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Abstract

The local intertwining relations are the second main local theorem in Arthur’s
theory of endoscopic classification. They are identities that give precise information
about the action of normalized intertwining operators on parabolically induced rep-
resentations. In this report, we explain the tempered generic case, the untwisted case
for general linear groups, and the co-tempered case for quasi-split classical groups.
These are required as the seed cases in the inductive proof of the endoscopic clas-
sification for quasi-split classical groups due to Arthur [Ar] and Mok [Mok]. This
is based on a joint work [AGIKMS] with Atsushi Ichino (Kyoto), Wee Teck Gan
(Singapore), Alberto Minguez (Vienna), Tasho Kaletha (Bonn, Michigan), and Sug
Woo Shin (UC Berkeley).

1 Background

Class Field Theory (1920-1940), developed by Takagi and reformulated by Artin, was
one of the greatest results in Number Theory in the early 20th century. It has may
applications, for example:

o Decomposition law of the prime ideals for abelian extensions of number fields.

Reciprocity law of the power residues.

Cebotarev density theorem (theorem on arithmetic progressions).

Kronecker’s Jugendtraum (proven by Takagi).

Grunwald-Wang theorem.

One of the most amazing statement in the late 20th century is Shimura—Taniyama
conjecture (1955-1960’s), which asserts that all elliptic curves over QQ are modular. Before
the conjecture was proven, many examples and many applications were founded. One of
the most famous applications would be as follows.

Theorem 1.1 (Frey, Serre, Ribet (1984-1986)). There would exist a counterezample for
Shimura—Taniyama conjecture if Fermat’s Last Theorem were to be false.

After this theorem, Wiles together with Taylor (1995) established Shimura—Taniyama
conjecture (for the semistable case), and has concluded that Fermat’s Last Theorem is
also true.

Now we are in the 21st century so that let us go to the next stage. One of the ultimate
goal in Number Theory nowadays is the Langlands conjecture. It is very roughly stated
as follows.



Conjecture 1.2 (Langlands conjecture (1967, 1970)). For a connected (split) reductive
group G over a number field F', there would be a correspondence between

o automorphic representations of G; and
o “Galois representations” valued in @,
where G is the Langlands dual group of G.

For example, if G = GLy (resp. G = Sp,,,), then G = GLy(C) (resp. G = SOg,41(C)).
The Langlands conjecture for GL; (resp. GLy) is Class Field Theory (resp. contains
Shimura—Taniyama conjecture). In general, this conjecture is beyond our current tech-
nology.

Since “Galois representations” valued in SOsg,.1(C) are regarded as ones valued in
GL2n+1(C), assuming the Langlands conjecture for Sp,, and GLsg, 1, one might expect
that (discrete) automorphic representations of Sp,,, could be classified by (discrete) au-
tomorphic representations of GLs, 1. Arthur studied this observation well, and obtained
a more precise statement as a conjecture in 1980’s.

Arthur continued to study this conjecture, and as a crowning achievement of the theory
of endoscopy, he has proved:

Theorem 1.3 (Arthur (2013) [Ar], Mok (2015) [Mok]). Arthur’s conjecture and the local
Langlands conjecture hold for quasi-split classical groups.

Similar to Class Field Theory and the Shimura-Taniyama conjecture, this result has
many applications. For example:

 new instances of Langlands conjecture by Scholze [Sc] and Kret—Shin [KS1, KS2];

» p-adic Gross—Zagier and Beilinson-Bloch-Kato conjectures by Y. Liu et al. [DL,
LL, LTXZZ];

o Gan-Gross—Prasad conjecture by Waldspurger [W] and Beuzart-Plessis et al. [BP1,
BP2, BP3, BPLZZ, BPCZ, BPC]J;

« an extension of Shimura correspondence by Gan-Ichino [GI] and W.-W. Li [L];

o Harder’s conjecture by Chenevier-Lannes [CL] and Ibukiyama—Katsurada et al
[ACIKY1, ACIKY2].

Arthur’s result is really magnificent, but in his book, there are three issues.

1. Although the unweighted version (resp. weighted version for split groups) of Funda-
mental Lemma established by Ngo, Waldspurger and others (see [N] and [LMW])
(resp. Chaudouard-Laumon [CL1, CL2]), Arthur’s argument also needs the weighted
Fundamental Lemma (WFL) for quasi-split groups, which is still open.

2. Stabilization of the twisted trace formula and local trace formula were required,
but they were established by Meeglin—-Waldspurger [MW1, MW2, MW3] assuming
twisted WFL.



3. Arthur’s 4 papers [A24, A25, A26, A27] in preparation. Among of them, [A24] is
included in [MW1], but the others are open.

The purpose of our paper [AGIKMS] is to give proofs of the theorems in [A25, A26,
A27], which concern the Local Intertwining Relations. In conclusion, Arthur’s endoscopic
classification for quasi-split classical groups and their several applications will become
unconditional as soon as the twisted weighted fundamental lemma is fully verified.

