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ABSTRACT. The article surveys the author’s preprint [Lee25] on a construction of an anticyclotomic Euler
systems for characters of CM fields and its application toward the Iwasawa main conjecture.

INTRODUCTION

Let K be a CM field with maximal totally real subfield F. Fix an odd prime p > 0 which is unramified in
F. We assume that K/F is ordinary at p in the sense that every prime of F above p splits in K. Under this
assumption we can then fix a CM type, which is a subset ¥ C Hom(K, C) such that if SI’)C denote the set
of primes of K above p and >, C S]’f is the subset of primes induced by embeddings in ¥, through a fixed
choice of embeddings ¢ : £ — C and ¢,: K — C,, then we have

Hom(K.C) =S U, SF=%,u%¢
where ¥¢ = co ¥ and X = co ¢ for the complex multiplication ¢ € Gal(K/F).

Given a finite order character ¥ of the absolute Galois group G of K. The Iwasawa-Greenberg main
conjecture relates the following two objects associated to ¢. On the one hand, by class field theory, the
Galois group of the maximal pro-p abelian extension which is unramified away p has a free part W of Z,-
rank d + 1 — 0, where d = [F : Q] and § is the Leopoldt defect. We let K /K denote the extension such
that Gal(f( /K) = W. Define Ayy = O[W], where O is the ring of integers of a sufficiently large field

extension E over Qp, and let Gx acts on the Pontryagin dual Ajj, of which through s = ¢(*), where
(%): G — W — A* is the tautological character. Consider the Selmer group

Sel(va, %p) = ker {H' (KK, Ajyr(¥a)) = [ H'(Luws Ajy (1))}
w¢Sp

where w ranges through all finite primes of K outside X, and I,, is the inertia group at w. Then the
Pontryagin dual X (Aw) = Sel(¢,3,)" is a finitely generated torsion A-module, for which we can consider
the characteristic ideal F'(Aw ) := charp,, (X (Aw)).

On the other hand, fix a CM type X as above. By the work Katz [Kat78] and Hida-Tilouine [HT93] there
exists a p-adic L-function Ly (¢, £,) € Aw that interpolates the algebraic part of the L-value L(0, ¢«), when
« is a character of W such that the L-value is critical in the sense of Deligne’s conjecture.

Conjecture. The characteristic ideal F(Aw) is generated by L(1),X,) in Aw.

The conjecture can also be formulated for subextensions in K /K. But unless the subextension contains

the cyclotomic Z,-extension, the Pontryagin dual of the Selmer group defined above could fail to be torsion.

In particular, the case when ) is anticyclotomic and K¢ C K is the maximal anticyclotomic subextension

is considered in [HT93] and [HT94]. Here K is anticyclotomic in the sense that ¢ € Gal(K/F) acts by the

inversion on W~ = G(K/KC). In this case W~ has the Z,-rank d = [F : Q]. And we say ¢ is anticyclotomic

if ¥(7¢) = ¥~ Y(y) for v € Gx. Using the CM congruences between modulars forms, it is shown in loc.cit.
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that the characteristic ideal F(Aj;,) belongs to the ideal generated by L, (1, %,), the projection of the
Katz-Hida-Tilouine p-adic L-function to the anticyclotomic space O[W ~]. Furthermore, assume that

e The order of % is coprime to p.

e The prime-to-p part of the conductor of ¥ is a product of primes that splits in K.

o The restriction ¢|p,, is nontrivial at the decomposition group D,, of each w € ¥,,.

e The restriction of 1 to the absolute Galois group of K(1/(—1)(P=1)/2p) is nontrivial.

Then the crucial torsion property is obtained in [Hid06b, Thm.5.33] by relating the Selmer group to Galois
deformation problems and the full main conjecture is proved in [Hid06a].

In [Lee25], we consider the same anticyclotomic main conjecture under a different set of assumptions on
1. One of the main result is as follows.

Theorem 0.1. Assume there exists a place wy € X, of degree one and that
(K) IC/F is generic in the sense of [Roh82] and every prime of F above 2 splits in K.

Identify the decomposition group D, with the absolute Galois group Gq, of Qp and let w: Gq, — (Z/pZ)*
be the Teichmuller character. Suppose v is ramified only at primes that split in KC and

(1) The restriction ¢|gq, 1is not congruent to the trivial character 1 or w*t,

(42) The restriction 1| p,, is nontrivial at the decomposition group D,, of each w € Xy,
Then X (A™) is torsion and we have (L,(¢),%,)) C F(Ay,) in E[W].

Our proof does not rely on global Galois deformation problems and instead follows from the construction
of an anticyclotomic Euler system associated to 1. Then the general machinery from [Rub00] allows us to
bound the size of the Selmer group from above and obtain the theorem. This is the reason that the inclusion
relation we obtained is opposite to that of [HT94],

Congruences and Euler systems. Our construction of the Euler system follows from Urban’s approach
in [Urb20], which uses Eisenstein congruences to reproduce the Euler system of cyclotomic units. The idea
of using congruences relations to construct cohomology classes dates back to the proof of the converse of
Herbrand-Ribet theorem in [Rib76] and is also the main ingredient of [HT93].

The usual strategy goes as follows. Let A := T'Y — Ay be a Hecke eigensystem of the big ordinary Hecke
algebra T4 such that the associated Galois representation is reducible. In favorable cases, one can find a
different eigensystem X with irreducible Galois representation and such that A is congruent to A’ modulo
some ideal J. Then one can construct a nontrivial cohomology class over the quotient Ay /.J.

