ARCHIMEDEAN ZETA INTEGRALS FOR FURUSAWA’S PULLBACK
FORMULA
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Given a positive integer n, define the algebraic group GSp(2n) over 7 as
_ Tt 0 1, 0 1, %
GSp(2n,R) = {g € GL(2n,R) Y [—171 019=% | 1 0| " €ER

for all Z-algebra R. When n = 1, we write GL(2) = GSp(2). Fix an imaginary quadratic field K.
Define the algebraic group GU(n,n) over Z as

GU(n,n)(R) = {g € GL(2n,Ox @ R) : g [_‘1 10"] g=v, [_‘i 10”} vy € RX} ,

where for a € K, @ denotes its image under the nontrivial element in Gal(K/Q).

Let Qqu(s,z) € GU(3,3)) be the standard Siegel parabolic subgroup. Let = be a Hecke character
of L and x be a Dirichlet character, and I, (s, x, Z) be the degenerate principal series on GU(3, 3)(Qy)
consisting of smooth functions f,(s, x, =Z) : GU(3,3)(Q,) — C such that

—_ A B —_ -1 -1 S-i-% —_
t(5.05) ([§ 5] 9) = Soldet Ay (detaD ™) des 24D 137 245, x, 5) (0)

for all ¢ € GU(3,3)(Q,) and [%l g

unramified, we denote by ff,ph(s, X,Z) the unique section in I, (s, x, Z) invariant under the right
translation by GU(3,3)(Z,) and taking value 1 on GU(3,3)(Z,). Put I(s,x,Z) = . I,(s, x, =),
the restricted tensor product with respect to ff,ph(s,x,E). Given a section f(s,x,2) € I(s,x,Z)
analytic in the variable s, the associated Siegel Eisenstein series is defined as

E5%(g; £(s, x. B)) = > £(s,x,E)(79)-
Y€Qau(3,3) (R)\ GU(3,3)(R)

] € Qcusa)(Qu). If v is a finite place where x,, =, are

Let II (resp. m) be a cuspidal automorphic representation of GSp(4, Aq) (resp. GL(2,Aq)). Given
f € m, thanks to the isomorphism

(Resk/q GL(1)) x GL(2)/{(a,a™" - 13) 1 a € GL(1)} — GU(1,1)
(a,9) — ag,
by choosing a Hecke character Y : K*\A¢ — C* with Tq = T|A5 = wy, we can define an
automrorphic form f¥ on GU(1,1) as
¥ (ag) =T(a)/(9), a € g, g € GL(2, Ag).
The space 77 = {fY : f € 7} is an irreducible cuspidal automorphic representation of GU(1, 1)(Aq).

Put

GSp(4) xgra) GU(1,1) = {(g,h) € GSp(4) x GU(1,1) : vy = v},



and fix an embedding

2 GSp(4) XGL(1) GU(l 1) — GU(3,3)

A B

(1) A B a b a b
[C D]X[c a]*’c D

¢ 0

We consider the integration of the restriction of ES8(g; £(s, x,Z)) via 1 to GSp(4) Xar) GU(1,1)
against a pair of automorphic forms on GSp(4) and GU(1,1). By Furusawa’s pullback formula
[Fur93], the integral factorizes into a product of local zeta integrals and gives an integral represen-
tation for the L-function of IT x 7.

Theorem 1. Let A = (EY)~! and we assume that Aq = A|Aé = wyr. Fiz isomorphisms 11 =

R, I, 7 = Q, 7, and suppose that the images of ¢ € II, f € m under these isomorphisms are
pure tensors, denoted by @, v, @, fo-

/ ESE(1(g, h): £(5, %, 2)) - (g) - 7 (h) E7"(det h) dh dg
[GSP(4)><GL(1)GU(1 1]

_BSA HZ ( s X»—' BgA (901)) Wﬂ-v7’rv(fv)).
Here
b
- S = [E z] € Symy(Q) such that K = Q <a°5 — %@)7
2

Bslp) = /[RS] ASN) () dr,  We(f) = /Q W ([1 ﬂ) g () d,

is the global Bessel period (resp. Whittater period), where
_J|s(3) 1, X|.
e = { [ tZS(E)] [ 12] 13 € Resi)q GL(1), X € Sym2} ,
-1
_|as 1 3 as 1
18 (3) - |:C_y5 1:| |: Z:| |:d5 1] )

A ([28(5) tzs(Z)] [12 ﬁ]) = A(3)Yng (TrSX).

