A FORMULA OF PERRIN-RIOU AND CHARACTERISTIC POWER SERIES
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ABSTRACT. Let E/Q be an elliptic curve with supersingular reduction at a prime p > 2. In [Sprl5],
Sprung formulated a p-adic variant of the Birch—Swinnerton-Dyer conjecture for a pair of “signed”
p-adic L-functions attached to F decomposing the pair of unbounded p-adic L-functions constructed
by Amice-Vélu and Vigik. In this note, we show that the characteristic power series of the “signed”
Selmer groups of E over the cyclotomic Zp-extension of Q satisfy an analogue of Sprung’s p-adic
Birch—Swinnerton-Dyer conjecture. This extends a result obtained in [Cas25a] in the case ap = 0.
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1. INTRODUCTION

Let F/Q be an elliptic curve and p an odd prime of good reduction for E. Let X(E/Qs) denote
the Pontryagin dual of the Selmer group Selp~ (£/Q«) over the cyclotomic Zy-extension Qo /Q. Let
A = Z,[[Gal(Qx/Q)]] be the cyclotomic Iwasawa algebra, which we identify with the one-variable
power series ring Z,[[X]] upon the choice of a topological generator v € Gal(Qx/Q).

When p is ordinary for E, the Selmer group Sely~ (£/Qx) was shown to be A-cotorsion by Kato
[Kat04]; letting &, € A ~ Zp[[X]] denote a characteristic power series for X(F/Q«), the works of
Schneider [Sch85] and Perrin-Riou [PR9I3b] (see also [PR84] for E with complex multiplication) prove
an analogue of the Birch-Swinnerton-Dyer conjecture for ,, relating its order of vanishing at X =0
to the Mordell-Weil rank of F, and expressing its leading coefficient in terms of arithmetic invariants
of E.

The goal of this note is to prove an analogous result in the case where p is a prime of supersingular
reduction for F. Under the additional hypothesis that a, = 0 (a condition that holds automatically
for p > 3 by the Hasse bound), such a result was obtained in [Cas25a] using Kobayashi’s signed
Selmer groups. Here we shall treat the general supersingular case p | a, (for p > 2).

Our main result is in terms of a characteristic power series of Sprung’s f/b-Selmer groups; in the
rank zero case, a result along these lines was obtained in [Spr24, §5.2] by an adaptation of Greenberg’s
methods [Gre99], so we focus on the case of Mordell-Weil rank » > 1. The result we obtain may be
seen as an algebraic analogue of the “Tandem p-adic Birch-Swinnerton-Dyer conjectures” formulated
in [Sprl15].

1.1. Main result. Let p > 2 be a prime of good supersingular reduction for E. In [Spr12], Sprung
introduced signed Selmer groups Sel%bo(E /Qoo) whose Pontryagin dual

X*"(E/Quo) = Homg, (Sels2 (E/Qu0), Qp/Z,)

he showed to be A-torsion as a consequence of Kato’s work.
As explained in the work of Bernardi-Perrin-Riou [BPR93], one can naturally attach a quadratic
form h, on FE(Q) to every vector v in the Dieudonné module

Dy(E) = Qp ®g Hig(E/Q),
and we let Reg, € Q) denote the discriminant of the associated bilinear (p-adic height) pairing
() E(Q) x E(Q) — Q).
By linearity, these can be extended to E(Q) ® Z,,.
We consider also the strict Mordell-Weil group
(B(Q) ® Zp)o :=ker{ E(Q) ® Z, - E(Qp)®Zy},
where E(Q,)®Z, is the p-adic completion of E(Qp). In Section 4, similarly as in the work of Sprung
[Spr15], we shall introduce certain vectors Ny, € D,(E), and show that they are in the complement
to the Hodge filtration Fil’D,(E) = Q,ug, for wg a Néron differential on E. Write Regg/ ' (resp.

Reg]sgtr) for the above p-adic regulator on E(Q) (resp. E(Q) ® Zy)o) associated to

hs o Mo an = Poners /[, N Jag,

where [, -|qr denotes the de Rham pairing on D, (F£).

