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Abstract

For a fan ¥ in R™, a field F and an r-tuple D = (dy,- - ,d,.) of positive integers,
let Poly,? E(F) denote the space of non-resultant systems of bounded multiplicity n
determined by a toric variety X, where r is the number of one dimensional cones
in ¥ and Xy denotes the toric variety over C corresponding to the fan 3. Since
Poly?*(C) = Hol%(S?, Xx) when n = 1 and the certain condition is satisfied, this
space may be also regarded as one of generalization of the space Hol},(S?, Xx) of
all based rational curves from the Riemann surface S? to Xy of degree D. As one
of real analogues of this space, we shall study the space Qg’Z(F) for F = R or C.
In particular, we report that the Atiyah-Jones-Segal type homotopy stability holds
for the space QL™ (F) (cf. [2], [21]). This note is based on the joint works with A.
Kozlowski ([12], [17], [18]).

1 Basic definitions and notations

Let N be a set of all positive integers. For connected spaces X and Y, let Map(X,Y)

denote the space consisting of all continuous maps f : X — Y with the compact open

topology. Let Map™(X,Y) C Map(X,Y') be the subspace of all base point preserving maps

[ (X,%) — (Y,%). For a based homotopy class D € my(Map*(X,Y)) = [X, Y], we denote

by Map},(X,Y) C Map*(X,Y) the path component containing the homotopy class D.
Now recall several basic definitions and notations concerning to toric varieties.

Definition 1.1. (i) A convex rational polyhedral cone in R™ is a subset of R™ of the form

(1.1) 0 = Cone(S) = Cone(my, -+ ,m;) = {Z ey @ A > 0}
k=1
for some finite set S = {my,--- ,m;} C Z™. The dimension of ¢ is the dimension of the

smallest subspace of R™ which contains o.
(ii) A convex rational polyhedral cone o is called strongly convez if o N (—o) = {0,,},
where we set 0,, = 0 = (0,0,---,0) € R™. A face 7 of a convex rational polyhedral cone



o is a subset 7 C o of the form 7 = o N{x € R™ : L(x) = 0} for some linear form L on
R™, such that 0 C {x € R™: L(x) > 0}.

(iii) Let X be a finite collection of strongly convex rational polyhedral cones in R™.
Then it is called a fan (in R™) if the following two conditions (1.1.1) and (1.1.2) are
satisfied:

(1.1.1) Every face 7 of o € ¥ belongs to X.
(1.1.2) If 01,09 € X, 01 N0y is a common face of each o (k= 1,2) and so 01 N oy € X.

(iv) An m dimensional irreducible normal variety X (over C) is called a toric variety if
it has a Zariski open subset T = (C*)™ and the action of T on itself extends to an action
of T# on X. The most significant property of a toric variety is that it is characterized
up to isomorphism entirely by its associated fan X. We denote by Xy, the toric variety
associated to a fan X. O
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Definition 1.2. Let K be a simplicial complex on the index set [r] = {1,2,--- ,r},' and

let (X, A) be a pairs of based spaces.
(i) Let I(K) denote the collection of subsets o C [r] defined by

(1.2) I(K)={ocC]r]:0¢ K}.
(ii) Define the polyhedral product Zx (X, A) of the pair (X, A) with respect to K by

(1.3) Zr(X,A) = [ J(X,4)7,  where

(X, A) ={(x1, - ,z,) e X" 1, € Aif kb ¢ o}.
Definition 1.3. Let K =R or C, let ¥ be a fan in R™ such that {0,,} & ¥, and let

(1.4) S(1) = {pr+ oo}

denote the set of all one dimensional cones in X.

(i) For each 1 < k < r, we denote by n, € Z™ the primitive generator of py, such that
pr NZ™ = Z>q - ny. Note that pp = Cone(ny).

(i) Let Kyx denote the underlying simplicial complex of ¥ defined by

(1.5) Ky, = {{z’l, < isy Clr] i myy, My, -0, My, span a cone in Z}.

It is easy to see that Ky is a simplicial complex on the index set [r].