— If @y, fv are both spherical, T,Z, x are all unramified at v, S € My(Z,), c € 25, 4det S gen-
erates disc(IC, /Qy), the local zeta integral Z, (ff,ph(s, X, E),Bg’j‘v(gpv), Tvr Lo (fv)) equals

~1
- 1=
H L, (28+],:Qx27717é/é) L, <$—|—§,HX7T><X>
1<5<3
with ni/q the quadratic character of QX\AE associated to the extension K/Q.
— In general, taking nonzero ng\v € Hompg(q,) (Ily, Asy) , WY € HomUGL(Q)(QU) (T, Yew)

and putting Bg;xv(cpv) the function on GSp(4,Q,) sending g, to B‘gj\u (gv - ©v), g”’T”(fU)
2



the function on GU(1,1)(Q,) sending ag, a € K, g € GL(2,Q,), to Ty(a) - WI*(g- fy),
Zo (205, . 2), B, (), WE T (1))

o =B e [

£u(5,X,2) (S Mu(ns g, h))
(R5\ GSp(A)x gr1)GU(L1)) (@)

. 0 1],) =
x By, (o) (@)WE Y0 (f) <[_1 O] h) =, ' (det h) dhdg,
with
o -
1 1
_|as 1 B 1
ns = 1 —asg|’ S= 1
1 11
- 1 1_

RE = {([Z5(3> tZs(Z)] [12 i] 3 12) 3 € Res /g GL(1), X € Sme} :

We consider the computation of the local zeta integral (2) at the archimedean place in a case
that is of arithmetic interest. Suppose that X0, =co are both trivial on Ry and the co-type of 2y
is (g, —%) Given a positive integer ¢, we define the weight-t-classical section £!_(s, x,Z) as

3 r— T+t
9= [QQ[ g] — XOO(VQ)V;( t)|ug|%(s+%_r)(det g)% det(€i + D)~ det(¢i + D) 2573

t4r. —t+r —t4r —t+r))
20 2 9 2 0 2 U

(%, —%). We consider the evaluation of (2), with v = oo, at s = k + % in case where

(This section is of scalar weight (HTT,HTT,

Denote the oco-type of A by

— loo = Dy, 1, (resp. mo = D), the holomorphic discrete series of weight (I1,12) (resp. weight
1) satisfying the condition

(3) min{—l; +lo+1, 1 + 1o — 1} > 3,

and poo € o (resp. foo € Too) is a vector of weight (I1,l2) (resp. weight !) inside the
lowest Koo-type (where K is the connected component of the identity inside the maximal
compact subgroup of GSp(4,R) (resp. GL(2,R))),

= =l +la<ry <l — o

— the section f(s, X, E) is given as

U1y +Hlo+1—1]+3 =
Dk»lallyl%T'A ’ f<|>o e | (57X7'~)
with

-1 11 —lo—
B2k Hlo+1—1]43)—1) —lg—1 + s g_wA + ! % =
Di ey by 1o = (27i) 2 ' (“GU(3,3),31) (MGU(373),13)

=l Hlo+I—=(12k+11 +lo+1—-1[+3)
2

+ +
< det MEU(&S)JS MEU(373)723
HGus,s),s1 HGus,s),s2

U +lg—1—(|2k+1] +1g+1—1]+3)
2

+ +
" (“GU(3,3),21 ~ HGu(s,3),12
2 M



a differential operator constructed as a polynomial in the Lie algebra operators ,uJéU(S 3),ij €
Lie GU(3,3)(R)) ®r C defined as
+ — - Y RV
HGu(s,3)4 — PGus,s),x: D) ®1+ 2/—1 ®v-1

