NON-REDUCTIVE CYCLES AND TWISTED ARITHMETIC
TRANSFERS FOR SHIMURA CURVES
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ABSTRACT. In this largely expository note, we explain some recent progress on new
cycles on Shimura varieties and Rapoport-Zink spaces, (twisted) arithmetic fundamental
lemma, and arithmetic analogs of relative Langlands program. We explain related
formulations of arithmetic twisted Gan-Gross-Prasad conjecture, the proof of twisted
AFL and certain arithmetic transfers.
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1. L-FUNCTIONS AND CYCLES ON SHIMURA VARIETIES

L-functions are fundamental objects in number theory. In relative Langlands program
(e.g. | ]), conjecturally many automorphic L-functions could be expressed as period
integrals (“L=P” patterns) up to explicit local factors (assuming factorizations of global
Arthur parameters on the Galois side). Waldspurger formula [ | and Ichino’s triple
product formula [ | are two basic examples related to inner forms of GLy. Gan-
Gross-Prasad (GGP) conjectures | ] are fundamental high-dimensional examples for
tempered cuspidal automorphic forms with ezplicit Ichino-Ikeda type refinements [1110],
related local zeta integrals and branching laws (local GGP conjectures, e.g. | ]) on real
and p-adic groups, see [ , | for nice summaries. Theta liftings also provide (not
necessarily tempered) fundamental examples, e.g. Rallis inner product formulas | ]
and Saito-Kurokawa liftings | ]. In | |, more examples are predicted for
(graded) hyperspherical varieties, including strongly tempered spherical varieties.

There are many applications of these “L=P” patterns: detecting Langlands transfers (e.g.
[ , , , |); distribution, non-vanishing, algebraicity, congruence
of L- Values constructions of p-adic L-functions.

Shimura varieties provide geometric tools to study arithmetic of (algebraic) automorphic
forms and their L-functions. For example, (holomorphic) modular forms are special
functions on the complex upper half plane H = (C — R)* := {z € C|Im(z) > 0}, and
could be regarded as sections of certain line bundles on modular curves. In this way, their
Ramanujan conjectures are proved via Weil conjecture | |, see also | , ,

]. Similar to “L=P” patterns, geometrically we have the fundamental Gross- Zagzer
formula | ] for special cycles on modular curves. As a fundamental application, we
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know that an elliptic curve over Q has only finitely many Q-points (resp. Mordell-Weil
rank one) if its L-function is non-zero (resp. has order 1) at the central point. We shall
regarded speical cycles on Shimura varieties as geometric analogs of period integrals. From
this, we are interested in two topics:

(1) Cycles on Shimura varieties: construction and study of new cycles on Shimura
varieties with arithmetic applications. We are interested in their distribution,
non-vanishing, algebraicity, modularity (Kudla program) and intersection numbers.
There are applications to many areas, e.g. cohomology of (S-)arithmetic subgroups

(e.g. | ]), integral Euler systems (e.g. | ]), Noether-Lefschetz theory (e.g.

[ |), motivic Langlands transfers (e.g. [ 1), Hodge conjecture (e.g. | :
]), Beilinson-Bloch-Kato conjecture (e.g. | ) , ) D,

and Tate conjecture over finite fields and number fields (e.g. | : D-

(2) Arithmetic relative Langlands program: geometric analogs of “L=P” formulas
relating L-functions to cycles on Shimura varieties. There are recent ground-
breaking progress for high-dimensional examples (with discrete series of minimal
regular weights at infinity): arithmetic GGP conjecture, arithmetic theta liftings
(Kudla program) and arithmetihc inner product formulas, see | , , ,

| for nice summaries. Arthur’s classification, local-global decompositions of
height pairings, theta liftings and Weil representations, explicit (analytic / mod
p) geometry and cohomology (e.g. [ , Lemma 7.3] | , Prop. 9.4.2])) of
Shimura varieties and Rapoport-Zink spaces are crucial in the proofs.

Firstly, to study Shimura varieties (over Q9), we could use both complex (analytic)
geometry and p-adic (analytic) geometry via base change along field embeddings

C — QY — Q¥ —C,

(1) Complez uniformization studies Shimura varieties as groupoid quotient Shy (G, Xo)(C) =
G(Q)\ Xy x G(Af)/K with Hecke symmetry and local Galois symmetry at oo (com-
plex Hodge theory), where differential forms and (sections of) metrized bundles
naturally appear. Examples include Matsushima’s formula, Falting’s dual BGG
complexes, and constructions of Green currents for special cycles | , .

(2) p-adic uniformization (with the help of p-adic Hodge theory) gives new refined un-
derstandings of Shimura varieties with Hecke symmetry and local Galois symmetry

at p, see e.g. | , , , ]. We have a well-behaved theory of
local Shimura varieties | , | over p-adic numbers, with formal integral
models called Rapoport-Zink spaces | , ]. For example, GL,(Q,) acts

naturally on the p-adic Drinfeld half plane H,, = C, — Q,, and on its canonical
integral model (a Rapoport-Zink space) over Zp = W(Fg"¥), whose arithmetic

quotients uniformize Shimura curves over Zp [ |. Moreover, the mod p ge-
ometry of Shimura varieties (over Iﬁ'glg ) gives more refined information (e.g. above
Ramanujan conjecture, Langlands-Kottwitz method | |, and applications of
function field Langlands and categorical local Langlands | [ ).

Secondly, purely local methods are not sufficient to answer many global questions e.g.
existence of automorphic forms and arithmetic of L-functions. To study global properties
of automorphic forms and Shimura varieties (with Hecke symmetry and Galois symmetry),
the relative trace formula (RTF) method is quite useful. Over number fields, trace formulas
are powerful tools to prove the existence of transfers (e.g. cyclic base change | 1,
Jacquet-Langlands | ] and endoscopic classification [ D-

The idea of traces is fundamental for studying symmetry:

Trace ;. . .
symmetry o1 spaces — (1nvar1ant) numbers and fUIlCthIlS.
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For instance, characters are used to understand representations of finite groups. Classically,
relative trace formulas for nice test functions are related to two period integrals (spectral
expansion) we are interested in, and are decomposed into sums of products of (relative)
local orbital integrals (geometric expansion) over representatives of rational orbits ( “relative
Hitchin base”). Via trace formulas, global questions in Langlands program are related to
purely local questions e.g. fundamental lemma (FL) and transfers (T) for comparison
of orbital integrals. For example, fundamental lemma for endoscopy proved by Ngo is
crucial in establishing Arthur’s classification of automorphic forms | 11 , §4], and
Langlands—Kottwitz method | | on quantitative descriptions of global Hecke-Galois
actions on Shimura varieties. Another example is the Jacquet-Rallis fundamental lemma
proved in | , ] (whose arithmetic analog is the AFL discovered in | D,
which is crucial for the recent proof of GGP conjecture for unitary groups.