Let K be some set of subsets of [r]. Then the set K is called an abstract simplicial complex on the
index set [r] if the following condition holds: if 7 C o and o € K, then 7 € K. In this paper by a simplicial
complex K we always mean an abstract simplicial complex, and we always assume that a simplicial complex
K contains the empty set (0.



(iii) Define the subgroup Gy x C Tk = (K*)" by

(1.6) Gex = {(p, - 1) € T H(Hk)mk’m) =1 for all m € 2™},
k=1
where (u,v) = >0 wvy for w = (ug, -+ ,uy) and v = (vy, -+ ,v,) € R™.
(iv) Let
(1.7) (K*)" = K"\ {0,}

and consider the natural Gy, g-action on Zi,, (K", (K™)*) which is given by coordinate-wise
multiplication, i.e.

(1.8) (prs e s ptr) - (T, @) = (1, 5 e Ty)

for (g1, ), (1, -+, ) € Gux x (K")", where we set

(1.9) pr = (pxy, - pz,) if (u,x) = (g, (1, ,2,)) € Kx K"
Then define the space Xy k(n) by the corresponding orbit space

(1.10) Xsx(n) = 2, (K", (K")")/Gs k.

Moreover, let

(1.11) Ik Zics (K", (K")") = Xok(n) = Zics (K", (K")") /Gex
denote the corresponding canonical projection.

Theorem 1.4 ([4], Theorem 2.1). If the set {my},_; of all primitive generators spans R™
(t.e. > R-mnyp =R™), there is a natural isomorphism

(1.12) Xy = Zi . (C,C")/Gec = Xsc(l).
Hence, we can identify X c(n) with the toric variety X, if n = 1. Ol

Remark 1.5. Let K=Ror C. Foreach 1 <i <7, let F; = (fri, -, fui) € Klz0,- -+, 25]"
be an n-tuple of homogenous polynomials of the same degree d; satisfying the following
condition:

(1.12)* For each o € I(Kyx), the homogenous polynomials {fy.}res have no common real
root except 0,4, € R¥TL,

In this situation, consider the map

(1.13) F=(F, - ,F): R\ {0,,,} = (K" =K™ given by



(1.14) {F(:v) = (Fl(ﬂ}), ... FT(;[;» for & € Rm+1 \ {Om—l—l},

Fi(z) = (fui(z), failz), -, fui(z)) forl<i<r.

By the assumption (1.12)*, homogenous polynomials { fx.;}re, have no common real root
except 0,41 € R*™ for each 1 <4 <r and ¢ € I(Ky). Thus, we see that the image of the
map F' is contained in Z. (K", (K")*), and we may regard the map F as

(1.15) F=(F, - F): RN\ {0,1,} — Ze, (K", (K")). O

Lemma 1.6 (cf. [5], Theorem 3.1). Suppose that the set {ny},_, of all primitive generators
spans R™. For each 1 < i < r and o0 € I(Kyx), let F; = (fri, -, fui) € Klzo,- -+, 25]"
be an n-tuple of homogenous polynomials of the same degree d; satisfying the condition
(1.12)".

Then there is a unique map f : RP* — Xy x(n) such that the diagram

Fupe B n n)*
R\ {0, Ll Zpep (K7, (K)*)

(1.16) 'ysl QnJKJ/

RP* s 2, (K (K")*) /Gy = Xsx(n)

1s commutative if and only if the following condition holds:
(1.17) > dyny, =0,
k=1

Here, v, : R¥T1\ {0, — RP?® denotes the canonical double covering, and the map
F = (F, - ,F.) is given by (1.15). O

Assumptions. From now on, let X be a fan in R™ as in Definition 1.3, and we always
assume that Xy is simply connected and non-singular. Moreover, we shall assume the
following condition holds.

(1.17)* There is an r-tuple D, = (d},--- ,d¥) € N" such that >, _, diny, = 0,,.

Remark 1.7. (i) It follows from [6, Theorem 12.1.10] that X7y, is simply connected if and
only if the following condition (1) holds:

(t1) The set {my};_, of all primitive generators spans Z™ over Z, i.e.
22:1 Z - ne = 7.

Thus, one can easily see that the set {ny},_, of all primitive generators spans R™ if Xy: is
simply connected. In particular, we can see that Xy, is simply connected if X is a compact
smooth toric variety.