Let  : Gal(Qoo/Q) ~ 14 pZj, be the isomorphism defined by the p-adic cyclotomic character. The
main result of this note is the following p-adic analogue of the Birch—Swinnerton-Dyer conjecture for
supersingular primes.

Theorem A. Let E/Q be an elliptic curve with good supersingular reduction at an odd prime p. Put

r = rankz £(Q)
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and suppose r > 1. Let {,ﬂ,/b € A ~ Z,[[X]] be a characteristic power series for X*/°(F/Qs). Then:

(i) o:= min{ordx(ﬁf,), ordX(ﬁf))} >r.

(ii) If m(E/Q)[p] is finite and Reg;tr # 0, then equality holds in (i), and the leading coefficient

(65%.65™) of the vector (&},&}) € Z,[[X]|** is given up to a p-adic unit by

(E*,67%) ~p (log, k()" ((—ap + 2ap +p — 1)Reg?, (—a, + 2)Reg)) - #m(E/(ggig);ii?(E/ 9 :

p Sp
where log,, is Iwasawa’s branch of the p-adic logarithm and Tam(E/Q) = [], ¢, is the product
of the local Tamagawa numbers of E.

Remark 1.1.1. The conclusion of Theorem A is predicted by the combination of:

e The p-adic Birch-Swinnerton-Dyer conjecture for supersingular primes p formulated by Bernardi—
Perrin-Riou [BPR93] (see also [PR03, Conj. 2.5]), as reformulated by Sprung [Spr15] in terms
of the p-adic L-functions Lg,/ > € A constructed in op. cit. (and recovering Pollack’s p-adic L-
functions L?f [Pol03] as (L, , L)) = (L;i,7 Lzb,) in the case a, = 0).
e Kato’s Main Conjecture (see [PR93a, §3.4]), which is known to be equi\gﬁent to the assertion
)
P

of [Spr12, Main Conjecture 7.21] expressing the characteristic ideals ( in terms of Lg,/ 0.

We note however, that the proof of Theorem A does not assume the Main Conjecture, and therefore
it provides some evidence towards it.

1.2. Outline of the proof. In [PR93a], Perrin-Riou proved a p-adic Birch-Swinnerton-Dyer formula
for a certain arithmetic p-adic L-function

IR € Dy(E) ®q, H,

where H C Q,[[X]] is the ring of power series convergent in the p-adic open unit disk. A main term
in her leading coefficient formula is a p-adic regulator

(1.1) (1 - ¢)*Reg,™ € Dy(E)

attached to a D,(E)-valued height pairing on E(Q), where ¢ is the Frobenius operator. Building on
a result of Biiylikboduk—Lei [BL17] expressing Sprung’s f/b-Coleman maps in terms of Perrin-Riou’s
work [PR94] (generalizing a result of Lei [Leill] in the case a, = 0), we extract from F} ® two power

series f}i/ "€ Zp|[X]]. By computing the coordinates of (1.1) relative to a certain basis (14,1,) of

D,(E) on the one hand, and the same coordinates of the leading coefficient ]-'11: R* ¢ Dy(E) of Fj®
on the other hand, from Perrin-Riou’s formula we arrive at expressions for the order of vanishing

and the leading coefficient of ]-',g/ g closely related to those in Theorem A for the characteristic power

series 55/ > We note here that similar computations were performed by Sprung [Sprl5] in his study
of the aforementioned p-adic analogues of the Birch—Swinnerton-Dyer conjecture for Lzﬁ/ ", Finally,
from an application of global duality we relate .7-"5/ ’ to the characteristic ideal of X%/ "(E/Qo).