In this note, we explain how local and global methods are used together in arithmetic
questions, at least for projective Shimura curves (see also | , , D

(1) For topic (1): we construct new non-reductive cycles | | e.g. global twisted
Fourier-Jacobi cycles and local mirabolic cycles, which are related to geometric
theta series. We formulate (ATGGP) arithmetic twisted GGP conjecture on twisted
Asai L-functions | , ]. For these new global cycles, we use that H' of
U(n—1, 1)-Shimura varieties | ] contains Weil representations and theta liftings
from 1- dlmensmnal skew-hermitian spaces (over finite adeles), building on |
Proposition 13.8] and Arthur’s classification. Similar non-tempered cohomologlcal
results are known for H? of Siegel 3-folds, H? of U(2,2) ~ SO(4,2) Shimura
4-folds [IP°23] and H* of Siegel 6-folds | ]. ATGGP conjecture has arithmetic
applications for Bloch-Kato conjecture on twisted Asai motives e.g. from (twisted)
products of elliptic curves and CM abelian varieties, see | , , ]

(2) For topic (2): we review a powerful global method invented in | ] for
proving local arithmetic conjectures, e.g. arithmetic fundamental lemma (AFL)
[ |, and arithmetic transfers (AT) | : |, where we bypass complicated
questions on local geometry using automorphic representation theory (with explicit
levels), and do induction based on simple known cases. Here it’s crucial to use slice
versions of global automorphic functions and suitable (Gaussian) test functions at
archimedean places to simplify the SLo-spectra. We explain a further generalization
to prove twisted arithmetic fundamental lemma (TAFL) involving general linear
Rapoport—Zink spaces and local mirabolic cycles | |, and certain twisted
arithmetic transfers (TAT) for vertex hermitian lattices (Conjecture 4.2), which
are both crucial for RTF approach towards the ATGGP conjecture.

In Lie theory, we have the fundamental classification of simple reductive groups / Lie
algebras into ABCDEFG types (via simple roots / Dynkin diagrams). In this note, we
just hope to emphasize the use of non-reductive (“type P”) groups (e.g. parabolic groups,
Jacobi groups and mirabolic groups) and non-reductive cycles in arithmetic geometry and
representation theory. Geometry of locally symmetric spaces beyond the case of Shimura
varieties is also interesting, although we do not discuss it here. It shall be clear that there
are many important topics and works of many people that are not mentioned in this note.

Acknowledgements. I thank the organizers K. Namikawa and K. Gunji on the 2025
RIMS conference “Arithmetic aspects of automorphic forms and automorphic represen-
tations” for their invitations and hospitality, and participants for sharing many related
interesting mathematics. I also thank the organizers J.-B. Bost and S. Zhang on Simons
Symposium on Periods and L-values of Motives (2024) for their invitations to give a
related talk. I thank Y. Liu, W. Zhang for helpful comments.



4 ZHIYU ZHANG

2. PRODUCING CYCLES: HECKE TRANSLATIONS, WEIL REPRESENTATIONS AND
MIRABOLIC CYCLES

Asai motives occur naturally in the study of Hilbert modular varieties and unitary
Shimura varieties.

Let Ey/Q be a real quadratic field, and f be a Hilbert modular form over Ej of weight
(2,2). By | |, the middle intersection cohomology of minimal compactification of
Hilbert modular surfaces for GLg g, (note that its reflex field is Q) realizes the Asai
motive As(f) = As*(f). Here As(f) is the (4-dimensional) Galg-representation obtained
as the tensor induction of the Galg-representation for f. The Asai (or twisted tensor)

L-function L(f, Asg,/q,s) = L(As(f), s) is introduced in | | (see also | , §4]).
For applications to non-vanishing of Yoshida lifts, see | |. For Asai L-functions on
GL,, see | | for integral expressions, | | for poles and | | for local L-factors.

Similar to original Gross—Zagier formula, we study twisted Asai L-functions [ ]
via base change along imaginary quadratic fields, and use unitary Shimura varieties.

2.1. Shimura varieties and cycles from Hecke translations. More precisely, let
F/Q (resp. Ey/Q) be an imaginary (resp. real) quadratic field, and £ = F ®q Ey be
the biquadratic extension of Fy = Q. Let V' be a n-dimensional F'/Q hermitian space of
signature (n — 1,1) for a fixed embedding o : F' — C. Let D,,_; = {z € C"||2| < 1} =
U(n —1,1)(R)/[U(n — 1) x U(1)] be the complex unit ball of dimension n — 1. Consider
RSZ unitary Shimura varieties | | for V' (resp. Vg,) over E with suitable neat levels
K (resp. Kg)
M(V)— Spec E, M(Vg,) — Spec E

which are built from arithmetic quotients of I,,_; (resp. D,,_; x D,,_;). For a discussion
of reflex fields of unitary Shimura varieties, see | , (2.5)(2.10)(3.4), 4.3. Summary
table]. We work over F for simplicity, and M (V'), M (Vg,) may be defined over F'. Choose
compatible levels so the natural map M (V) — M(Vg,) is a closed embedding, which
generalizes embeddings of Shimura curves to twisted Hilbert modular surfaces (n = 2).

Definition 2.1 (Relative translation cycles). Let Z1, Zy be two closed subschemes in a
scheme X. Given a correspondence pry x pry : I' > X x X, let the relative I'-translation
cycle of Zy in Zy be the fiber product

U7y nx Zy ={xellpr,(z) € Z,pry(x) € Zo} — Z1 X Zs.
If Zy = X, we write pry : I'."Z1 nx X — X as the I'-translation cycle of Z; in X. Define
the T'-fized point cycle on X as pr; = pry: ' nxyx A = {x € T|pr,(z) = pry(z)} —> X.