While the strategy has succeeded in many cases, we cannot construct Euler systems, which are integral
classes that value in Ayy. The insight of Urban’s method is that we should add more variables to the Hecke
algebra by consider a larger space of p-adic modular forms. In our case, this is done by allowing modular
forms that are not ordinary at wg. Then under our assumptions the resulting Hecke algebra has an extra
variable coming from the reducibility ideal of the local deformation at wy.

0.1. Outlines of the article. In the first section we will review the theory of Hecke algebras and the
associated Galois representations for the space of modular forms over a definite unitary group. In particular,
we introduce the larger Hecke algebra T acting on modular forms that are possibly non-ordinary at wy.

In the second section, we explain that the Hecke algebra T has the expected dimension by borrowing
techniques from p-adic local Langlands. We then formulate an exact sequence that will be fundamental
when we apply a generalization of Ribet’s lemma in our setting.

The actual construction is done in the last section, using the eigensystem constructed by the author in
previous work. We then explain the properties of the resulting Euler system and sketch the proof of our
main theorem.



0.2. Notations. Let K, F, and p be as in the introduction and let € = €.y denote the p-th cyclotomic
character. We assume that IC/F is ordinary and fix a CM type Y. Let a and h denote respectively the set of
archimedean and finite places of F. Write Ix = Hom(K, Q) and let ¢ € G(KC/F) be the complex conjugation.
For o € Ix we define o, := 1, 0 0, which determines a place of K above p. Conversely, if w € SI’,C, we let I,
denote the set of o € Ik such that o, induces w. If L is a non-archimedean local field, we normalize the
Artin reciprocity map Arty, so that a uniformizer is sent to the geometric Frobenius.

We let A = Ar and A be the ring of adeles and let | - | and | - | denote the norm on which. If
K=3 ey @00 + byoc € Z[ZI], for an = (ag)oes € A o, and ap = (o, ag)uwes, € [, Ki we define

af = H(oza)“”(dg)b" €C”, ap H H op(aw)® op(am)’ € C,.
oceEX weN, o€y,

where we identity o € 7 with embeddings into C and C;; by composition with the fixed choice of embeddings
loo and ¢, We will sometimes let ¥ denote the formal sum )7 5, 0 and similarly for %¢

We say a Hecke character x of K* is algebraic of the infinity type & if xoo(c) = a. When this is the
case we define the p-adic avatar y: Ag — Z; of x by X(a) = x(a)azl - ay.

When R is an F-algebra and m = (m;;) € M, s(K @x R), we denote by mT = (my;),m® = (mg;), and
m* = (m J1) respectively the transpose, conjugate, and conjugate-transpose of m.

1. MODULAR FORMS ON DEFINITE UNITARY GROUPS

Let G be the definite unitary group over F such that for any F-algebra R
G(R)={9 € GLa(K®Fr R) | g9" = 1,.}.

In this section we recall the definition of algebraic modular forms on G and the big Hecke algebra acting on
which. We also recall the properties of the Galois pseudo-representation of G to the big Hecke algebra.

1.1. Algebraic modular forms. Let B = TN C GL3 be the subgroup of upper triangular matrices and
its Levi decomposition. Following [Ger18, Def 2.3], we identify X*(T) with Z2 and k = (k1,k2) € X*(T) is
said to be dominant if k1 > ko. Then & (R) = SymF =k B2 det*? defines an algebraic representation of
GL5 of highest weight k.

Suppose v € h and v = ww splits in K, then GL,(F, @ K) = GL,,(K,) x GL,(Kg). Let ¢, denote the
projection to the component at w, then ¢,,: G(F,) — GL,,(K,) is an isomorphism and ¢y,(gy) = tw(gye) T if
we identify K, = F, = Kw. Fix a choice of w | v for each v € h that splits, we will identify GL2(K,,) with
G(Fy) via ty, so B(Ky), N(Ky) and T(K,,) are viewed as subgroups of G(F,). In particular, pick w € X,
when v € 5, then we view Kj, =[], e5, GL2(Ow) as an open compact subgroup of [, G(Fy).

Fix a finite extension E over Q, that contains ¢, (c(K)) for all o € Ix. Let O = Of be the ring of integers
in £ and @ € O be a uniformizer. When k = (k,) € (Z%)* is dominant in the sense that k, = (ko.1,ky2) is
dominant for each o € X, let & be the algebraic K,-representation over O given by

&=k kl9) = Gues, Docr, &, (9u) for g = (gu) € K.
oen
Definition 1.1. Let A be an O-module, k be a dominant weight, and U C G(A%) x K}, be an open compact
subgroup. We define the space of algebraic modular forms of weight k, coefficients in A, and level U by

Sk(U,A) = {f: G(FI\G(Ay)/ = A®0 &(O) | flgu) = &x(up) ™" - fl9),u € U}.

Let UP = [],en\s, Uv be an open compact subgroup of G(A%). For integers ¢ > b > 0 and ¢ > 0 we
define the open subgroup Iw(w®¢) = {k € GL2(0,,) | k mod @w¢, € B(O/w:) and k mod =’ € N(O/=?)}
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for each w € ¥, and put Iw(p>c) = [Tues, Iw(w”€) C K,. In [Gerlg], the Hecke operators acting on
Sk (UPTw(p®©), A) are defined by the following double cosets operators.
o If v = ww splits in K and U, = GL2(O,,), we define

D= [GLg(Ow) (ww 1) GLg(Ow)} . TP = [GLQ((DM) (w“’ m) GLQ(Ow)} :

= (T Y and T = (1)
wy ) € T(Ky) and u € T(O,,) we define

We can similarly define T(j ). but then

o If we X, for ay = (%) and o =

U, = (wok) ™ (@) - [w(w”)al Tw(w®)]  (u)y = (wok) ™ (u) - [Tw(w")ulw(w"*)].