2 Local Intertwining Relation (LIR)

Let F' be a p-adic field (for simplicity), Wr the Weil group of F', ¢p: F' — C* a fixed
non-trivial additive character. Consider G = GL,(F) or G = Sp,,(F) (for simplicity).
Fix a standard parabolic subgroup P = M N of G. Assume Arthur’s results for M as
an induction hypothesis. Let ¢y : Wp x SLy(C) x SLy(C) — M be a local A-parameter
for M, and let I1,,, be the A-packet of 1, which is a multi-set of Irry,;(M). Note that
Y gives an A-parameter ¢ of G by the embedding M < G. Then we define I1,, by the
multi-set consisting of irreducible components 7 of Ip(my) = Ind%(my,) for my € Ty,
For a Weyl element w € WY, one can choose its representative w € G. Then we can
define a representation wmy; of wMw ™! by (wmyr)(m) = 7p (W tmw).

If wMw=! = M and wmy; = 7y, one can define the normalized intertwining operator

RP(U),%M,@/JM)Z Ip(?TM) — IP(TFM)

by the meromorphic continuation of

£+ 700, s, AdY, ) | Au(F (@ ug))du,

(WNw—INN)\N
where A, : wmy — 7y is a normalized isomorphism, and

(1+s,p0¢y,)
L<57p © ¢¢A4)

L
7A(S7¢M7p7 ZbF) = €(S,p0 ¢¢M7¢F>

is Arthur’s gamma factor.
Our main theorem is stated as follows.

Theorem 2.1. Suppose that wry = wy. Let m C Ip(myy) be an irreducible summand.

1. ([A27], [AGIKMS, Theorem 1.8.1])
If m is tempered and generic, then Rp(w,Tar, ¥ar)|. = idy.

2. ([A26], [AGIKMS, Theorem 1.9.1])
[fG == GLn(F), then Rp(w,ﬁ']w,1#]\4)|7r = ld7r

3. ([A25], [AGIKMS, Theorem 1.10.5 (2)])
If G = Spy,(F) and if ¥y is co-tempered, i.e., ¢M|{1WF}st2((C)x{12} =1, then

RP(w7%M7¢M)|7F = <SU77T>'¢ ’ ldﬂ (LIR)

for w = w, corresponding to s, € Sy.



Note that to show (LIR) in general by a global argument, Arthur used the co-tempered
case as a seed case.

For the tempered and generic case, almost the same statement was known by Shahidi
[Sh]. What we have to do is to compare Arthur’s normalizing factors with Shahidi’s local
coefficients, as Arthur suggested in [Ar, Section 2.5].

For the non-tempered cases, Arthur gave some hints, but we gave a different approach.

3 LIR for non-tempered representations of GL,(F')

In this section, we explain our idea for the second part of Theorem 2.1 in the non-tempered
case.
For sq,...,s, € C, write

I(s1,...,8,) =IndS" (. R K| *)

for the principal series representation. It is called a standard module if Re(s;) > --+ >
Re(s,), in which case, it has the unique irreducible quotient called the Langlands quotient.
For example,

n—1 n—3 n—1 s
[(S—i— 5 , S+ 5 ye ey S — 5 >_»|detGLn(F)|-
Let Sy be the unique irreducible algebraic representation of SLy(C) of dimension d. In
this report, we only explain a particular example as follows.
Suppose that G = GLg(F) D P = MN D M = GL3(F) x GL3(F'), and ¢y, = S3® S
so that my; = lar,(r) M 1ar, (). Then m = Ip(mar) = 1oy r) X lawsr) is irreducible.
The standard module of 7y, is 1(1,0, —1)X (1,0, —1). We can realize 7 as the unique
subrepresentation of I(—1,0,1, —1,0, 1), which is the image of the normalized intertwining

operator
R(wn): I(1,0,—1,1,0,—1) — I(—1,0,1,—-1,0,1)

with w; = ((1,3),(4,6)) € & = WY On the other hand, the standard module of 7 is
I1(1,1,0,0,—1,—1). There is a normalized intertwining operator
R(ws): I(1,1,0,0,—1,—1) — I(1,0,—1,1,0, —1)

with wy = (133458) € & = WC. The following lemma is a consequence of the multi-

plicity one result for the Langlands quotient.

Lemma 3.1 ([AGIKMS, Lemma 3.3.1]). The composition R(w;) o R(ws) is nonzero.
Hence it realizes the Langlands quotient map

R(wl) © R(wQ): ‘[(17 1a0707 _17 _1) - 1GL3(F) X 1GL3(F)-

Now the main idea to establish the local intertwining relation (LIR) in this case is to
show the following theorem.



Theorem 3.2 ([AGIKMS, Theorem 3.4.2]). The “main diagram”

R((1,2),(3:4),(5,6))

1(1,1,0,0,—1,—1) 1(1,1,0,0,—1,-1)

R((2,4,5,3))i iR((2,4,5,3))
1(1,0,—1,1,0, —1) 1(1,0,—1,1,0, —1)
R((173)7(476))l R(( 0 13)) lR((173)7(476))
13 0
lor,(r) X 1aLs(r) lon,(r) X 1aLs(r)

15 commutative.