Consider the Hecke correspondence I'y = T gk, on X = M (Vg,) for g € U(VEg,) (AR, f)-
For ¢ = ®upy € S(UVg,)(Ag, ) ¢*5c¢ we have the Hecke correspondence I, is a
weighted sum of I'y by ¢. Define the twisted CM cycle

1) pr s TCM(g) = Ty M(V) Anrgriy) M(V) = M(V).
We have a natural decomposition (via moduli descriptions)

TCM(p) = [ [ TCMa (),

where a runs over U(V)(Fo)\U(V')(Ep)/U(V)(Fp), or over Fy-points the GIT quotient
[UVN\U(Vg,)/U(V)]. If Ey = Q x Q, we recover big CM cycles in | , §7.4]. For
general Ey, there is no description of [U(V)\U(Vg,)/U(V)] (or [GL(V)\GL(Vg,)/GL(V)])
via characteristic polynomials, instead we use the symmetrization map U(Vg,)/U(V) —
U(Vg,). For symmetric spaces over C (instead of Fp), we have relative Chevalley isomor-
phisms on double GIT quotients | | via little Weyl groups, see also | , §2-4].
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Over an archimedean place v : E — C, by complex uniformization we see that
TCM(¢)(C) is related to fixed points of g, € U(n — 1,1)(R) on D,,_; (which will be
non-empty singleton for generic gy). For a general embedding of Shimura varieties
Shy = Shg, (H, Xy o) — She = Shi (G, Xy,), we can write Hecke correspondence Iy as

pr; : [y(C) = GQN\[Xoo x HkZ(C)] — Shi (G, X)(C), (x, 91, 92) = (=, 94),
where Hk’(C) := {(g1, 92) € (G(Ay)/K)?|g; " g2 € KgK}. Hence we find

Fg-ShHﬁShGShH = G(Q)\{(flf»!]h.%)ﬁ(?/u hi) € XH,OOXH(Af)/KHv (II’(h) € G(@)-(.% hz‘),i = 1,2}-

Therefore, there exists a € G(Q) such that a.(yy, k1) = (y2, ha) and « is well-defined in
H(Q)\G(Q)/H(Q), giving above decompositions of TCM(p) into TCM, ().

We will only work with ¢ and a such that TCM,(¢)(C) is a non-empty finite set of
CM points. Over a p-adic place v : E — C, with ¢, = 1f, , we will see later that by
p-adic uniformization, TCM(¢)(C,) is related to C,-points of the derived twisted fized
cycles appearing in the TAT conjecture 4.2 formulated below.

2.2. Global cycles: geometric theta series and twisted Fourier-Jacobi cycles.
Fix a non-trivial additive character ¢ : Ag — C. For a 1-dimensional skew-hermitian
space W over F' and a conjugate-sympletic character p : Ay — C, using ¢ and p we
produce the Weil representation w = w(W, ) for U(V') x U(WW). Here V ® W is regarded
as an (unpolarized) symplectic vector space (or Hamiltonian space as in | ). To
find geometric analogs of these Weil representations (at least over finite adeles), we need
to understand low degree cohomology of (projective) Shimura varieties. In this subsection,
we assume that M (V') and M(Vg,) are projective. Otherwise, we replace them with
suitable toroidal compactifications.

By definition, pu| A% is the quadratic character 7 associated to F//Q by class field theory.

Assume that p has weight 1 (i.e. pe(2) = 2/Z or z/z). By works of Shimura, we have the
CM abelian variety A, over F' with CM by the number field M,, generated by values of

pro| —[3? over finite adeles.

Theorem 2.2 (Liu’s formula | ). Assume that n > 2.

(1) As U(V)(Ay)-modules, the Betti cohomology (taking inverse limits along all levels)
HY(M(V)(C),C) = ®qw, ws(Wr. ),

where wr(Wy, ) is the Weil representation for weight 1 conjugate-sympletic Hecke
character p1 and 1-dimensional skew-hermitian space Wy over Ap y.
(2) The Albanese of M(V') is (up to isogeny) an explicit direct sum of (A,)p.

When n = 2, we have a similar decomposition of the endoscopic part of H' and Albanese.

The proof of Liu’s formula (see also [ , Lemma 3.15]) uses relations between
theta liftings (which are well-behaved in the stable range [L197]), Arthur’s classification
[ Il , Theorem 1.7.1.] [ , Theorem 12.10, Proposition 13.3.], and
poles of L-functions [ , §10-13] | , ) ]. As we are interested in
cohomology of degree 1, a local key point of the proof is an explicit Vogan-Zuckerman’s
classification | |. For U(n—1,1)(R), irreducible unitary cohomological representations
are classified as m,; (@ +b < n—1,a,b € Z>y) with minimal Hodge type h*®(m,;) = 1,
see | , 83] [ , 85]. When n > 1, U(n — 1,1)(R) has a unique proper parabolic
P up to conjugacy and m,p (@ +b < n — 1) is an explicit Langlands quotient from
P , 83] [ , §4-5]. For explicit classifications on other groups, see e.g. [ , 89
(SOu(n — 2,2)), [Sar19] (Spa(R)) and [Ven01] (U(2, 3)).
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For previous study of Albanese of unitary Shimura varieties, see [ , , ].
For cohomology of general Shimura varieties, see | ,89] [ , §6]. The non-vanishing
of first Betti number | | is special to U(n — 1, 1)-Shimura varieties.

Using Liu’s formula, we now introduce more cycles. Given a morphism ¢ : M (V) —
(A,) g, we say ¢ is of type Wy if the induced map on complex Betti cohomology H' has
image in w¢(Wy, ). Then ¢ could be regarded as an element in w¢(Wy, ). For above ¢
and ¢ (of type W), the twisted Fourier-Jacobi cycle for (¢, ¢) is (certain cohomological
trivial modification of) the map

r

Fi(e, ) : M(V) 57 M(Vig) x (A) .