X X
/'L(—;U(373)7X = |: _X:| ®1+ |:X :| ® V-1, X e HeI’g(IC ®Q [R)

Theorem 2. In the case described as above,

2k+l1+lo+l—1|+3 = P, 1 D, T
Zso (Dk,l,h,lmm ) fIoo HatlaH-1l+ (57X75)»BS,Z1{:§ ([12 2] QDOO) Wb e ([1 1]) f00>> Lfk-o-lHle_l
= 2

=Tk+h+lb+l-2T(k+lh+l—1)(k+l+l-1)T(k+11+1)
9—38lq —2lp—21+10 £ 2k+7;2k+11 +2lg—2l—rp —1
x ch i+ (et S)—k—zl_# [T, D(2k+1+l2+1+2—7)

2—12k—9l1—8l2—8l+15ﬂ.—4k—3l1—3[2—3l+10i2k—l1+l—7‘/\7 k+ l1+é2+l S

k+ ll+é2+l >

N[—=

)

N[—=

The proof makes use of the existence of a four-variable p-adic L-function with partial interpolation
properties. We first introduce some notation that will be used in the proof. We fix an odd prime
p and a sufficiently large finite extension F' of Q,. Denote by O the ring of integers of I'. Let

Tasp(on) = {diag(al, Cee 7/(1,1_1, —vart) e GSp(2n)} ,
1

and

Agspn = O [Tesp(ny (Zo)]-

Given my > mg > - -+ > my, > 0, we define the Uy-operator Uy i, ....m,, as

n

TMn, —mq

/ action by udiag(p™,...,p"",p" ™, .. p” ") du.
UGSp(Zn)(ZP)

We define the following p-modified Petersson inner products
. A0 . 40
P AGsp(),w,u,20 X Acsp@)w — €, P AGLe)wu,20 X AcLe)w — C,

on the product of the subspace of cuspidal automorphic forms on GSp(4) (resp. GL(2)) of central
character w on which Up,-operators act invertibly and the whole space of automorphic forms on
GSp(4) of central character w (resp. GL(2)) as

P(p1,92) :/ Up s s ©1(9)
[GSp(4)]
mi1 > mg >0

"YLI
1, T -1
X2 |9y p-m ~w(vg) ™ dg.
2 yue el p7m2 p

P(f1, f2) =/ ; Upm1(9) fo (9 [1 1] [pm p_m] ) -w(det g)"tdyg, m > 0.
poo p

[GL(2
One can check that the right hand sides of the above formulas are independent of m1, ms, m, and if
©1, p2 (resp. f1, f2) both belong to A(()}Sp(zl),w,w,,;éo (resp. 'A(()}L(2),w,tu,,7607 then P(p1, p2) = P(p2, ¢1),
P(f1, f2) =P(f2, f1)-
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Prood of Theorem 2. Choose Ig-adic and lg-adic Hida families %, % on GL(2) of tame level
K, éL(Q) such that both admit a Jacquet—Langlands transfer to Hida families of a quaternion algebra
D definite at co. We also require & to be primitive. Define

Moz, Vasp)p — loz,2) = Aaspa) DXy o ke, 12802)

such that the central character equals wyp ® wy and

_ _
daman | G002 | ospaz) | = (GLez) [T cue.z)).
L 1_
= _
daaan [ G0.2) |1 |63z | —whert @ (GLez) [T erez,).
wv_

for places v where KéL(Q)U = GLy(Z,) and D(Q,) = GL(2,Q,), and Tggy(4), is the Hecke alge-
bra containing unramified Hecke operators at such places and U,-operators at p. Here we view

KGL(Q)QKGL(Q) as a subslgebra of KGSp(él) via the embedding induced by

T X Tavne) — Tasp)

1a2).