(ii) Let ¥ be a fan in R™ such that (1) = {p1, -+, pr}, where 3(1) denotes the set of
all one dimensional cones in ¥ as in (1.4). In this situation, consider the case s = 1 for
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Lemma 1.6. We make the identification RP' = S' = R U 0o and choose the points oc and
[1,1,---,1] as the base points of RP' and Xy, respectively. Then, by setting z = ?11, for
each 1 < k < r, we can view f; as a monic polynomial fi(z) € K[z] of degree dj in the
real variable z. O

Now it is ready to define the space Q2*(K) for K =R or C.

Definition 1.8. Let K = R or C. For each r-tuple D = (dy,--- ,d,) € N", let Q2*(K) de-
note the space of all r-tuples (f1(2),---, f.(2)) € K[z]" of K-coefficients monic polynomials
satisfying the following two conditions:

(1.17.1) For each 1 < i <r, f;(z) € K|[z] is an K-coefficients monic polynomial of the degree
d;.

(1.17.2) For each o = {iy, - ,is} € I(Ky), polynomials f; (2),---, fi.(z) have no common
real root v € R of multiplicity > n (but may have a common root o« € C\ R of any
multiplicity).

(i) For a monic polynomial f(z) € K|z] of degree d, let F,(f)(z) denote the n-tuple of
monic polynomials of the same degree d defined by

(1.18) Fu(f)(z) = (f(2), f(2) + f'(2), f(2) + f7(2), - f(2) + F70(2)).

Note that a monic polynomial f(z) € K[z] has a root @ € C of multiplicity > n iff
F,(f)(a) =0, € C".

Remark 1.9. (i) Recall that the space QP*(C) was already investigated for the case
n = 11in [15], and that the space QY*(K) was already studied well in [16] for the the case
(X%, D) = (CP™ ! D,,(d)),®> where D,,(d) € N™ denotes the m-tuple of positive integers
defined by

(1.19) D,,(d) = (d,d,--- ,d) (m-times).

(i) Let Zy = {£1} denote the multiplicative cyclic group of order 2, and we denote by
X7 the Zo-fixed point set of a Zy-space X.

Then the complex conjugation on C easily extends to the Zs-actions on the spaces
Ziey, (C™ (C™)*) and QP*(C) such that

(1.20) Zy (R", (R")") = Zic, (C",(C"))™, QF(R) = Qi(C)™.

It is easy to see that the complex conjugation on C also naturally extends to the Zs-action
on XE7(C(TL) = Z]CE ((Cn’ (Cn)*)/G27(C such that
(1.21) Xer(n) = Xec(n)?. N

21t is written as Pol},(S!, X5) = QD-¥(C) if n = 1 in [15].
31t is written as Q4™ (K) = QP-*(K) in [16] for (Xy, D) = (CP™~, D,,(d)).
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Definition 1.10. Suppose that the condition (1.17)* holds, and let D = (dy,--- ,d,) € N"
be an r-tuple of positive integers satisfying the condition >, _, dxng = 0,,.
(i) First, consider the case K = C. By Lemma 1.6, one can define the map

(1.22) ipnc QR (C) = OXs(n) by
- JE)(@), Bu(f2) (@), Fo(fi)(e)] ifaeR
ipmc(f)(a) =

[e,e,--- €] if & =00

for f = (f1(2), -, fr(2)) € QP*(C) and @ € RUoo = S, where we set e = (1,1,--- ,1) €
Cn.

Since the space Q*(C) is simply connected and €2, ¢ is a universal covering, the map
ipnc lifts to the space 22k, (C", (C")*), and there is a based map

(123) jD,n,C : QBE((C) — QZICZ (Cna ((Cn>*>
such that the following equality holds:
(1.24) Qqn,c © jpnc = iDnc-

(i) Next, consider the case K = R. Recall the Zy-action on the spaces Q2*(C) and
Xy induced from the complex conjugation on C, and remark that the map ip,c is a
Zo-equivariant map. Then, by (1.20) and (1.21), we see that

(1.25) ipnc(Qr=(R)) C X5 (n)” = OXy g(n).
Thus, the restriction ip ., c|QY*(R) defines the map