W
= ("

Here wok = (k2,6, k1,0 )o defines a character of T(/C,,) by the same recipe defining &.
The Hecke operators are compatible with the inclusion Sy (UPIw(p>€), A) C Si(UPTw(p¥ <), A) when
b > b and ¢ > c. We define the ordinary projector e := lim,, s Hwezp(Ug&Ugi)"! when A is equal to O
or E/O. Omit the subscript k when & is the trivial representation, we then define

S(UP, B/0) = lim eS(UPIw(p"?), E/O)
b>1

and let T°"4(UP) be the Hecke algebra acting on which generated by the Hecke operators defined above.
Put Iw’ (p>©) = | . Iw(w®<) and let Uy C GL2(O,,) be an open subgroup. We can also consider the

projector ¢’ == lim,, o Hw;éw[)(Uk(}BUUE(?BU)"! on Sy (UPUIw'(p), A) and define

S(U?, E/O) = limlim €' S(UPUplw' (p"*), B/O),
Uy b>1
where Uy goes through open compact subgroups of GL2 (O, ). Let T(U?) denote the Hecke algebra generated
by the Hecke operators except for U ,5111)0
For b > 0 let T(w®) = {u € T(Oy) | u =1 mod =¥} for each w € ¥, and put T(p®) = [Tues, T(w®).
Define A* := A[T(p")]. Then the diamond operators (u) define structures of A*-algebras on the Hecke
algebras and the clear inclusion S°*4(UP, E/O) c S(U?, E/O) induces an AT-algebra homomorphism

T(U?) — T (UP).

1.2. Completed homology and cohomology. Let NV := Homp (N, E/O) denote the Pontryagin dual of
a locally compact O-module N. We then define the (ordinary-)completed homology of tame level UP by

M(UP) = S(UP, E/©)Y and M°4(UP) = S"4(UP, E/O)V.

Note that S°r4(UP, E/O) C S(UP, E/O) induces a Hecke equivariant homomorphism M (UP) — M°*(UP).
Furthermore, if we define S(UP) = Home (E/O, S(UP, E/O)), it can be verified that

M(UP) = Homo (S(UP), 0), S(UP) = Hom@%®* (M (UP), 0)

and similar statement holds for S°*4(UP) = Home(E/O, S"4(UP, E/O)) as well. Therefore it makes sense
to call S(UP) and S°*4(UP) the (ordinary-)completed cohomology of tame level UP. We also note that the
space S(UP)g == S(UP) ®p E is equipped with a structure of E-Banach space for which S(UP) is open.
Let 7)) = [[,zuw, T'(Kw) and identify Ky, = Qp, we can define a GL2(Qp) x Tj-representation on
S(UP,E/O) by right translation. Furthermore, let T"(p®) = | . T(w), then the restriction of the
representation to GLa(Z,) x T7(p") is an injective object following the same argument in [Pan22, §3]. Write
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k' = (kg)wstw, and let mp = &, ® K be the GLa(Z,) x T'(p°) representation defined by the same recipe
defining &. The injectivity then yields the following proposition.

Proposition 1.2. The subspace S(Up)jlj1g of algebraic vectors, defined as

Im [ ev: @ HompiL,(z,)x1 (o) (7i(0), S(UP)p) @5 mh(E) = S(UP)g
k

where k ranges through all dominant weights, is dense in the E-Banach space S(UP)g.

We remark that a generalization of the control theorem for ordinary modular forms implies that the space
HomojcL,(z,) <1 (70)] (T (0), S(UP) ) is Hecke-equivariantly isomorphic to €S (UP GL2(Q,)Iw'(p™'), E).
Therefore the proposition is a modified version of the density of crystalline points from [Emel0] and [Pan22].

1.3. Galois representations. Thanks to the work of [Gerl8], we can associated a Galois representation
r= of Gk to an irreducible G(A f)-representation 7 inside the space of algebraic modular form. Moreover,
if N SE(UP GLa(Kyy)Iw(p®t), E) # 0, then 7, is unramified at the places where U, is hyperspecial and
ordinary at w € £, \ {wg}. As the Hecke operators all acts semi-simply, the Hecke algebra T(U?) is reduced
and we can glue the Galois representations from finite levels into a big Galois pseudo-representation
T(UP): G — T(UP)

with the properties listed below.

(1) Let S D S, be a finite set of places v € h such that U, is hyperspecial if v ¢ S. Denote the maximal

Galois extension that is unramified outside S by K°/K, then T'(UP) factors through Gal(K* /K).
(2) Let v ¢ S be a split place and Fr,, be the geometric Frobenius at w | v, then

T(UP)(Fr,) =TV,  (edet T(UP))(Fr,) = T2,

(3) Let D,, be the decomposition group at w € S, \ {wo}, then T(UP)|p, = Wy 1 + € ¥, o, where
U1, Uy 2: Dy — T(UP) are characters and satisfy
W1 0 Arty () = UWY U1 0 Aty () = (%)) for z € OF
Wy g0 Arty(wy) = UP JUDY Wy g0 Arty,(z) = (1)) for z € O
Moreover, T(UP) is ¥,, 1-ordinary in the sense that for all o,7 € D,, and 1 € Gx we have
T(UP)(0mn) = oo ()T(UP)(70) — oy 2()T(UP)(09) + By (0) Yo () T(U) 7) = O,
(4) Let Dy, be the decomposition group at wg, then
(edet T(UP)) o Artyyy (@, ) = Ugo) (edet T(UP)) o Arty, (z) = ((* ;)) for x € Oy

We remark that a pseudo-representation T°4(UP): Gy — T°'4(UP) with the same properties also exists and
is in fact isomorphic to the pushforward of T(UP) via the homomorphism T(U?) — T°*4(UP). Moreover,
there exists characters Wy, 1, Wiy,2: Dy — Tord(U”) such that the third property above holds for wy.