1.3. Acknowledgements. We would like thank Kenichi Namikawa and Keiichi Gunji for their invi-
tation to speak at the RIMS conference “Arithmetic aspects of automorphic forms and automorphic
representations” (Kyoto, January 20-24, 2025) and the opportunity to contribute to these proceed-
ings. A substantial part of this note, stemming from the first-named author PhD thesis, was written
during a visit of the second-named author to NCTS in Taipei during February 2025, and we would
also like to thank Ming-Lun Hsieh for the hospitality, and NCTS for the excellent working conditions.

2. A FORMULA OF PERRIN-RIOU

In this section we recall a p-adic Birch—-Swinnerton-Dyer formula for arithmetic p-adic L-functions
established in [PR93a].
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2.1. Dieudonné modules. Let E/Q be an elliptic curve, and p an odd prime of good reduction for
E. As in the Introduction, let D,(E) denote the Dieudonné module of E. This is a 2-dimensional Q-
vector space equipped with a Frobenius operator ¢, a Hodge filtration D,(£) D FilODp(E) D 0, with
FilODp(E) spanned by the class of a Néron differential wp € 2,7, and a non-degenerate alternating
pairing

[ Jar : Dy(E) x Dy(E) = Q.
The operator ¢ has characteristic polynomial 2% — %”x + %, where a, :=p+1—#E(F)).

2.2. Arithmetic p-adic L-function. Let T be the p-adic Tate module of £, and put V' = Q,®z, T
The Galoic group G := Gal(Q(pp)/Q) decomposes as

Goo =T x A,

where I' is the Galois group of the cyclotomic Zp-extension Que/Q, and A = Gal(Q(p,)/Q) is cyclic
of order p — 1. We shall often identify I" with Gal(Qp /Q,), the Galois group of the cyclotomic
Zp-extension of Qp, and let A = Z,[[I']] be the cyclotomic Iwasawa algebra, often identified with the
formal power series ring Z,[[X]] via v = 1+ X upon the choice of a fixed topological generator v € I'.
For each n > 0, let Q,, (resp. Q) be the unique subextension of Qu, (resp. Q) ) of degree p™ over

Q (resp. Qp).
For h > 0, let

o — {z%xn e Qi) | tim 12l — }

n—oo nh
n>0

where | - |, denotes the p-adic absolute value on Q, with the standard normalization |p|, = 1/p, and
put H = Uyso Hn and H(L) = {f(y = 1) | f € H} C Qp[I']. Write

Hllw(Qp,Om T) = lﬂl H' (Qp,nv T)
n

for the Iwasawa cohomology of T', and put H%W(me, V) =Qp®z, H%W(Qppo, T).

We begin by recalling Perrin-Riou’s big exponential map, which we state below in a rather rough
form (see e.g. [PR93a, §1] for a more precise statement). The Weil pairing gives a natural identifi-
cation

V ~ V*(1) := Homg, (V, Q,(1))

(and therefore, Dgr(V*(1)) := (V*(1) ®q, Bar) %% ~ D,(E) by the comparison isomorphism), but
in the following we shall nonetheless keep the distinction between the two.

Theorem 2.2.1. There exists an injective A-module homomorphism
Q1)+ A @z, Dar(V*(1)) = Hiy(Qp oo, V(1)) @g, H(I)
interpolating the Bloch—Kato exponential maps expg, , v+(1) : Qpn®@,Dar(V*(1)) — HY(Qpn, V*(1))
for alln > 0.
Proof. This follows by taking h =1 and j = 0 in [PR94, §3.2.3] (see also [PR93a, Thm. 1.3]. O

The ring Z,[[X]] is equipped with commuting Zj-linear actions of ¢ and I" given by X — (1+X)P—1
and X — (14 X)*(7) —1, respectively, where & : Gal(Qp,00/Qp) — 1+pZy, is the cyclotomic character.
We also consider the left inverse i of ¢ defined by

(0 0 B)(f)(X) = }) S A+ X) — 1),
¢r=1

The action of T' on (1+X) € Z,[[X]]*=0 extends to a A-module isomorphism A = Z,[[X]]*=0 sending
1+ (14 X); this is often referred to as the Mellin transform (see e.g [PR94, §1.1.6]), and thus for any
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n € Dar(V*(1)) the map Qy (1) may be evaluated at 7@ (1+ X). Given a class z, € H,(Qp o0, V),
we thus define