(1.26) ipak = ipnc|Q2F(R) : QPF(R) — QX5 g(n)
such that the following diagram is commutative:

QQn,]R

QPE(R) 2% QXyg(n) ¢ Q2 (R, (R")*)
(1.27) Dl QXl anl
QDE(C) 2% OXy(n) 7S QZe (C, (C))

where the j, : Zic, (R, (R")*) — Zx,.(C", (C")*) denotes the inclusion map. Moreover,
note that (2g, r is a homotopy equivalence. Thus, there is a based map

(1.28) Jpnr : QU (R) = QZc (R, (R™))
which satisfies the following equality:
(1.29) Qe © jonr =ipnr (up to homotopy).
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Definition 1.11. (i) We say that a set S = {n;,---,n; } is a primitive collection if
Cone(S) ¢ ¥ and Cone(T') € ¥ for any proper subset ' S.
(ii) For each r-tuple D = (dy,--- ,d,) € N, define the positive integer d(D, X, n,K) by

(2nrmin(2) - 2) Ldmm/nJ -2 itK=C,

(1:30) AP = {<nrmm<z> = )ldma/n] -2 HK=R,

where |z| denotes the integer part of a real number z, and 7,y (2) and dyin = dmin(D)
are the positive integers given by

(1.31) {rmin(E) = min{s € N: {n;,---,n; } is a primitive collection},

dmin - dmin(D) = min{db d2> e adr}-

(iii) To state the main result of this paper, we need to consider the following two
conditions (1.31)* and (1.31)T:

(1.31)* dpjn > n > 1.
(1.31)" One of the following three conditions (1.31.a), (1.31.b) and (1.31.c) holds:

(1.31.a) dyin > n > 2.
(1.31.b) n =1, dpn > 2, and 7y (2) > 4.
(1.31.c) n = duyin =1 and ry;, (X) > 5.

Note that the condition (1.31)" holds if (1.31)* is satisfied. O

2 Main results

Now we can state the main results of this article as follows.

Theorem 2.1 ([18]; The case K = C). Let n € N, D = (dy,--- ,d,) € N, and let Xy,
be an m dimensional simply connected smooth toric variety such that the two conditions
(1.17)* and (1.31)* hold.

(i) If >4y dxmu, = 0y, the map (given by (1.23))

Jpac t Qu(C) = Q2 (T, (CY))

is a homotopy equivalence through dimension d(D;X,n,C).
(i) If > p_; dimy # Oy, there is a map

Jpae : Qu(C) = Q2 (T, (C7)")

which is a homotopy equivalence through dimension d(D;3,n,C). U



Theorem 2.2 ([18]; The case K=R). Letn € N, D = (dy,--- ,d,) € N, and let Xy, be
an m dimensional simply connected non-singular toric variety such that the two conditions
(1.17)* and (1.31)" hold.

(1) If >, dgmy, = 0y, the map (given by (1.28))

Jomr s Qo= (R) = QZk, (R, (R")*)

is a homotopy equivalence through dimension d(D;3,n,R).
(i) If >, _, dimy # Oy, there is a map

joae s QuF(R) = QZx, (R, (R")*)
which is a homotopy equivalence through dimension d(D;%, n,R). Ol

Corollary 2.3 ([18]). Let n € N, let D = (dy,--- ,d.) € N", and let X5, be an m dimen-
sional simply connected non-singular toric variety such that the two conditions (1.17)* and
(1.31)* hold.

(1) If > iy demi = 0y, the map ip,c : QD (C) = OXx(n) induces an isomorphism

o

(iD,n,C)* : WS(QEE(C)) — WS(QXE> = 7TS—0—1<XE<H)>

for any 2 < s < d(D;%,n,C).
(ii) If >, dimy # Opy, the map ipnc: QR (C) — QXx(n) defined by

(21) iD,n,C = QQm(C o jD,m(C

o

induces an isomorphism (ipnc)s« @ T(QP¥(C)) — 7(QXg(n)) = 71 (Xs(n)) for any
2<s<d(D;%,n,C). O

Let Zy = {41} be the multiplicative cyclic group of order 2, and consider the Zsy-action
on the spaces QP*(C) and Z,,(C™, (C")*) induced from the complex conjugation on C.