1.4. Hida family. Let Z be a local complete Noetherian ring that is finite over A" and flat over O. We
define the space of Z-adic Hida families of tame level UP by
S5 UP, T) = {F € SN UP)@oTL | ((u) ® 1)F = (1@ (u))F for u e At}
Here ((u) ® 1) denotes the action through the Hecke algebra and (1 ® (u)) denotes the action through Z.
Define M°*4(UP,T) = M4 (UP)®,+ Z. From the duality between the completed homology and cohomol-
ogy, it is easy to check that we have a Hecke-equivariant isomorphism S°*4(U?, T) = Homgz (M4 (UP, 7),T).
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Moreover, suppose UP is sufficiently small in the sense that G(F) N g;(UPK,)g; ' = {1} for alli € I in a
decomposition G(Ay) = | ],c; G(F)t;(UPK,), then we can show that M°4(UP,T) and S (UP, T) are finite
free over Z and there exists a Hecke-equivariant isomorphism

MO Y(UP, T) = Homz(S°"(U?, 1), T).

2. RESULTS FROM P-ADIC LOCAL LLANGLANDS

Fix a maximal ideal m C T(UP, Q). Enlarge E if necessary, we assume that T(UP, O)/m coincides with
the residue field F of O. Write Ty, = T(UP)y, and let Ty : G — Ty denote the localization of the pseudo-
representation T(UP). If w denotes the Teichmuller character, we say Ty, is residually reducible and locally
generic at wy if there exists characters d1,02: G — F* such that

(red.gen) Tw=0 40, modm, and 5152_1|Dw[) #* 1,wt.

From now on we identify D,,, with Gq,, the absolute Galois group of Q,. We shall apply techniques from
p-adic local Langlands to study S(U?, E/O)n as a GL2(Q,) x T,-representation. For a technical reason, it
is necessary to make a twist as follows so that the GL2(Q,)-action has a central character.

Fix a continuous character ¢: Gq, — O such that { = wd1d2|gq, mod w. Then &m = ((edet Tin)tgq,

is trivial modulo m and there exists a well-defined square-root character &1,1/ 2, Gq, — T since p is odd.
Identify Q, with the central torus of GL2(Qp). We let S(U?, E/O)n be a Q-representation for

Q= GL2(Qp) x Q, x T,

on which Qf x T} acts by the usual translation, but GL2(Q,) acts with the translation twisted by 5;/ 20 Art
and has a central character (. Take the localization S°*4(UP, E/O)y, via T(UP) — T'4(UP). We make a
similar twist of the translation by T(Q,) x T}, on S°*4(U?, E/O)y and define an M-representation for

M =T(Qp) x Q) x T,

2.1. Local-global compatibility. We very briefly review Péaskiinas’ theory of blocks of a p-adic analytic
group H and refer the details to [Pas13]. Let Mod3"(O) be the category of O[H|-modules V' such that

e Each v € V is fixed by some open compact subgroup of H.
e Each v € V is annihilated by w” for some h > 0.

We call V € Mod*(O) admissible if VX [w"] is O-finite for any h and any compact open subgroup K of H.

Let Modf"(0) be the full subcategory of V' € Mody"(©) such that each v € V generates a O[H]-
submodule of finite length. A general formalism ensures that an irreducible 7 € Modlﬁ“(O) admits an
injective envelope J,, or dually, the Pontryagln dual 7V admits a projective envelope Pyv.

We say two irreducible representations 7, 7’ are equivalent if there exists a sequence 7 = 7y, , 7, =7’
of irreducible representations such that all successive m;, ;41 have nontrival extensions. A block B is an
equivalence class of irreducible representations. Given a block B, we let €3 (O) denote the subcategory of
all SV, where S € Modlﬁn((’)) and all the irreducible subquotients of S belong to B. We have

(P1) HomH(PW,P ) =0if m, 7" are not equivalent and P, e ¢F(0) if m € B.
(P2) Let Py = ®renPr and Ey = EndH(P%) then the evaluation map HomH(P%,N) @ Py — N
is an isomorphism if N € € H(O) In fact m( ) = HomH(PsB, N) defines an equivalence between
(O) and the category of pseudo-compact Egs-modules.
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We now apply the results from [Pasl3, §7] to our settings. Let x;: Gq, — F* denote the character wd;.
If we identify x; with the Q*-characters obtained through composition with Art, then under the generic
assumption in (red.gen) the set B = {m1, 72} is a block of irreducible GL2(Q,)-representations for

m o= IndgLz X1 & ng_l and 7y == Ind(B':’L2 X2 ® Xlw_l.

For the same technical reason, we actually use the subcategories Modgﬂ2(Qp)’€<(O) and Moleﬁ(nQp),EC(O) of
representations on which the central Q acts by €(, and we identify the latter category with Modg‘%l (0)
via Q) = (1,) CT(Qp). Let Pj denote the projective envelope of 7V and let R¢ represent the universal
pseudo-deformation of x; + x2 with fixed determinant €(, then we have the following results.

(1) R is a regular local ring of relative dimension 3 over O and the reducibility ideal of which is
generated by a regular element 2,0q, we write R;fd = R/ (2req)-

(2) EndGL2(Qp)(15j) is isomorphic to R as a ring and HomGLz(Qp)(}Bi, P;) is free of rank one over R
if ¢ # j. Moreover, let ®;; € HomGLz(QP)(ﬁ‘j,P@) be a generator, then ®;; o ®;; generates the
reducibility ideal under the isomoprhism Endgr,(q,) (P;) = R<.

