIIDZ e %2ED ([5, 11).

generalized relation of Pythagorean orthogonality by || - || (& L, ERXZ &, <
¥ T/ NV LZERIZE) 5 Pythagorean BEXRD—LTH D, L, IE S B TR,
NREZERDOERZ 7V LAZEEIC—RIL L7z D TR RoTWVWd (p#£2) RITHE
BORETH S 3HEHITHIZZET ).

LU 5, 2 IVAZEENCBIT % Pythagorean ERN723 3 D DIFEER %,
generalized relation of Pythagorean orthogonality by || - || ®i#i7z3 Z £ 2B L 7.

2. Results
Pythagorean [ —%D /7 L A ZZRNCEBWTUL R 3 O DIFEERZfi/- L TW\W5

Theorem 5 (existence). X % /L AZEME T2, O X, {FED MLk
Ty €X Ep>0HLT,a,beR, b>0, ||z =p BEXU = Lp 2z BT
2 =ax + by BDFET 5.

Theorem 6 (a-existence). X %/ /VAZE[E T2, 2O &, FED 2,y e X IZ
MLT, o Lpar+y 27T ac R BFHET 5.
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Theorem 7 (orthogonal diagonals). X % /L AZEME T 2. Ot X fEED
T,y € X IWINLT, a+ry Lpx —ry 2723 r >0 DFEL,

Ly _ 1 el
V2 Iyl 51l

IS D—{t% generalized relation of Pythagorean orthogonality by || - || (ZX}
U CaERA L 7= ([10]).

% 2 It E D absolute normalized / L AEK%E AN, ¥ Kl T 5.
[(a, D) Iy = |a| + [b]

TEDHNS || -] 12 L Tid generalized relation of Pythagorean orthogonality by
|- || BEATREROESHITH Y, LR TIEBRIT 5.

Theorem 8 (existence). X % JJVAZERIE L, |- |1 # |- ]| € AN, €5 5. 2Dk
E EEO—THR r,ye X ¥ p>0RXRLT,a,beER, b>0, ||z =p BXU
x Lyjep z i 2 =ax + by BMFET 5.

FIRTELED I Vo || - || SR L TE—C |[(b,a)]| = ||(a, )| 2SF L dRITL
&L\@T, X J_||.||Gp Yy &ZUZ\TL b Yy J_||.||Gp T %%’:\uﬂi‘@?, r+ry J_||.||Gp r—ry 5}
T =Ty J_||.||Gp T+ry FEBRLZW.

Theorem 9 (orthogonal diagonals). X % /W AZEHE L, |- |[L # |- || € ANy &
T2, D& ERD 2,y e X WL, x+ry Lyjgp x—ry BT r> 0 23
£3%.

Fx— Sy J_||.||Gp T+ sy %(ﬁfij— >0 Z@FEﬁG:

1,1 1,1
I DI l=llx ax{r, s} < [ DI [l
2 ylx 2= I, D lyllx

DAL T 5.
a-existence % /R3 BR sharp triangle inequality 236G H72 - 7=.

Lemma 10 (Sharp triangle inequality [9]). X % /L AZEfHE$5. ZoL =, £
B x,yc X\ {0} THLT,

i_iwmwwmu

Iw+yH§Hﬂ%HWH—<2—‘
E

Theorem 11 (a-existence). X %/ VAZERIE U, || |1 # ||| € AN, &5 5. Z
D %, ﬁi‘%ﬁo) T,y € X G:ﬁfb‘f, X J_||.||Gp ar +y %(ﬁ‘/’:’:j‘ a€eR ﬁ)ﬁﬁ:‘j‘é



Proof.

f@) = ll(lzlx, [tz + yllx)| = [lo = (tz + y)llx
= [|(lzl[x, [tz + yll)ll = It = Dz + yl x-
TREEL f(t) BERT D&, /L4 ||| D monotonicity 25
@) > [tz +yllx —[[(t = Dz +yllx

DAL T 5. s BT 5 |y + sxl|x Y convex RDT, THREL > 01X LT
£(t) > e+ ullx — (= Lz 4+ gllx > 0.