Since QP> (R) = QP> (C)*2, Zx. (C*, (C")*)** = Zi (R™, (R")*) and jpnr = (jpnc)™,
we also obtain the following result.

Corollary 2.4 ([18]). Letn € N, let D = (dy,--- ,d,) € N", and let Xy, be an m dimen-
sional simply connected non-singular toric variety satisfying the two conditions (1.17)* and
(1.81)". Then the map

Jpact QP (C) = QZk, (C (C)Y)
is a Zo-equivariant homotopy equivalence through dimension d(D;¥,n,R). U

Corollary 2.5 ([18]). Let n € N, let D = (dy,--- ,d,) € N", and let Xx, be a simply con-
nected compact non-singular toric variety such that the two conditions (1.17)* and (1.81)*
hold. Let (1) denote the set of all one dimensional cones in ¥, and ¥y any fan in R™
satisfying the condition

(2.2) (1) Cc G
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(i) Let >, _, dxny = 0,,. Then the map
Jpme Q7 (C) = Q25 (C*, (C)Y)

is a homotopy equivalence through the dimension d(D;%,n,C).
Moreover, the map ipnc : Q2*1(C) — OXyx, induces an isomorphism

o

(ipnc)e : Ts(Qy " (C)) — (X, (n)) = M1 (X, (m))
for any 2 < s < d(D;3q,n,C).
(i) If >°5_, dpmu, # 0y, there is a map
jonc Qi (C) = 02k, (C* (C)Y)

which is a homotopy equivalence through dimension d(D;Y,n,C).

Moreover, the map ipnc : QP*1(C) — OXy, defined by

(23> iD,n,(C = QQn,(C ° jD,n,(C

o

induces an isomorphism (ip,c)« @ Ts(QY*1(C)) — m(0Xy, (n)) & w1 (X, (n))
for any 2 < s < d(D;%;,n,C). O

Corollary 2.6 ([18]). Let n € N, let D = (dy,--- ,d,) € N", and let Xy, be a simply con-
nected compact non-singular toric variety such that the two conditions (1.17)* and (1.81)
hold. Let ¥y be any fan in R™ satisfying the condition (2.2).

(i) Let >, _, dxny = 0,,. Then the map
Jomr : Qu T (R) = QZx, (R, (R))
is a homotopy equivalence through the dimension d(D;%1,n,R).
(i) If >, _, dpmu, # Oy, there is a map
Ikt Qu T (R) = Q2 (R, (RY)")

which is a homotopy equivalence through dimension d(D; Y1, n,R). O

3 Examples

Example 3.1. Consider the case Xy, = CP™! for m > 2. It is a toric variety and its
associated fan Y, is the fan in R™~! given by

(3.1) Y = {Cone(n) ‘n ; {eo, €1, ,em_l}},



where the set {e;}7""' denotes the set of standard orthogonal basis of R™~! given by

(32) €1 = (1>0>0a"' 70)762 = (0a1707"' ao)a"' y Em—1 = (anaoa"' al)a
and we set ey = — Z;”:_ll er. Thus, the underlying simplicial complex of ¥, is given by
(3.3) Ky, = {a c{0,1,2,-- m—1}:0£{0,1,2, - ,m— 1}}.

Since I(Ky,,) = {{0, 1,2+ ,m— 1}}, the set {eg, €1, €2, -+, €,_1} is only a primitive
collection and we obtain the following:

(3.4) Ziy,, (K (K")) = (K")™ \ {0} = SUEO™ i (8) = m,
1 ifK=R
where d(K) = dimg K = 1 ’
2 ifK=C.
In particular, for D = (dy,dy, -+ ,dp—1) € N™,
m—1
(3.5) > drer =0, & dy=dy=---=dp=d & D=Dy(d)
k=0

for some d € N, where D,,,(d) = (d,d,--- ,d) (m-times) as in (1.19).
Now let dx(D;m,n) denote the positive integer defined by

2mn — 2)(|dmin/n] +1) =1 if K= C,

(3.6) de(D;m, ) = {(mn = 2)([dmin/n] +1) =1 I K=R.