Ly, 1 Dar(V7(1)) = HT). 0= Qe ® (14 X)), 2p)

where (-, )@, , is the H(I')-linear extension of Perrin-Riou’s A-adic Tate pairing (still denoted in the
same way by a slight abuse of notation)

{5 ) Qpoo - H%w(Qp,maT*(l)) 2 H%w((@p,omT> — A
given by

<X7Y>Qp,oo = (Z <$g_l7yn>(@p,n ’ U)

oel’y,

for x = (2p)n, ¥ = (Yn)n and I'y, = Gal(Qpn/Qp).
In the following, we shall view %, as an element

Za, € Dp(E) ©q, H(T)

using the canonical isomorphism Homg,(Dgr(V*(1)), H(I')) ~ Dar(V) ®q, H(I') induced by [-, -]ar
and the identification Dgr (V') ~ D,(F) arising from the comparison isomorphsm.
Let Selzgi (E/Q,,) be the strict Selmer group defined by

resp

SeBL (B/Qn) := ker { Selye (B/Qn) ~2 E(Qun) © Qp/Zy }

and put Sel}% (E/Qx) = lim,, Sel’'% (E/Qy,). For any finite set of place S of Q containing p and oo,
let Q% denote the maximal extension of Q unramified outside S, and put

H'(T) := lim H' (Gal(Q®/Qy), T).

(This is easily checked to be independent of S; see e.g [PR93a, p.983].)
By Kato’s work [Kat04], Seliii (E/Qu) is A-cotorsion and H'(T) is torsion-free of A-rank 1.

Definition 2.2.2. Let z € H'(7') be a nonzero element, and put

Ft =4, T € Dy(B)[X]),
Z
where z, = res,(z) denotes the image of z under the restriction map H*(T") — H{, (Qp,00, T") and gstr
(resp. hy) is a characteristic power series for SGIZEE(E/QOO)V (resp. HY(T)/(2)).

We note that f;R gives a generator of the A-module of arithmetic p-adic L-functions as introduced
in Perrin-Riou’s work (see e.g. [PR93a, §3.4.3] and [PR03, §3.1]).

2.3. p-adic regulators. Let

y2 —a1xy +azy = x?’ + ang “+ a4 + ag

dx

be a minimal Weierstrass model for F. Take wg = E—

forms a basis for Dy(E).

For each v € D,(E), we let h, be the quadratic form on £(Q) defined as in [BPR93]. In particular,
ey (P) = —log,,, (P)?, where log,,_ is the logarithm on E(Q) associated to wg, hy, is Bernardi’s p-
adic height using p-adic o-functions [Ber81], and h, for an arbitrary v = awg +bn € Dy(E) is defined
by linearity as ahy,, -+ bhy).

and put n = zwg; then the pair (wg,n)
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Definition 2.3.1. Let r = rankz F(Q), and let Reg, denote the discriminant of the quadratic form
(P,Q)y := hy(P+ Q) — hy(P) — hy(Q) on E(Q), i.e.

det((P;, Pj)v)
[E(Q) : Ximy 2B

where Py, ..., P, is any system of r points in E(Q) giving a basis of F(Q) ®z Q.

(2.1) Reg, =

Lemma 2.3.2. Suppose r = rankz E(Q) > 1. Then there exists a unique ReggR € D,(E) such that
Reg,

RegP® v = ﬁggy, where ﬁngV = —
[ P ] dR [wE »V ] QRI

for all v € Fil®D,(E).

Proof. This is shown in [PR03, Lem. 2.6] (whose statement is missing the factor [wg,v]"~! as noted

in [SW13, Lem. 4.2]). O
As in the Introduction, let (E(Q) ® Zy)o C E(Q) ® Zj, be the strict Mordell-Weil group.