Let FJ(W;) < Ch*(M(Vg,) x (Au)e) be the U(Vg,)(Ag, f)-submodule generated by
images of FJ(¢, ¢) in the C-coefficient Chow group of M (Vg,) x (A,)r. These cycles are
related to Kudla’s geometric theta series on M (V') via certain doubling constructions (and
cup products H' (M (V)(C)) x HY(M(V)(C)) — H*(M(V)(C))) | , ], which
show their relations to local derived twisted CM cycles (4.1) in TAFL conjecture 4.2 below
via p-adic uniformization.

2.3. Local cycles: mirabolic cycles on Rapoport-Zink spaces. Besides Hecke
symmetry on towers, Rapoport-Zink spaces have an extra symmetry from automorphisms
of framing objects. Such extra symmetry is crucial in local Langlands program, and will
be used in our formulation of TAFL.

Let p be a prime number, and we use local notations. Let F' = Q2 be the unramified
quadratic extension of £ = Q, with non-trivial Galois involution z — Zz. Let V' be a n-
dimensional hermitian space over F//Fy. Let L < V be a vertex lattice, i.e. L < LY < p~'L.

Let t = dimg , LY /L € [0, n] be the type of L. We have an isomorphism 2,805 =~ OpxOp.

Let S be a scheme over Zp where p is nilpotent. A basic tuple (resp. L-polarized tuple)
of signature (1, 1) is the data (X,¢) (resp. (X, ¢, A) where
(1) X is a p-divisible group over S of height 2n and dimension n.
(2) ¢ : Op — End(X) is an action s.t. LieX has signature (n — 1,1) as Os ® Op-
modules.
(3) (for L-polarized tuples) A : X — XV is a semi-linear L-polarization and Ker\ €
X|[p] has order p?*.

Here polarizations are defined as anti-symmetric isogenies i.e. AY = —\, Ao i(a) =
t(@) o Ma € Op), see | , Page 9] (called quasi-polarizations in | ). Fix a
L-polarized basic tuple (X, ix, Ax) over F¢% (framing tuple). Fix an Op-polarized basic
tuple (E, tg, Ag) of signature (1,0) over Fglg with canonical lifting £ to Sprp. Consider
the hermitian space of special quasi-homomorphisms

V = Homp, (E, X) ® Q

which has dimension n over F. Note that V 2 V. Consider the unitary Rapoport-Zink
space for L
N L — Sprp
as the moduli functor sending a test scheme S where p is nilpotent to isomorphism classes
of (X, ¢, \, p) where (X, ¢, \) is a L-polarized basic tuple over S and p : X x S/p — X x S/p
is a height 0 Op-linear quasi-isogeny compatible with polarizations.
Similarly, define the general linear Rapoport-Zink space

NEY - SpfZ,

as the moduli functor of (X, ¢, p) where (X,¢) is a basic tuple over S and p: X x S/p —
X x S/p is a height 0 Op-linear quasi-isogeny. We refer to the book | | on PEL type
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Rapoport-Zink spaces as deformation spaces of quasi-isogenies of p-divisible groups. By
forgetting the polarization A\, we have a natural embedding

N — NGE

is equivariant under the natural action of U(V) (resp. GL(V)) on N7, (resp. N9L)
Consider a non-zero vector u € V — 0. The Kudla—Rapoport cycle | 11 ]

Z(u) —>NL

is the closed formal subscheme of NV, sending a SpfOZp-scheme S to the subset (X, tx, Ax, px) €

N1(S) such that (px) ' ou:E xpS/p — X x S/p lifts to a homomorphism from £ to X
over S. By | , Prop 3.5], Z(u) is a Cartier divisor in Nf.

Definition 2.3. The mirabolic special cycle | /] (which is a Cartier divisor on N )
29 (u) - NP
is the subfunctor of NS sending a SptO; -scheme S to (X, ux, px) € NEL(S) such that
(px) tou:E xpS/p— X xgS/p
lifts to a homomorphism from &€ to X over S. For u* € V* — 0, the mirabolic special cycle
ZOL* () — NCL

is the subfunctor of NC¥ sending a SptO; -scheme S to (X, ux,px) € NEL(S) such that
u*opyx : X x5S/p— E xgS/p lifts to a homomorphism from X to € over S.

Via pullbacks from A®L, we obtain mirabolic special cycles on many other Rapoport-
Zink spaces. For example, Z°"(u)|y, = Z(u). The name of mirabolic cycles comes
from that Z9Y(u) is stable under the action of the mirabolic subgroup Stab(u) < GL(V)
and is an analog of symmetric spaces for mirabolic subgroups (over the generic fiber
and the reduced locus). The fundamental work | | shows the linear invariance of
Kudla—Rapoport cycles (via Koszul complexs and deformation theory), and it is possible
to prove similar things for mirabolic special cycles.

3. L-FUNCTIONS AND ATGGP CONJECTURE VIA TWISTED FOURIER-JACOBI CYCLES

Let m be an irreducible cuspidal automorphic representation of U(Vg,)(Ag,). Let II be
a (weak) base change of m to GL,(Ag). Let w = w(u, W) be the Weil representation for
V @ W. We formulate the (unrefined) conjecture on L-functions as follows.

Conjecture 3.1 (Twisted GGP conjecture | ). The following are equivalent:

(1) The period integral S[U(V)] o(9)d(g) £ 0 for some p e m and ¢ € w.
(2) The twisted Asai L-value L(1/2,11, Asg/r @ ') 4 0 and Homy (¢, w) + 0.

Conjecture 3.2 (Arithmetic twisted GGP conjecture [ ). Assume that 7 is
tempered and 11 is cuspidal. Moreover, assume that I1 is relevant, i.e. for every archimedean
place v of E, 11, is isomorphic to the (irreducible) principal series representation induced
by the characters (arg' =", arg® ™", ...,arg" > arg"™') where arg(z) = (£)"? : C* — C*.
Then the following are equivalent:

(1) HomU(v)(AEO,f)(WfaFJ<Wf)> + 0.
(2) L'(1/2,11, Aspyr ® ) # 0 and Homyw)a ) (s, w (s, Wy)) £ 0.
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See also the arithmetic Gan-Gross-Prasad conjecture formulated in | , Conjecture
6.10] using cohomological tempered Arthur parameters. To formulate a refined version
of ATGGP conjecture (using conjectural Beilinson-Bloch height pairings, see also recent

progress | ]), see [ , ]. Given a good theory of twisted p-adic Asai L-
functions, it is possible to formulate p-adic version of twisted Gan-Gross-Prasad conjecture
and arithmetic analogs (see e.g. | ]), where TAFL and TAT are still crucial.