(3) Let Py = Py @ Py, then R is isomorphic to the center of By = EndGLZ(Qp)(P%).

(4) Let Ord: l\ilodGL{(Qp)((’)) — Modr(q,)(0) (}enote Emertom’s~ functor [Emel0] with respect to B.
Then Ord(P;) = Pyy and Ord: Endgr,(q,)(Pj) — EndT(Qp)(PXJy) is surjective with the reducibility
ideal as the kernel. Therefore we can identify EndT(Qp)(]E’XJy) with R:§d~

On the other hand, consider the Ty-valued character of Q) x T}, defined by (edet T'(U?)) at wo and by
W1 ® Uy o at w # wo after composition with the Artin map. Let v: Q; X T]; — F* denote the residual

character. Then P = P,v is free of rank one over E = EndQ; T (P), which is isomorphic to the universal
deformation ring of v. Now }5,-7m = P, ® P is the projective envelope of (r ®@v)V. Put P%,m = Py @ P and
Ewn =Endg(Pym) 2 Eg ® E, then Ry == R @ E acts on Homg (P, M (UP)y) in two ways:
o Ry acts on Py as the center of Ey = EHdQ(]Sq;’m).
e R acts on M(UP),, through the homomorphism Ry, = R®FE — Ty, which is induced respectively
1/2 .
from & "€l |ng and v by the universal property.
We remark that since we don’t know yet whether T, is Noetherian, the homomorphism from R comes

from first applying the universal property to the Hecke algebras at finite levels then take the inverse limit.
The following proposition is a modified version of the local-global compatibility from [Pan22].

Proposition 2.1. All the irreducible subquotients of S(UP, E/O)wm are isomorphic to either m1 Qv or ma Qu.
As a consequence the two Ry -actions on Homg (Pm, M (UP)w) coincide.

2.2. Reducible part of the completed homology. We can deduce from the local-global compatibility
that there is a projective resolution

0— P — P — M(UP)y — 0

The first morphism above can be represented by a matrix A = ( Aﬁgm Aﬁi”) for A;; € My(Rw). Now
apply the right exact Ord to the GL3(Q,)-part of the sequence. We have Ord([i’i)m) = pxiﬂm = ]E’Xiv ® P
and it can be checked that Ord(M (UP)y) = M°*4(UP)y. Thus we obtain the right exact sequence
DT Ser  Au®A DT DT ord
(1) PY o PY S PE @ PY - MU ) — 0
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where A;; denote the reduction in Rf]fd = R;fd ® E. This shows that M 0’Fd(U P)y is the direct sum of
MO (UP) i = Hompg (Pyy my MO (UP) ) @ prea Py i = Hompg (Pyy i, MO (UP) )

where the isomorphism follows since pxiv,m is free of rank one over R? = End M(pxivym)' In fact, this implies
that there are exactly two maximal ideals my, my in T4 (UP),,, which are characterized by ¥s ,,, mod m; =
Xi» and that M 4(UP)y ; = M Y(UP)y,. Another conclusion we can draw, using that M4 (UP) is finite
over AT and dim At < dim Rf,‘fd7 is that both A;; and Ass are injective.

This last fact has two importance consequences for us. First, apply the snake lemma to

0 —— Pg" —2 P sy M(UP)m — 0
lxred lxred lxred
0 —— Pg" —2 PE" s M(UP)m — 0

Write Mred .= M/zveaM if M is an Ryu-module. We can show that z,eq is injective on ﬁ’%ym. Thus for both
j = 1,2, the space Homq (P} m, M (UP)m|[%red]) is isomorphic to the kernel of the homomorphism

! Ay Ai®iy;\ . D 3] d D PO d
A= ( jjj]) : Homg (P m, PE".)"*" — Homg: (P m, BET )"

which we know to be injective. Therefore Homg (Pjm, M (UP)m[2rea]) = 0 for j = 1,2.
Second, we can observe that the same homomorphism above also appears in the commutative diagram

0 —— Homg(Po,m, P25~ Homeg (Pom, B

| !

0 —— Homg(Pom, Pg7,)7* —2 Homg (Pym, PE7,)™*d —— Homg(Pom, M(UP)m)™* —— 0

lOrd lOrd lOrd

0 —— Endar(Pyy )" —2—— Endy(Pyy )" ——— Homay (Pyy m, MO(UP) ) —— 0

where the exactness of the columns follows from HOHlQ(PQ)m, }527m)red =~ End M(ngm)- Since taking Ord is
Hecke-equivariant, apply the snake lemma and use the presentation (1) gives the result below.

Proposition 2.2. We have the following exact sequences of T(UP,0)n x R -modules
0 — MOYUP) 1 — Homg(Pom, M(UP)wm)™* — M (UP) 2 — 0
0 — MNUP) w2 — Homg (P m, M(UP)m)™* = MO (UP) 1 — 0

Let A = [T'(p")], which is a subalgebra of AT = [T'(p°)]. If U” is sufficiently small, then M°(UP)

is finite free over A and therefore so is Homg(Pim, M (UP)y)™? by the proposition above. Write m; =

HornQ(JBi)m,M (UP)y) and suppose s = ranky mi®. By the topological Nakayama lemma there exists a
surjection A[Zeq]®® — m;. Let N denote the kerne and apply the snake lemma to the diagram

0 —— N — Afryeq]®” —— m; —— 0

lzred lxred vared

0 —— N —— Af7y0q]®* —— m; —— 0
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shows that N*®4 = m;[x,cq], which is trivial by the first consequence above. Therefore N = 0 by Nakayama’s
lemma, as a result mq, ms, and HomQ(P%7m, M(UP)n) = my & my are finite free over Afzyed]-

From Zyeq € Rm — T we can view Ty, as a A[zreq]-algebra. The local-global compatibility then implies
the injectivity of the Afzyeq]-algebra homomorphism

Tw < Endypy,.,) (Homg (Py m, M (U )w)).
We can now conclude that the right hand side is finite free and obtain the corollary below.
Corollary 2.3. Assume that U? is sufficiently small, then Ty, is a finite free A[zyeq]-algebra.