—7, TARERADE L WTRHUT, ||z||x < ||tr+y||x DIEDILDODT, ||-|| € AN,
W 2R LT sharp triangle inequality % AW 5 &

&) = [l(lzllx, 0) + (0, [tz + y||x)|| = |(t — D)z + y||x

< [Jzflx + Itz + yllx — 2 = [[(L, DI [Jellx = 1 = D +yl[x

= (1L DI = D) llllx + [¢] —t|

1
r+ - (y — )
. t

_I__l
x
ty

X

|z + yllx = lI=llx

= (1L V] = D) [lzllx - 1/t

2+ 1y — 2)|| — ll=llx
1/t

THY, N(z,y—x) = N_(z,y) — |lzllx & |- # |- [h 225,

+

dim £(6) < (1L DI = 1) flellx — N-(z.5) + N_(z,y )
— — 2= [(L L)) fl2llx <0

218%. 22T, N_(z,y) T 2 1B 25 y HHAD left Gateaux differential TH 5.
D{J:ck D f(to) =0 %(777“3‘;_ ty € R Z’)‘ﬁ?’fb, x J_||.||Gp tox + Y.
]

sharp triangle inequality DISHIZD B o TWE 728, 25 6 DREIIEIMEN L 7=

3. Examples
B Z1F 5N % generalized relation of Pythagorean orthogonality Dl & LT,
[(@, )| = max {lal, [b]}
TEDOLND |- || KELXDBELNS.
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Example 12. £E®D / VLAZE/R X ZBWT, ||z —2|| <1 Zi#72d v,z € Sx &
Ehy=a2—2%¢9%. ZOLE,

Iz llx [yllollee = lzllx = 1= ll2lx = llz = yllx
DT x J—||-||OOGP Yy ﬁ)ﬂzjj‘é

HLET/IVAZERNICBIF 5 Pythagorean ERXD—(LTH H, NFEZEHDER
B )V AZERNCRIL L 723 O TRV e LTI, XBZETFsn 5.

Example 13. BED / VA | -], EWEZHED 2 ZTZERIZBNT, ¢ = (1,0),
er = (0,1) WL e; Le, THY, BA=ZAESL=FHOEHMO—FHlELT3:4:5
BIEFICEZTH DD, 2 LIdEKR S pel,00] LT

[([13e1ll2, [[4eall2)[l, # [I([13€1]2, [[4e2][2) [l = 5 = [|3e1 — deal|2

XD 3ey Ly,ap 4ea THD. —HED absolute normalized / )V LIZBLTH ||(3,4)] #
572 60F, BH D 2 KTZERICB T 3¢y L) gp des TH 5.

223 X OF generalized relation of Pythagorean orthogonality T3 % ./ /L A
WCED, HBERT Pt L THEIFE Pythagorean ERXRLHREZERNICBIF 2 ER &
A—DRE 2550 F 5.

Example 14. (a,b) € R? IZXfL

I(a, b)[| = max {Il(a,b)m, %H(mb)!h}

TERIND VA | -] 122WT, 22/ (R?, || - ||) 2B 5 generalized relation of
Pythagorean orthogonality by || - || Z& 2 5. AFRONEII—RHENZ2 DD/ VL%
EZBN, ZZTRERA—DbDZHHT 5.

e1 = (1,0), e = (0,1) WXL T,

lev — ezl = 11, = 1)l = V2 = |1, 1) = I llew], llea]1)]

DT e Lapy e2 DRALT 5. Theorem 8 ELTIE =€y, y =€, p=1 1IN L
Ta=0,b=1THY, Theorem 11 ELTlE rz=e,y=e LT a=025F
Z5. %z,

e+ e2) = (er = ex)ll = 2lleal] = 2 = | (VZ,V2)| = lI(llex + eall, lex = el

71)5\& Dj%, er + e J—GP||-|| €1 — €9 VC%% ﬁlﬁ&: €1 — €9 J—GP||-|| e1 + es %)EFIJHH L;
Theorem 9 IZFALTr=s=1T»%.

B e, e WMIAT er e LT |- |, | - [l2 125 B EAEE LG
WTHD, thoxZ FUIZBEEL TIEZER (R - |]) (2B % generalized relation of
Pythagorean orthogonality by || - || Z ROTHT Z &%, LELIZEES TIERW.
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