(diag(al, al_l), diag(az, a;l)) — diag(ayaz, a1a2_1, al_lagl, ay
We can take a tame level KéSp( 4y With det(K éSp( 4)) = i;; such that at a set of classical points of
B, P that is Zariski dense, there are Yoshida lifts from D* x4t D* to GSp(4) belonging to the
Hecke eigensystem Ag(z 4. Then the spectrum of Tgsp(4),0ra; the Hecke algebra acting on Hida
families on GSp(4) of tame level KéSp( 1y has an irreducible component 6(%, %') with Ay, ) as
the corresponding Hecke eigensystem. Choose another lg-adic primitive Hida family 4 of tame
level K é’£(2). The convention for p-nebentypus we use for the Hida families is

o] linsta. ) € Oty 2L

(4) aq * * k
as * * di -1 -1 ofITL
afly '_>[ lag(a17a27a1 7a2 )] € [[ GSp(4)(Zp)]]'
* a2_1V

We fix a finite set S containing p,co and all places where there is ramification.
By constructing a p-adic family of Siegel Eisenstein series on GU(3,3) [Liu24], we can show that
there exists

1e 0.5 € Meas <Z; 7MEL(Q),ord®OMGSp(4),ord)

®/~\GL(2) ®O[\GSP(4) (F‘K@)(’)Fg(pg“@/) ) R



where M’GL(2) ord (18D, Msp(4) ord denotes the space of Hida families of tame level Ké’i(g) (resp.

Késp(4)) on GL(2) (resp. GSp(4)), and Iy = Frac(ly),Fy(z, 2 = Frac(lyz %)), such that

) (/Z

k S
X(Y)y dug,g(%%/)(y)) (z)
P
11
D5 (k+ %l,az X Ty X X) Ds<k+ %,ﬂ'z X o, xwézwaf X X)

—¢V/det 5273124t S
P(fz, fz)

Bf ()
SA

X feele Y Bloo)
PESGSp(4),x ’

where

— 7 € lyz,2)(Qp) X I(Q,) is a classical point with weight (1,1),1 ¢tale over the weight space,
where [ >3 and —214+2<k<-—-]-1
— 7y (resp. o0g,0,) is an irreducible automorphic representation of GL(2,Aq) generated by

a form belonging to the eigensystem parameterized by the projection of z in € (resp.
y

B, %), and f, is a nonzero p-ordinary form in ﬂfGL(Q) with fz ¢ the c-th coeflicient in its
g-expansion,

— JGsp(4),« 1s an orthogonal basis, with respect to the above defined modified Petersson inner
product P(-, -), of the space spanned by ordinary cuspidal holomorphic forms on GSp(4) of
weight (I1,12) = (I,1) and tame level Késp( 1) with nebentypus at p given by (4) specialized
at the character associated to the projection of x inside the weight space, belonging to the
Hecke eigenspace parameterized by =,

- Bg A denotes the p-modified Bessel period defined as

Pl
_ ma
B“EA(@) = Ap,my,ma () L. Bsa |: P pm1 :| t2N ) my > mg > 0.
p~ M2 p

One can check that the right hand does not depend on the choice of mj, mg [Liu23, Propo-
sition 2.7.1],
— D%(s,-) denotes the product of the S-imprimitive L-function and the modified Euler factors
at p, oo for p-adic interpolation (as defined in [CPR89, Coa91)),
— S € Symy(Q)> 0 is chosen such that f, ¢. BgA(cp) are nonzero at some , ¢ € Zasp(4),-
[§



For more general classical points = € ly(z 4 (Q,) X 1% (Q,) with weight (I1,12),1 étale over the weight
space and k satisfying (3), we have

©
</zX X" d“%ﬁ(%,ggf)(y)) (z)

P
11
. s (k + —ll+é2+l,ax X g X X) s <k + —ll+é2+l,7rz X ol X ngwaf X X)
_Z A

a P(fz. fz)

Lh+1la+1 I +1la+1 11
x B, <k+T70zX7TxXX Ep<k+T’ﬂzxaéxw§zwaf xx)
H?:O F(2k+l1+l2+l+2—j) k‘ + 11 +lp+1 > 1
% ®k+l+l1+l2 (—(()ég . (_)/5)2 k+l+% 93(2k+11+ig+1) £3(2k+11 +Hig+I+1);2k+I1 +Hig+I+2 2 - 3
23(2k+ll+12+l—2)+1ﬂ.—6i2k+11+12+l7 k 4 ll+ég+l < %