2.3. Fundamental exact sequence. Let & be an abelian profinite group. The algebra Z := O[®] is local
complete Noetherian and flat over O. We assume & = W x A, where A is a finite and W = Z7.
We fix a surjective homomorphism \°: T'Y(UP T) — T of A*-algebras and let

A: T(UP,0) — TYUP,0) T

denote the composition. Let mz C Z be the maximal ideal, m = A\7!(mz), and m, = (A"~ (mz). We
assume the maximal ideal m satisfies (red.gen), then we know m, is one of the only two maximal ideals
my,mp C T == Tod(UP),, say m, = m;. We now make the following assumptions on the space of Hida
families MOY(UP, Iy, == M (UP)y, @p+ I for i = 1,2.

(C1) There exists a nonzero Tpy-linear map ©: M*4(UP T),,, — T, where Ty, acts on Z via .

(C2) There exists an ideal q C Ty, containing r,eq such that qM ™4 (UP, T)y, = 0.

(C3) There exists F € M4(UP,T)y, such that ©(F) # 0 and gF = 0.

To simplify the notation, let M = HomQ(PLm, M(UP)w) @p+ Z, MP™ = MO Y(UP T)y, for i = 1,2, and
define S¢™ = ker(©) ¢ M{™. By Proposition 2.2, we have a right exact sequence of Ty-modules

Mg — Mot — MY — 0

Let S C M be the preimage of S{* via M — M*d — Me™. By (C2) we have the commutative diagram

S redy g8 » qSed —— 0

M 2 gM —— qM™d —— 0

and apply the snake lemma gives a right exact sequence of Ty-modules
M/S 2% qM/qS — qMTed/qStd — 0

Note that by definition we have M/S = M¢*4/S9™d and ..M C S. We can then use (C2) to show that
qMred /qSTed = qMerd /qS9™d. And with more work we can deduce the left-exactness of the sequence.

Proposition 2.4. Under the assumptions (C1), (C3), and (C2), we have the following commutative diagram
of Tw-modules where the bottom row is exact

M/S —2= 5 (M/S) @1, ¢ — (M/S) @r, 40 — 0

| | |

0 —— My /89— qM/qS ———— qMP™/qSpd —— 0

The proof of the proposition is a long commutative algebra argument and uses Proposition 2.3 in an
essential way. One first uses (C3) and reduces the proposition to showing that a suitable localization of
qM/qS, which becomes a FracA[z,eq]-module, is nontrivial. But Proposition 2.3 implies that the suitable
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localization of Ty, is a discrete valuation ring. Therefore the localization of qM/qS coincides with that of
M /S, which we can show to be nontrivial by (C3).

Remark 2.5. Aside from some modifications, the formulation and the proof of the proposition are entirely
from [Urb20, Prop. 6.3.5], which deals with the case of Eisenstein ideals on modular curves. We also refer
to [Urb20, Thm 3.4.1] for a different proof which relies on the geometry of eigencurves.

3. CONSTRUCTION OF EULER SYSTEMS

Let 1 be the finite order anticyclotomic Hecke character as in the introduction and let W™ be the Galois
group of the maximal anticyclotomic Z¢ extension K, where d = [F : Q]. Write Z = O[W~]. We would
first like to have an eigensystem

aord . ord(ppy 5 1

that involes the deformation of ¢) and satisfies the assumptions from the previous section.

3.1. Hida family of theta lifts. Let U := ¢y~ 1{(x), where (x): Gx — T is the tautological character. In
the previous work [Lee24] of the author, after enlarging E to a finite extension of » 5 We can interpolate
theta lifts of Hecke characters and obtain

e a Hida family F € S°*4(UP, Z) which induces the eigensystem \°*4: T°'(UP) — T with
(2) AUTED) = € Ro(@u) + € RoW(@w), ATIUL) = o (@)
e an element L = Q,**B(F,¥) € Z, where B: Sord(UP. ) x SoYUP,T) — T is a certain Hecke-
equivariant symmetric pairing, which induces a homomorphism S°*4(U?,T) — M°*4(UP, T).

Here x. is an auxiliary Hecke character of KC that defines the theta lift and (£2,, Qo) are the CM periods
associated to K. Let a be Hecke character such that the p-adic avatar & defines a character of W—. We have
shown in [Lee25] that if « has the infinity type (k + 1)X for £ > 0 and & := a/a®, then

(2k4+2)2
1 PO 27
Q2R +2)% /wf aL=0K.x) (@)

where § = —0° € K, z5 € Ag s+ and C(x, K) € O are constant and E,(1~1a) is the modified Euler factor

(@) (01 8) (5 ) o L0 T Buloa)

wWEX,

(1 =y~ a(ww)gg ) (1 — o (ww))
e(L, (V@) w Yw)

introduced by Coates and Perrin-Rious [Coa89]. From the interpolation formula we see that L coincides with
the anticyclotomic p-adic L-function of Katz and Hida-Tilouine up to a units and the constant C(x, ).

Remark 3.1. We have C(x,K) # 0 if the central L-value of x, is nonzero. To the limited knowledge of the
author, the most general result towards the existence of such an character x, with the properties

(x1) Xo restricts to ex x| - |7, where ex,r is the quadratic character associated to KC/F.
X2) Xo 18 unramified at places above p and has the infinity type 2.°.