As we only have Hecke actions over finite adeles on Shimura varieties, to formulate
comparisons of arithmetic trace formulas (e.g. from Arakelov intersection pairings)
and analytic trace formulas (e.g. from automorphic kernel functions), we often choose
(Ky-finite) archimedean test functions by design, e.g. pseudo-coefficients | ] in the
Langlands-Kottwitz method, and Gaussian test functions in the RTF approach towards
AGGP conjecture | |

In the case dimp V' = 2, ATGGP conjecture and twisted Fourier-Jacobi cycles are related
to arithmetic triple product formulas, and arithmetic of Asai motives of elliptic curves
over Ey (e.g. from symmetric square of elliptic curves over QQ via base change). For similar

examples, see [ , §1.3] (via orthogonal GGP conjecture) which does not use imaginary
quadratic field and relies on certain Tate conjectures over finite fields | , Proposition
4.9], and also | , §1.5] (via untwisted GGP conjecture).

4. PrROOF OF TAFL: TOTALLY POSITIVE FOURIER COEFFICIENTS, HOLOMORPHIC
MODULARITY, LOCAL INDUCTIONS, PRIME-TO-p NON-VANISHING AND
LOCAL-GLOBAL RELATIONS

4.1. Twisted arithmetic fundamental lemma (TAFL) and arithmetic transfers
(TAT): formulations. The arithmetic fundamental lemma (AFL) discovered by Wei
Zhang | ] (see also | | for the Fourier-Jacobi case) and the subsequent arithmetic
transfer (AT) conjectures | , , , , | are identities between
derived orbital integrals of certain test functions and arithmetic intersection numbers of
diagonal cycles on unitary Rapoport-Zink spaces with certain levels. Proved in | ,
, ], AFL and certain AT are used crucially in a recent proof of (refined) p-adic
AGGP conjecture [ | for a good ordinary split prime p, with applications to p-adic
Beilinson-Bloch-Kato conjecture. Anticipating similar applications to arithmetic questions,
we now give the formulation of twisted arithmetic fundamental lemma (TAFL) and certain
twisted arithmetic transfers (TAT).
Recall we have a U(V)-equivariant closed embedding of regular formal schemes

N — NSE,

Recall for a reductive group action on an affine variety over a field, an orbit is called
semi-simple (resp. regular) if the orbit is closed (resp. has trivial stabilizers).

Definition 4.1. For regular semi-simple g € GL(V)(Fy), the derived twisted fized cycle
of g is the derived cycle (in the Grothendieck group of N with support in the schematic
intersection gN N yer Ni)

QNLmNg}LNL

(2) NL™(g) = gN1 e N € K (M),
which is a derived 1-cycle by [ , Lemma B.2] and only depends on g € GL(V)/U(V).

Here for a Noetherian formal scheme X (resp. with a closed formal scheme Y < X)), we
write K{(X) (resp. K (X)) as the Grothendieck group of coherent sheaves of Ox-modules
(resp. finite complexes of coherent locally free Ox-modules acyclic outside Y).
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We identify Xv := GL(V)/U(V) = Herm(V, hy) as the set of hermitian structures A on
V such that (V, A) = (V, hy). For any regular semi-simple pair (g,u) € (Xy x V)(Fp),s,
consider the derived intersection number

IntHerm’V(g, U,) = NL ﬂ%/SL gNL ﬁ}\/T(L;L ZGL (u) € Q

Here we use that the schematic support is a proper scheme to define the intersection
number via Euler characteristics of coherent sheaves.

Choose an orthogonal basis of L < LV, then the basis generates a chain of Z,-lattices
Lo =12y < Ly = p 'Z, ® 27" in Q). The stabilizer GL(Ly, Ly ) is a parahoric subgroup
of GL,(Qy). The space GL,(Q,) x Qp x (Q})* has a natural action of h € GL,(Q,) by

h.(7y, ur,uz) = (R yh, hluy, ugh).

For regular semi-simple (v, u;,u2) and (F',¢") € S(GL,(Q,) x Q) x (Qp)*), we form

orbital integrals (s € C) which converge absolutely

(3)

Orb((7, w1, us), (F', ¢'), 5) := w(7, ur, uz) f F'(h™'yh) ¢ (h™ Uzh)(_l)val(h)|h|sdh
GLn (Qp)

with Haar measure on GL,(Q,) normalized such that GL(Ly, Ly) has volume 1 and

w(y,ur,us) € {£1} is a transfer factor. We form twisted arithmetic transfer (TAT)
conjecture for L as follows, see | | (which is called TAFL when ¢ = 0).

Conjecture 4.2. (TAT(g,u)) For any regular semi-simple (g,u) € (GL(V)/U(V) x
V)(Qp)rs matching (v, ur, uz) € (GLy(Qp) x Q) x (Q)*):s, we have

erm d
Int"™ (g, u) log p = = —=[s=0Orb((7, w1, ), Lav(r,ny) % 1uo X L)+, 5) € Qlogp.

The formulation is very similar to the global intersection problem of twisted CM cycles
and geometric theta series on unitary Shimura varieties, which will be the starting point
of a global proof.

Let’s briefly explain the proof of TAFL | | and TAT using the double induction
method | | in the case n = 2 (to avoid non-properness of unitary Shimura varieties
for Iy = Q), i.e. we are working with Shimura curves. To obtain a proof for general
n, we can work with projective RSZ Shimura varieties for totally real field Fy £ Q,

see [ 11 ]

4.2. Step I: globalization of intersections of cycles and supports. Our proof is
based on the idea of producing and comparing two holomorphic Hilbert modular forms
via comparing totally positive Fourier coefficients of finite parts | , Lemma 13.6].
Fix a local regular semi-simple pair (g,, u,) in Conjecture 4.2. The case n = 1 is true

by direct computation. We do induction on n and assume that Conjecture 4.2 is true
in rank n — 1. Let Fy = Q. Choose F = Q(v/—D;) (D; > 0), Ey = Q(+/D3) (Dy > 0),
and E = Q(v/=D1,+/D,), such that p is inert in £ and F. Choose a n-dimensional
F/Fy-hermitian space V' with a hermitian lattice L such that

(1) L, is self-dual.