BL \(o)e
- A
x (ag — as)! le,l,ll,lz,rA Secfa E W
LpeyGSp(él),z ’

with Zy 11,1,y the left hand side of the formula stated in Theorem 2.
On the other hand, by the results on p-adic L-functions for Dirichlet characters, Rankin—Selberg
products [Hid88] (Theorem 5.1d.) [CH20, Theorem A] and symplectic groups [Liu20], there exist

S, * S, Jay A -
Ly Ll € Meas (2, oLy @ohasp) Oiy, , boRasys, (Fa@0Fo@.2)
and

Fos,2) € (MGSp(4),0rd P gspier MGSp(4),0rd) DR spa) L0(2,2))

satisfying the following interpolation properties: for x € ly(z 21(Q,) X1 (Q,) at which (6) is proved,

DS (k+ B g, x x)
(—2i)h+l=1P(h,, h,)

(7) L3k, 2) =

1 1
I+ + 2,72

DS (k: + HFLE2 X ol X wc?zwaf)()
xT

(_Qi)l+1P(fxa fac)

(8) L3 (K, x) =

X
Fopom(@) = 275 0 0Py by S 27

P(y,
WeyGSp(4),z <(’O SO)

where h, € o, the unique normalized ordinary form fixed by K, éL(Q)‘ (Note that the weights of the

archimedean components of o, 0} are 1 + 1o — 2,11 — I3+ 2.) By p-adically interpolating the Bessel
periods, from Fy(z 4, one can construct

Foz,2),5,A € Masp),ord DR asnn Fo»,2)
such that for almost all = as above,
1l — B«E Alp)e
©) Fonomsale) =27 B ) 3T R

PESGSp(4),a
7



Denote by f the primitive Hida family associated to €. Combining (5)(7)(8)(9), we see that

cV/det 52371 E%Tagﬁi;;g/ Fozz)sa- IS

€ Meas (Z;< ) MIGL(2)7ord<§>0MGsp(4)7ord) (F%@OFG(,%,,%/)>

DhareBohespa)

have the same evaluation as ,u% (5,9 at points for which (5) are proved. The set of such points

is Zariski dense in ly®lg(z 21 [Z]. Thus, we have

-—1 S7 57
/4%79(@,@') =CcV det S 232 . AC%T(KE(KT%/ . F@(%,%’LS,A . fﬂ:f

Comparing their valuations at points for which (6) is proved, (noting that for all k., (11, l2) consid-
ered in the theorem we want to prove here, there exist such points with k, [, (I1,12) as the algebraic
part of their projections in the weight space), we get that

k—l—ly— g —lo— A — _ B B 5.
Zk,l,ll,lQJ’A — ¢kl =l lg =l =l =42, —ra—li+l (—(OZS—OéS>2) 175 /det S

93(2k+11 +lo+1) £3(2k+1 +Hg+1+1) j2k+1 +ig+1+2 Li4lg+1 1
2 . 9 k + 2 2 2
% [T T k411 +lo+1+2—5)
—3(2k+11+lo+1—-2)—1,.6,;—(2k+11 +1o+1 L1+la+1 1
9—3(2k+11+l2+1-2)—1 .6, —( -i-1+2—0—)7 k+_1_22_§§
I+l +1 l+Uh+1
X B (k‘ —+ —2 ,’Dll+l2_2 X Dl Exo | k+ —2 ,'Dl X Dll—lz+2 R
and we can rewrite it as
lo+1+1
k+l1+1 -kl -2
Tt oy =€ (det S)TF T
Qak+lg+1+2 1 6k+31q +3lg+31+3;2k+1g+201—rp +2 ja L+l 5 1
« 15—, T (2k+l1+l2+14+2—5) ’ 2 =2
2*8k*6l1*5l275l+77{.6i72k72l17l277‘A7 k+ l1+é2+l < %
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