2 i ified 1 b d has the infinity type X¢
(x3) The central L-value of x, is nonzero.

is to combine the results of [Roh82] and [Hsil2], which actually produces the stronger result that the central
value is nonzero modulo p. This is the main reason we impose the condition (K).
10



3.2. Main construction. Let A\: T(UP) — T denote the composition like before, From (2) we have
Ao T(UP) = e %o + e 14 0.

Thus A is surjective by Chebotarev’s density and m satisfies (red.gen) because of (¢/1). Moreover,

e (C1) holds if we let © be the evaluation map of M*4(UP, I)y,, = Homz(S"Y(UP,I)wm,,Z) at F.

e the first half of (C3) holds if we let F' = Q;QEB(*, F) € M°4(UP, )y, , since the p-adic L-function

O(F) = L is nonzero by [Hid10].

To verify the next half and (C2), we first recall the general process of constructing cohomology classes from a
generically irreducible pseudo-representation. Suppose T: G — R is a two-dimensional pseudo-representation
into a Henselian local ring R with maximal ideal mp and of odd residual characteristic. Assume there exists
distinct characters 6;: G — R/mp of G for i = 1,2 such that T = §; + d mod mg. Fix a choice of z € G
with 01(2) # d2(z) We then apply the Hensel lemma to the characteristic polynomial

P(2,X) = X% - T(2)X 4 det(T)(2) = (X — 61(2))(X — d2(2)) mod mp
and lift d;(2) and da(2) to roots a, 3 of P(z, X) such that a — 8 € R*. We then define the functions
T(oz)— pT (o T(oz) — I (o
) Aoy = o2 8710) (02) —aT(o)
a—pf b — «

Then A(c) = 61(0), D(0) = d2(0) mod mp, and z(0, 7) generate the reducibility ideal of 7'.
Moreover, when there exists 0g, 7y such that x = z(0g,70) € R is not a zero divisor, the map

A(o) B(o))\ . A(o)  z(o,710)/x(00,T0
@) 7o (80 D) = (o) womrion ™)) ¢ ara(ai/a)

defines a group representation and satisfies z(o,7) = B(c)C(7). Let B C R[1/z] and C C R be the R-
submodules generated respectively by B(o) and C(o) for o € G. The following proposition is a subcase of
[BC09, Thm 1.5.5], which generalizes Ribet’s lemma.

D(o) = z(o,7) = aloT) — a(o)a(r).

Proposition 3.2. Given a homomorphism ¢: R — S and suppose ¢ o T is reducible, so that d1 == ¢ o A(0)
and 0 = ¢ o D(c) become characters. Write § = 610, *, then there exists injections

Homg(B,S) < H'(G,S(8)) [+ 62(0)"" f(B(0))
Homp(C,S) < HY(G,S(071) f = di(r) "' f(C(r))

Now, let 61 = € %0, d2 = € 1%, ¥ and let §; be the residual characters. As in previous section, we have
two distinct characters x; = wé; |ng and let R denote the universal deformation ring of y1 + xa.

Fix z € Gq, such that xi(2) # x2(z). We let ag, 8o be the roots of P(z,X) and define the R<¢-valued
functions Ag(c), Do(0), and zg(o,7) on Gq, by (3). Then pick og, 79 € Gq, such that x,.q = x(00,79) and
let Bo(c), Co(c) be defined by (4). Note that by definition R®¢ = By = (Bo(0),0 € Gq,)-

Let o, B € T denote the images of ag, fp under R — Ty,. We similarly define the Ty-valued functions
A(0),D(0), and x(0,7) on Gk by (3), then the restrictions of the functions to Gq, coincide with the images
of Ag(0),Do(0), and xo(o, 7). In particular z,eq = (09, 7p) is not a zero divisor by Proposition 2.3. We can
then define B(c) and C(o), which also coincide with the images of By(c) and Cy(co) when restricted to Gq, .

Lemma 3.3. Let z;(0,7) denote the image of x(o,T) in Tomrid fori=1,2, then

o z1(0,7) =0=22(7,0) for o € Dy, and 7 € Gk.
e x1(0,7) =0=um2(7,0) for 0 € G and T € D, .
11



The lemma essentially follows from that the ordinary Galois representation to ']I‘ﬁfid has e !¢, 0 as a
subrepresentation when ¢ = 1 and has ¢!, as a subrepresentation when i = 2. We now define the ideal

q = (z(o,70) = B(0)C(19) = B(0)&yed | 0 € Gk) C Ty
Then z,eqa € q be definition; qF = 0 since the action factors through A and X\ o T'(UP) is reducible; and

qMO*Y(UP, I, = 0 since x9(0,79) = 0 by the lemma. Thus we have verified (C2) and (C3).
We may now apply Proposition 2.4 and get the commutative diagram

(M/S) —— (M/S) ®r,, g —— (M/S) r,, g —— 0

| I |

0 —— M{/8p0 ——— qM/qS —"— qMp™/q5pd —— 0

Definition 3.4. We define f € Homr,_ (B,Z) for B = (B(0),0 € Gx) C Tw[l/req] as follows. Let F € M
be a preimage of F mod S, which is unique modulo S. For b € B, let q(b) = bxeq = bC(70) € q and define
y'(b) = (F mod S) ® q(b) € (M/S) ®1, q
y(b) = p(y' (b)) = q(b)F mod 45 € qM/qS

On the other hand, observe that (M/S) @, q*¢d = (M{*4/59") @1, g™ and therefore

q(y' (b)) = (F mod S7) @ q(b) € (M7™/S7™) cor,, "¢

r(y(b)) = (s © q)(y' (b)) = q(b)F mod qS7™ € qM ™ /g5
But q(b)F = 0 by (C2), so there exists F(b) € M*/5¢™ that maps to y(b). We define f(b) = O(F(b)) € .