(2) V is of signature (n — 1, 1) for an embedding ¢q : F' — C.

(3) There exists an inert place w’ of F'/Fy such that V,, is not split.

Let V(") = V) be the totally definite nearby F-hermitian space of V at the place
vo = p of Fy = Q. Then V") ® Q, =V,

By local constancy of orbital integrals and intersection numbers, we may choose a global
regular semi-simple pair (go, 1) € (U(V (")) x V) () that is p-adic closely enough to
(9p, up), such that
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(1) Conjecture 4.2 for (g,,u,) and (go, up) are equivalent.
(2) & = (uo,up) € Qg is totally positive.
We choose a large enough finite set d of finite places of Fjy such that

e p-adic places are not in 0.

e any w ¢ 0 is unramified in F' and Ej.

e L, is self-dual, for any (-adic place w ¢ 0 (¢ + p) of Fj inert in F.

e For any (-adic place w ¢ 0 (¢ #+ p), the image o = a(gp) of go in the GIT quotient
[U(VévO))\U(VE&Z%) JUVSN](Fy.) is of maximal order, which is well-formulated
as any w ¢ 0 is unramified in F' and FEj.

We consider the RSZ integral model | : [ , Appendix C.]
M — Spec Op[07!]

of level K, where K,, = U(L,,) at any place w ¢ 0, which is a n-dimensional reqular (from
local models) and projective scheme with generic fiber M (V). Here we work with sufficient
small levels at ?.

Via Serre tensor construction, we have a closed embedding of RSZ integral models for
M (V) — M(VEo):

M — M.

with compatible level K and K¢, such that Kg,, = U(L R0, Op, w) for any place w ¢ 0.

Let Ch ™ (M) be the subgroup of first arithmetic Chow group (i.e. arithmetic Picard
group) of M with admissible Green functions G at infinity, i.e. G has harmonic curvature
with respect to the naturally metrized Hodge bundle we on M (V)(C). Let Z;(M) be
the quotient of the group of 1-cycles on M by the subgroup generated by 1-cycles on M
that are contained in a closed fiber and rationally trivial within that fiber. We have a
truncated Arakelov intersection pairing

(=, =) ara : ChM™ (M) x Z{(M) — R,.

Here the quotient Q-vector space Ry = R/spang{log ¢|3w € 0, w|f}. A key feature is that
if the support of intersection is empty on the generic fiber of M, then (—, —) ., could
be decomposed into local terms (hence related to our local intersection problems via
uniformization) indexed by places w ¢ A of Fy:

(_7 _)Ara = (_7 _)Ara,oo + Z(_7 _)Ara,w-
wioo

Consider a Q-valued function ¢ = 1gs x @, € S(U(V)(Ap r))*¢" . Then , gives a
finite sum of prime-to-p Hecke correspondences on M (Vg,) which can be extended to the
integral model (via moduli descriptions):

Ly — M™ x M.

We form the derived twisted CM cycle for ¢ (viewed as an element in the Grothendieck
group of coherent sheaves in the schematic intersections)

LTCMa(p) i= (T M ALy M) — M

which on the generic fiber recovers TCM(y). Denote by “TCM,(¢) the a-part of
ETCM(p). The schematic intersection TCM,(¢) — M is finite and unramified (but

may have large dimension components), see the proof of | , Proposition 7.9]. Note
that TCM(g,) is of finite type hence it has only finitely many connected components,
and TCM,(gy) is an open and closed subscheme, see e.g. | , Lemma 7.11, 7.15].

In terms of abelian schemes (ignoring the toric Z%-part), 7CM(g,) will roughly classify
a pair (Aj, Ay) of abelian schemes over a test scheme S with polarizations, compatible
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Op-actions of Kottwitz signature (n — 1, 1) and level structures at 9, with an Og-linear
quasi-isogeny ¢ : A1 Qo Op — Az ®o, Or whose realization on 0-adic rational Tate
modules is compatible with g, € U(Vg, ») under level structures.

Similarly, to globalize Z(u,) we consider the geometric theta series of Kudla-Rapoport
divisors | ) ]) for Q-valued function ¢ € S(V(A;))¥:

Z(h,¢) > M(V), heSLy(Ag),

which is a holomorphic modular form of weight n with coefficients in Ch' (M (V)) by | |-

Assume that ¢° = 19. Then for ¢ > 0, the &-th Fourier coefficient Z(&, ¢) admits
natural admissible extensions (via moduli descriptions) to the RSZ integral model (here
we use Bruiner’s admissible Green function GB(€, ¢) in | 1)

ZB(¢,6) — M.

Here the Cartier divisor Z (&, ¢) on M (V) is related to the Fourier expansion of Z(he, @), ho €
SLy(R) in adelic language via weight n Whittaker function

. o /2 .
(n) _ 1 |n/2, 2mit (bt ai) inf _ (1 b\ (a 0 cos sinf
We (heo) = fal""e e Vhe (0 0) ( 0 a2)\—sin@ cosh)"

We define Z(0,¢) = —¢(0)c1(w) € Ch'(M(V)), where w is the Hodge line bundle (line
bundle of weight 1 modular forms, which is ample when the level is sufficiently small).
Note that w is also called the tautological line bundle £ := (LieA)Y,_, (negative part of
LieA under the F-action of signature (n — 1,1)) as the descent of the tautological line

bundle on D, 4, see | |. For our purpose, we ignore the issue of definitions of
integral models of w (see e.g. | |). For h = (ho, hy) € SLo(Fo,00) x SLa(Af), we have
(4) Z(h,8) = 2(0,(h)o)WS" (ho) + 3 Z(&, w(hy) )W (hs).