This is not so immediate from the previous results. Since the above horizontal arrow
is the identity by the LIR for the tempered (and generic) case ([A27]), so is the bottom
one, which is the LIR for the non-tempered representation 7y = lap,r) X g, (r)-

The general case ([A26]) is proven similarly. A twisted analogue was supposed to be
proven in [A26] too, and our method still works for the twisted case.

4 LIR for co-tempered parameters for Sp,,(F)

Now we explain the LIR for Sp,,(F") in the co-tempered case. First of all, it is reduced
to the maximal parabolic case. So we consider the following situation.

Suppose that G = Sp,,(F) D P = MN D M = GLi(F) X Spy,,(F). Let ¢n =
oarL D ¢p be a tempered L-parameter for M, ¢, = gz? M= QASGL <) QASO the dual A-parameter
defined by

wM(wv g1, 92) = ¢M(w7 g2, g1)7

and let ¢ (resp. ¢) be the A-parameter for G given by ¢y, (resp. ¢pr). We may further
assume that ¢gy, is irreducible and self-dual. Then Ip(m),) is a direct sum of at most two
irreducible representations for any my € 11,

The A-packet II,; is the multi-set of irreducible summands of Ip(my) for mp € 1Ly,
By Aubert duality, we can define the map

H¢97T'—><',7T>¢€‘§1\/,

from II, — S; Let w, € W be the unique non-trivial Weyl element preserving M,
and let s, € Sy, be the corresponding element. The goal is to show the local intertwining
relation

RP(wua 7AT:]Wa ¢M)|7T = <8’M7 7T>¢ : ldﬂ' (LIR)

for any irreducible summand © C Ip(myy) for mps € I, .

We tried to extend our method for GL,,(F) to classical groups, but found an irreducible
representation 7 of Sp,,, (F') to which our method cannot be applied. According to Tadi¢’s
idea (told by Minguez), our method may be applied to only one irreducible summand
7w C Ip(mp) for each mp € IIy,,. Since the length of Ip(my) is at most 2, our method
has “half possibility” to prove (LIR).

On the other hand, since Il is constructed by Aubert duality from II,, (LIR) for ¢
would follow from (LIR) for ¢ if we were able to show that Aubert duality commutes

>



with Rp(wy, Tar, ¥ar). Arthur suggested proving this commutativity by the Hecke algebra
method, but we could not do it. However, the commutativity up to a scalar has been
known for 10 years. This implies the following key lemma.

Lemma 4.1. For mpy € 1Ly, if Ip(my) = m @ w2, then (LIR) holds for m if and only if
(LIR) for m,.

This lemma says that “half” is enough! Together with the “half possibility”, we can
attack (LIR) now.
For my € Ily,,, the main diagram is as follows.

R(wglwflwuwl wa)

7 e
R(wz)l J{R(wz)
Ip(Z)) Ip(ZY)
R(wl)l J{R(wl)
Ip(mar) ¢ ' Rp(wu,mar,¥m) Io(ma),

where I%4 and Z¢ are the standard modules of 7y and 7 C Ip(my), respectively. We
choose ™ C Ip(my) so that Z¢ is easy to describe, which exists (uniquely in many
cases) by Tadi¢. See [AGIKMS, Lemma 6.4.2]. In this diagram, R(w;), R(ws) and
R(wy 'wi w,wyw,) are intertwining operators normalized using the L-parameters such
that

I¢ S, 1p(ZX,) 5 o(ma)

™M

realizes the Langlands quotient map Z&€ — 7. However, since Rp(wy, Tar, ¥ar) is nor-
malized by the A-parameter, we need a constant ¢ € C* to make the main diagram
commutative. It is given by

_ Ya(s, Yar, ® o, Yr)
VA($>@DGL®¢W0’¢F) 5207

where ¥y = Yar © Yo, Ty = mar W 1, and ¢, is the L-parameter of 7.
By the commutativity of the main diagram ([AGIKMS, Theorem 6.5.1]) together with
(LIR) for tempered case, we obtain:

Theorem 4.2 ([AGIKMS, Corollary 6.5.2]). Suppose that 1 = g, ® 1o where gy, =
par, X1 X Sy with d even (for simplicity). For my = nar, Wy € y,,, (LIR) holds for a
specific m C Ip(my) if and only if

fYA(Sa wGL ® w(ﬁwF) _ <S 7T>
7A(57 wGL ® ¢7r07 wF) s=0 v v

holds, where ¢, is the L-parameter of m.

Note that if d is even, then R(w; 'wi 'w,wiwy) = id. When d is odd, we need a slight
modification.



Therefore, the final task is to show the equation

a8, Yar @ o, ¥p)
Ya (s, VoL & bry, Vr) s=0

= (Sus ), -

In general, it is very difficult to list ¢, for my € Il,. Instead to show the equation
directly, we compute the left-hand side inductively. To compute ¢, and (s,,m) v We
use our Jacquet module computations in [At]. In conclusion, we achieve (LIR) for the
co-tempered case ([A25]).
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