Observe that if b € Ty, then we can take F(b) = ¢F and f(b) = ¢L. In particular this is the case if
b= B(o) for 0 € Gq,. On the other hand, if w € ¥, \ {wo} and 01,02 € D,, we can show that
(A(o1) — D(01))B(02) = (A(02) — D(02))B(01).

Moreover, let f be a square-free product of split primes such that § is prime to p and § +§° = Ox. We let R

be the set of 5 := ff¢ such that ¢+, (GL2(O,)) C U? for all w | f. We then define UY C UP by replacing U,
with Iw(w!!) when w | f and w | v, and define Z, = O[&2], where &2 is the Galois group of the maximal

anticyclotomic pro-p abelain extension IC“ that is unramified away ps.

For 5 € R, let ¥, = ¢y~ 1({x),, where (*>5: Gx — I, is the tautological character. Then the construction
in [Lee24] also gives a Hida family F, € S4(U¥, Z,) and an eigensystem )y = T"(UP) — Z. satisfying
(2). Furthermore, when s,¢s € R we have the commutative diagram

UZ)m —) Igﬁ

e

Rt —— T(UP)m A7

where ¢ is induced by the obvious inclusions between algebraic modular forms and ¢% is induced by the
homomorphis &7, — &2, Then if ¢ = [I° for a prime [, we can show that

e’ (Bes(0)) = Ba(0) if 0 € G and ¢° 0 fra = (1 — eWa(wp) (1 — Wa(ww1)) - (fs 0 957)-

We now apply Proposition 3.2 and let Zs € H*(K,Zs(¥; 1)) be the class constructed from Bs(c) and fs;
and Z,,, € H'(Gq,,Zs(¥; ")) be the class constructed from Bs(c) and By = R — T(UY) — Z,. We omit
the subscript when s = Oi.. Then by the discussion above we obtain the following theorem.
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Theorem 3.5. The cohomology classes {Zs € H'(K,Zs(V; 1)) }ser has the following properties.
(1) There exists a finite set S of primes of K such that Zs is unramified at w if w ¢ S and w1 s.
(2) If we T, \ {wo}, locy(Zs) € H (K, Is (V1)) is annihilated by (¥ (o) — 1) for any o € D,,.
(3) At wo, locy, (Z) € HY(Qp, Z(V™1Y)) coincides with L - Z,.
(4) If ts,5 € R and £ = U for a prime |, then ¢%*(Zs) = (1 — eWs(wp)) (1 — Us(wmy)) - Zs
We call {Z; € HY(K,Zs (V1)) }ser an anticyclotomic Euler system because of the last property. We also
remark that the third property should be viewed as a form of explicit reciprocity law.

3.3. Application to the main conjecture. Write Ay, = Z and let ¢, = ¢(x). To comform to the
previous notations, we replace ¥, with 37 and consider instead the main conjecture for

Sel(pa, Bg) = ker {H' (K. Ay () — [] H' (Lo Ay (¥a)) },
ng;

where A;;7 = Hom®® (A}, Qp/Z,p). From the algebraic functional equation and the technique from [Hsil0],
we can first reduce the theorem to showing that (L,(¢a, %)) is contained in the characteristic ideal of

Sel*"" (eyy ", %) = ker {H' (K, Ayf (w3 ")) — [ [ H (T Ay (3 1) x [ H' (Ku, Ayf (e (x)71))}

wip weERS

in E[W~]. In fact, let L* € Aj;, denote the image of L under the map (y) — (y)~!. We can replace
Ly(1n, ;) with (L*) since the interpolation formula implies that the two generates the same ideal in E[W .
We then apply the specialization principle [Och05] and further reduce the theorem to the proposition below.

Proposition 3.6. For almost all characters a: W~ — O, the length of
ker {H'(K, (E/O)(e(a) ™)) = [ [ H' (1w, (B/O)(e(wa)™)) T H' (Ku, (E/O)(e(pa)™))}
wip wEDS
is finite and bounded by the length of the O/(a(L")).

Let a*: Z; — Z; be the homomorphism induced by (v)s — a~!(v){(y )5 Then o* defines an isomorphism
between Galois modules a': Zg(¥ 1) = Zo(¢(*); 1) — Zs(va(*)s) and by Shapiro lemma (cf [SV16, Lem
5.8] for example), we then have an isomorphism between Galois modules

a'(Zs) € HY(K, Zs(va(x)s)) = lim H'(L,0(va))
Lcke

where Gi acts on the left by () and on the right by the usual Galois actions on cohomology groups.
Translating the result from Theorem 3.5, we have the collection of classes {z, € H' (L, O(¥))}; g ser
with the following properties. .

(1) If L € K¢, then z;, is unramified at w if w ¢ S and w1 s.
(2) fwe T, \ {wo}, locy(z21) € H' (Ly, O(va)) is annihilated by ((¢pa)(c) — 1) for any o € D,
(3) Let 2 € HY(K,O(va)) and 2, € H(Q,, O(va)) be the bottom class of a*(Z) and a*(Z,), then

loCy, (2) = (L") - 2, € HY(Qp, O(¢ar)).

(4) Let ls,s € R with £ = [I° for a prime [ and define P;(X) = (1 — e(a)Hwp) X)(1 — (o) (wp) X).
Suppose Ly C K¢ and L, C K, and the inclusions do not hold for larger ideals, then

COI‘%ZZ(ZLﬁZ) = P[(FI‘[) - ZL, -

Now the proposition can be proved with the general machinery in [Rub00] after a slight modification.
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