£>0

Definition 4.3. For £ > 0, define the arithmetic intersection number (here 7(Z9) is a
factor of components for the toric Z9 part of RSZ Shimura datum)

1

Int(oz7 57 Qba 90) = T(ZQ) (é’;B (57 ¢)7 LTCMO[(()O))ATG’

which is canonically decomposed into local terms (as the generic fiber has empty intersection
by complex uniformization)

(5)

Int(av 57 Qb» SO) = Int(a, 57 Qb, SO)AWLOO_'_Z Int(a, Sa ¢7 QO)ATa,w € Int(a, 57 QS, SO)AT‘CL,OO"_Z Q IOg E

w}oo ¢

4.3. Step II: non-archimedean intersections and uniformizations. From moduli
descriptions, we have Int(a, &, ¢, ©) araw = 0 unless w is inert in F and £ > 0, in which
case the intersection has support in the basic locus of the mod w fiber of M. Assume that
w ¢ 0 is inert in F'. Via moduli descriptions, we now describe the basic uniformization of
the embedding (which is an adelic description away from w)

M — M.

After base change to Zw, formal completion along the mod w basic locus and working on
fixed components in the toric Z%-part, we have a closed embedding

MG — Mg,
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Let V) be the totally definite nearby hermitian space of V at w. We have two embeddings
H = U(V) - G = Resg,rU(Vg,) and H® = U(VW) - G = ResEO/FOU(VE(;”))
which agree way from w. We have uniformization isomorphisms

G(QN\Ww x GAY)/KE] = M,

HO(@Q\[NL, x H(AY)/K™] = M.

Here N, ., = N, x N, (resp. N, = NCL) if w is split in By (resp. w is inert in ).
Consider the discrete set

Hk_f;;’) = {(91, 92) € (G(AY)/KE)*|g1 ' 92 € Kago K}
We have uniformization of Hecke correspondences:

G (Q)\[Now x HEM] = Hk) o — Mg®" x MG
Hence the relative translation cycle pr; : TCM(g,)§ — M over the component Mg is
GUQN(, 91, 95) € Noyu x B 3y, i) € Noy o x H(AY) /K, (w, g:) € G(Q). (s, o), i = 1,2}

Assume that w = £ is inert in Ey. Similar to | , Proposition 7.17 (2)] (where w = ¢
is split in Fjy), uniformization gives the equality of derived 1-cycles (over formal schemes)

(6)
LTCMal)h = > ( L(M) (0 81) ) NS5 Ly ]

(8:h)eH ) (Q\[B™ () (Q) x H(AY)/K™]
Here B*()(Q) € G™(Q)/H™)(Q) is the preimage of a € [HN\G™ /H®](Q). The
orbital integral (we regard G (AY) = G(AY))
J @w(h_léhg)dhg
H(AY)

only depends on § € G™)(Q)/H™(Q). By moduli description of uniformization isomor-
phisms, we have uniformization of Kudla-Rapoport divisors when £ > 0 (so u # 0):

(1) Z(&¢)) = > ¢ (W) [2(u) X Lygu] — M.

(u,h)eH ) (QN\[V ) (Q) x H(AY)/ K], (uu)=€

Consider product of local non-archimedean orbital integrals away from w:

) O (9. u) ¢ ® ") = | (0 gha) (0 u)hadh
H(AY)
From (6)(7), by summation over (h,h') as in | , Theorem 9.4] we have
(9)
Int(a, &, ¢, ) araw = 2log > Int,, ™" (g, u)Orb* ((g, u), ¢ ®¢"),

(g;w)eH ) (Q\B™ (a)(Q)x V (*)(Q),(u,u)=§

When w = ¢ is split in £y, above formula (9) still holds after some modifications into
the AFL set up, see | , Theorem 9.4].

As we fix regular semi-simple «, we only need to consider orbital integrals for (g, u) €
B¥(a)(Q) x V®(Q). We have partial transfers for these orbital integrals at each finite
place (see | , Definition 13.1, Remark 13.2]), which is easily reduced to the n = 1
case. Then we can match these orbital integrals (8) with orbital integrals on the analytic
side (in Step III).
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4.4. Step 1II: globalization of orbital integrals and analytic generating func-
tions from relative trace formulas. The goal now is to compare Int(a, &y, @, ©) araw
with w-part of &p-the Fourier coefficient of an analytic function 20J(a, h, @', ¢") on
h € SLo(Apg,), which is related to local derived orbital integrals at w (for Conjec-
ture 4.2) and above local orbital integrals (8) away from w. Here we have to transfer
a e [U(Vi )\U(V(UO )/U(V@)](F) into an invariant on the analytic side. This moti-
vates us to consider the action of GL,(Fy) on GL,(F")/GL,,(Fy) where F” is the third
subfield of F besides E;, and F', then we have a matching of GIT quotients and regard
a € [GL,, g, \GLy 5 /GLy, 1, | (Fo) to define a-part of orbits and orbital integrals.

We construct a analytic generating function J(a, h, ¢, ¢', s), s € C similar to | ,
(11.20)(11.21)], via a-sliced version of relative trace formulas (with suitable normaliza-
tions at nilpotent orbits via Tate thesis | , (12.20)]). Its derivative at s = 0
gives 0J(a, h, @', ¢’). By Leibniz rule, we have local-global decomposition (see | ,
(12.32)(12.36)(12.38)] | , §7.3]) where 0J, is a nilpotent term:

(10) &](oz, h7 (blv 90,) = a’]O(Oév hv ¢/» /}&,) + é’,]oo(oz, h7 (bla 90,) + Z &]w(oz, h’» @la 90,)

wioo

(11)
(‘} (O{ h Cb 90 Z GOrb (77“1 u?) Spwv (h)gbgv)orb((ﬁ/aulvlw)v’SEIU)?w(h’)QS/w)'

(vsu1,u2)

In particular, when w = vy we find derived orbital integrals in Conjecture 4.2.

Then we plug in Gaussian test functions at archimedean places In other words, set
0(9) = lum)mxr) and ¢y (u) = e ) for (g,u) € (U(VEZ0 ) x VEO)(R) = U(n) x
U(n) x R™. Under the Weil representation w, we have w(hy)de(u) = €0 |a|t/2emi0+ia)(uw)
under Iwasawa decomposition of hy,. For fixed «, by purely archimedean computations, we
could produce partial Gaussian test function (¢, ¢.,) on the analytic side whose orbital
integrals matches (o, @) for a-part orbits. And (¢%, ¢;) is a partial transfer of (¢, )
for a-part orbits. In other words, test functions (¢', ¢’) are Gaussian partial transfers of
(0, ), see [ , §14]. Note that (¢, ¢’) is incoherent as its orbital integrals transfer
to orbital integrals for the incoherent hermitian space Vﬂém) ®V(Ay).