Recall the following previous result for the case Xy = CP™ !,

Theorem 3.2 ([16]). Let m,n € N be positive integers suc thatm > 2, D = (dy, - -+ ,dpm-1) €
N dpim = min{dy, - -+ ,dn_1}, and suppose that d(K)ymn > 4.
(i) If D = D,,(d) for some d € N, then dyy, = d and the natural map

jD,n,]K . QE’X:“‘ (K) N QSd(K)mn_l

is a homotopy equivalence through dimension dg(D,,;m,n) = (d(K)mn—2)(|d/n]+1)—1.
(i) If D # Dy,(d) for any d € N, then there is a map

Jomse - QPEn(I) - QgICm
which is a homotopy equivalence through dimension dgx(D;m,n). -

Remark 3.3. If we use Theorems 2.1 and 2.2, the homotopy stability dimension of
the natural map jp,x is d(D; X, n,K) = (d(K)mn — 2)|dmin/n] — 2. However, since
d(D; 3, n,K) < dg(D; 3,,,n), the result of Theorem 3.2 is better than that of Theorems
2.1 and 2.2 for the case X5, = CP™ !, In fact, one can show that the result of Theorem
3.2 is the best possible stability dimension. O

10



Finally consider the case of the Hirzerbrch surface H (k).

Definition 3.4 ([14], Example 2.12). For each k € Z, let H(k) C CP? x CP! be the
Hirzerbruch surface defined by

(3.7) H(E) = {([xo : o1 : 2], [y1 : 42]) € CP? x CP* : 2yy% = 2595}
Since there are isomorphisms
(3.8) H(—k) = H(k) if k#0, and H(0) = CP' x CP! if k=0,

without loss of generalities, we may assume that £ > 1. Then the Hirzerbruch surface
H (k) is a two dimensional toric variety (over C), and its associated fan Xy is given by

Cone(ny, ny), Cone(ny, ng), Cone(ns, ny), Cone(ny, ny)

Cone(n, ), Cone(ny), Cone(ng), Cone(ny), {02}

where we set n; = (1,0), np, = (0,1), ng = (—1,k), ny = (0,—1).
Thus, the set of all one dimensional cones in X is given by

(3.10) Yum (1) = {Cone(n,), Cone(n,), Cone(ns), Cone(ny)}.
Since {my, nz} and {ny, n,} are the only primitive collections,

(3.11) Tmin (S HK)) = 2.

Moreover, for D = (dy,dy, ds, dy) € N4,

4
(312) denk =0, < (d3, d4) = (dl, kdy + dg) O
k=1

Thus, it follows from Theorems 2.1, 2.2 and Corollaries 2.3, 2.5 that we obtain the
following examples.

Example 3.5 (The case Xy = H(k)). Let (k,n) € N?, Xy = H(k), D = (dy,dy, ds,dy) €
N*, dpin = min{dy, dy, d3, ds}, K = C or R, and assume that the following condition holds.

(3.13) dpin>n>1 if K=C, and dpnm >n>2 if K=R.
(i) If (ds,dy) = (dv, kdy + dg), dpin = min{dy, ds} and the map
. D,E n nY\*
Jomx : Qu M(K) — 02k, (K (K

is a homotopy equivalence through dimension (2d(K)n — 2)|min{d;,ds}/n| — 2.
Moreover, if K = C, the map ip,c induces an isomorphism

o

(ipnc)s : Ta(Qu " (C)) — (i (0)) = Tar Xy ()
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for any 2 < s < (4n — 2)|min{dy, ds} /n| — 2.
(ii) If (ds,ds) # (dyi, kdy + d2), there is a map

D, Xm0

jD,n,]K : Qn (K) — QZICEH(k) (Kn7 (Kn)*>

which is a homotopy equivalence through dimension (2d(K)n — 2)|dpin/n] — 2.
Moreover, if K = C, the map ipnc = gnc © Jpnc induces an isomorphism

, D% =~ ~
(ipmc)e : m(Qu Y (C)) — mo(QXiyyy () 2 1 (Kimyyg (1)
rany 2 <s < (4n —2)|dyin/n| — 2. O

Acknowledgements. The author was supported by JSPS KAKENHI Grant Number
JP22K03283. This work was also supported by the Research Institute for Mathematical
Sciences, a Joint Usage/Research Center located in Kyoto University.