Via (4)(9)(11) and (5)(10), we need to do local-global comparison of Int(c, &, ¢, ) ara.w
with —20J, (o, &, @', ¢') for & > 0. Firstly we need an archimedean comparison (Step IV).

4.5. Step IV: archimedean intersections, archimedean orbital integrals and
holomorphic differences. In the case n = 1, we can compute archimedean orbital
integrals for Gaussian test function (boo(ul, Uuy) = 2732 (uy +uy)e 271 +3) directly in terms

of K-Bessel function K,(c) = % S Frelutl/u)y sdu ¢ > 0,s € C, which shows a potential
relation to Kudla’s Green functlons after taking derlvatlve at s =0, see | , Lemma
12.3]. For general n, we use [ , (12.11))] to reduce to n = 1. By such purely
archimedean direct computations | , Corollary 10.3, Lemma 14.3-14.4], the analytic
archimedean term 0Jy (v, h, ¢', ') is related to archimedean intersection numbers, i.e.
values of Kudla’s Green functions | , (8.13)] on the complex fiber M (V)(C):

GX (& ooy 8) = D b9 u) (G (u, hep) X k).

(g,u)
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1 b\ (a? 0 0 sind
Here G¥(0, hy) = —log |a] for hy = <O O) <a0 a1/2> (_C;Sne i)r; 9), By complex

uniformization, the geometric archimedean term

(12> Il’lt(O{, f? (ba (p)A'ra,oo = Z Int00<g7 u)orb((ga U,)7 30 ® ¢)
(9,w)eH(Q\B(a)(Q)xV(Q),(u,u)=¢

where Inty(g,u) = G¥(u, hy)(z,) where z, € D, is the unique fixed point of g €
B(a)(R) <€ U(Vy). The work | | (see also | | for Hirzebruch—Zagier divisors)
shows that the generating function of differences of Green functions

ZXP(h.g) = D (GK(E w(h)o,hen) — G wlhp) o)W (her)
£eQ
is a weight n modular form on h = (hy, hy) € SLy(Ag). Set Int“ B(a,h,¢,¢) =
T(éQ)ZK_B(h,gb)(TCMa(gp)((C)). Via purely archimedean computation as in | :
Proposition 14.5.], we find 20J,(a, &, ¢, ¢') = —IntX(a, &, ¢, @) for € > 0, and

20.J (o, h, @', ') + Int" B(a, h, ¢, )

is a holomorphic modular form of weight n on h € SLy(Ap).

4.6. Step V: modularity of geometric theta series and (holomorphic) modifica-
tion of 1-cycles. To prove arithmetic transfers over general p-adic fields, we do not know
modularity of arithmetic theta series over integral models with corresponding parahoric
levels. Instead, as in | , §12-13] we find another 1-cycle (modified twisted derived
CM cycles)

FTCM ()™ = "TC M, (p) +C

with some explicit and computable (“very special”) 1-cycle C such that the pairing
(= “TCMa(9)™) ara

factors through the natural map Ch"**™ (M) — Ch'(M(V)). Then (Z(h, ¢), “TCMa(©)™%) 4ra)
is a well-defined holomorphic modular form by modularity over reflex field | ]. Define
the modified difference

SmOd(h) _ 2(1](0(7 h7 (b,, Spl)mod + IIltK_B(Oé, h, (ba (p)mod + (Z(h, (b)aLTCMa(QO)mOd)Arm

by subtracting contributions from C, which is now a holomorphic modular forms of weight
n on h € SLy(Ag,). If Conjecture 4.2 holds, then £™°¢(h) is a constant by local-global
relations. To prove Conjecture 4.2, the next step is to show that (the vo-part of) £m°¢(h)
is indeed a constant.

4.7. Step VI: matching totally positive Fourier coefficients by induction, simple
known cases and modularity. We use two facts.

(1) We crucially use mirabolic special cycles to show that TAFL in rank n—1 (which we
assume by induction) implies TAFL(g, u) when (u,u) is a unit. See | , §5.3-
5.4] for arithmetic induction on geometric and analytic sides. Hence by induction
and maximal order cases of TAFLs, we find that &-th Fourier coefficient of £m°4(h)
is zero for € > 0 with v,(£) = 0.

(2) Above modularity results also explicitly describe the levels of holomorphic modular
forms, which implies that £™°¢(h) has maximal level at p (resp. Iwahori level at
p) for the proof of TAFL (resp. TAT).
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In the TAFL case, from knowledge of modular forms | , Lemma 13.6], these two
facts imply that £m°Y(h) is a constant. In the TAT case, the modification over mod p
fibers and complex fibers is the same as | , §12-13], and £™°¢(h) is a holomorphic
modular form (thanks to holomorphic modularity of specific theta series | , Theorem
13.9]). We apply the double induction method [ | and work with similar difference
functions defined via geometric theta series for the Fourier transform of ¢ at vy, to see
that £m°4(]) is a constant.

4.8. Step VII: shrinking supports and from global identities to local TAFLs.
Note after subtracting the archimedean terms, the intersection numbers and derived
orbital integrals at non-archimedean places all lie in Q-linear span of log ¢ (¢ ¢ A). Using
Q-linearly independence of log ¢, from the vanishing of -th Fourier coefficients of £™°¢(h)
we obtain a semi-global identity (adding these modification terms back)

20J (v, €0, @', 0 )y + Int* B, &9, 0, )0, + Int(ar, £0, D, ©) Arawy = 0.

By shrinking supports at another split place of F//Fy (applying the technique of | ,
Lemma 13.7]), we may assume the sum for Int(c, &, ¢, ©) ara.n, has only one non-zero term
(and is the term for orbits of (go, up)) and the orbital integral Orb™ (go, ug), ¢*°®¢™°) is non-
zero. Then we obtain the TAFL for (go,uo) from above semi-global identity | , §8.
The TAT conjecture for vertex lattices may be proved similarly.
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