References

[1] M. Adamaszek, A. Kozlowski and K. Yamaguchi, Spaces of algebraic and continuous
maps between real algebraic varieties, Quart. J. Math. 62 (2011), 771-790.

[2] M. F. Atiyah and J. D. S. Jones, Topological aspects of Yang-Mills theory, Commun.
Math. Phys. 59 (1978), 97-118.

[3] V. M. Buchstaber and T. E. Panov, Torus actions and their applications in topology
and combinatorics, Univ. Lecture Note Series 24, Amer. Math. Soc. Providence, 2002.

[4] D. A. Cox, The homogenous coordinate ring of a toric variety, J. Algebraic Geometry
4 (1995), 17-50.

[5] D. A. Cox, The functor of a smooth toric variety, Tohoku Math. J. 47 (1995), 251-262.

6] D. A. Cox, J. B. Little and H. K. Schenck, Toric varieties, Graduate Studies in Math.
124, Amer. Math. Soc., 2011.

[7] B. Farb and J. Wolfson, Topology and arithmetic of resultants, I, New York J. Math.
22 (2016), 801-821.

[8] M. A. Guest, The topology of the space of rational curves on a toric variety, Acta
Math. 174 (1995), 119-145.

9] M.A. Guest, A. Kozlowski and K. Yamaguchi, The topology of spaces of coprime
polynomials, Math. Z. 217 (1994), 435-446.

[10] M. A. Guest, A. Kozlowski and K. Yamaguchi, Spaces of polynomials with roots of
bounded multiplicity, Fund. Math. 116 (1999), 93-117.

12



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[23]

A. Kozlowski and K. Yamaguchi, Topology of complements of discriminants and re-
sultants, J. Math. Soc. Japan, 52, (2000), 949-959.

A. Kozlowski and K. Yamaguchi, The homotopy type of spaces of coprime polynomials
revisited, Topology Appl. 206 (2016), 284-304.

A. Kozlowski and K. Yamaguchi, The homotopy type of spaces of resultants of
bounded multiplicity, Topology Appl. 232 (2017), 112-139.

A. Kozlowski and K. Yamaguchi, The homotopy type of spaces of rational curves on
a toric variety, Topology Appl. 249 (2018), 19-42.

A. Kozlowski and K. Yamaguchi, The homotopy type of the space of algebraic loops
on a toric variety, Topology Appl. 300 (2021), Paper no. 107705.

A. Kozlowski and K. Yamaguchi, The homotopy type of real resultants with bounded
multiplicity, J. Math. Soc. Japan 74 (2022), 1047-1077.

A. Kozlowski and K. Yamaguchi, Spaces of non-resultant systems of bounded multi-
plicity determined by a toric variety, Topology Appl., 337 (2023), Paper no. 108626.

A. Kozlowski and K. Yamaguchi, Spaces of non-resultant systems of real bounded
multiplicity determined by a toric variety, (to appear) J. Math. Soc. Japan
(arXiv:2405.07372).

J. Mostovoy, Spaces of rational loops on a real projective space, Trans. Amer. Math.
Soc., 353 (2001), 1959-1970.

J. Mostovoy and E. Munguia-Villanueva, Spaces of morphisms from a projective space
to a toric variety, Rev. Colombiana Mat. 48 (2014), 41-53.

G. B. Segal, The topology of spaces of rational functions, Acta Math. 143 (1979),
39-72.

V. A. Vassiliev, Complements of discriminants of smooth maps, Topology and Ap-
plications, Amer. Math. Soc., Translations of Math. Monographs 98, 1992 (revised
edition 1994).

K. Yamaguchi, Complements of resultants and homotopy types, J. Math. Kyoto Univ.,
39 (1999), 675-684.

Department of Mathemath., Univ. of Electro-Commun.
1-5-1 Chufugaoka, Chofu, Tokyo 182-8585, Japan
E-mail: kohhei@im.uec.ac.jp

13