Definition 2.3.3. Write Reg;tr for the discriminant of the bilinear (p-adic height) pairing associated
to the restriction to (E(Q) ® Zy)o of the normalized quadratic form

hl//[wE,u]dR = hl//[WEy V]dR
for any v ¢ Fil’D,(E) (this is independent of v/).

2.4. Perrin-Riou’s formula. The following key result is a p-adic analogue of the Birch—Swinnerton-
Dyer conjecture for the arithmetic p-adic L-function .7-'}? R
Theorem 2.4.1. Let E/Q be an elliptic curve with good supersingular reduction at an odd prime p,
and put r = rankz E(Q). Then:
(1) f;R vanishes to order at least r at X = 0.
(ii) If m(E/Q)[p™] is finite and Regy* # 0 then equality holds in (i), and writing
FERO) = X IR € Dy(B)[[X]]

we have that ]—"ER’* = ER’(T)(O) € D,(FE) satisfies the equality up to a p-adic unit

R #ULE/Q)[p™] - Tam(E/Q)
(#E<Q)tors>2
Proof. This is shown in Propositions 3.4.5 and 3.4.6 in [PR93a] (see also [PR03, Thm. 3.1]). O

FER* oy (logy (7)) " (1 - ) Regh

Remark 2.4.2. A result similar to Theorem 2.4.1 is obtained in [PR00] for much more general p-adic
representations V.

3. PERRIN-RIOU’S BIG EXPONENTIAL AND §/b-COLEMAN MAPS

By Sprung’s definition in [Spr12], the local conditions at p defining the f/b-Selmer groups Self,éz (E/Qn)
are given by
Hy (@, B[p™]) = ker(Coli/")* < H'(Qpn, E[™]),
where the superscript | denotes the orthogonal complement under the local Tate duality
H'(Qpn, E[p™]) x HY(Qp, T) = Qp/Zp

and Col?/” : HY(Qpn,T) — Zp[Gal(Qy,,/Q,)] are certain #/v-Coleman maps constructed in op. cit.
using Honda’s theory of formal groups (in a similar vein as done by Kobayashi [Kob03] to construct
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signed Coleman maps in the case a, = 0). In this section, we recall a result of Biiylikboduk-Lei
[BL17] giving an independent construction of Sprung’s

Col*”” := lim Col/” : H,(Qp,00, T) — A
n

in terms of the map Qy«(1) of Theorem 2.2.1.

3.1. Logarithm matrix. For every n > 1, let

p—1
Cp(X) =) XV
i=1

denote the p™-th cyclotomic polynomial.

Definition 3.1.1. The logarithm matriz Moy € Max2(H) is defined by

—(n+2) s _
Mg := lim Gp AT ap N fap 1 1 -1 ’
n—o00 —@1(1+X) 0 —(I)n(l—l—X) 0 —-p 0 I3 o

where «, 3 are the roots of 22 — apx + p.

That the above limit converges to an element in Mayo(#H) is shown in [Spr12, Lem. 4.4] (see also
[BL17, Prop. 2.5]).

Remark 3.1.2. When a, = 0 one can readily check that
+ +
Mlog = ( l(l)gp— l(l)gp—) )
alog,  flog,

where

1 77 P2m(l + X) _ 17y Pom1(1 4 X)
logh = = —_ log, = — e
7 }_[1 p K 11 p
are Pollack’s “half logarithms” [Pol03].
3.2. A result of Biiyiikboduk—Lei. Given n € Dgr(V*(1)), we define the Coleman map
(3.1) Coly : Hiy (Qpoos, V) = H(I)

by z, = (Qy+(1)(n ® (1 + X)), zp>Qp’oo. Thus, note that Coly(z,) = %, (1) by definition.

m=1

Theorem 3.2.1. Let 14,13 € Dar(V*(1)) >~ D,(E) be the unique vectors satisfying

()0(7]0() = CY_I"Im HO(’)B) = /8_17,B7 [UOMWE]dR = [7]B7WE]dR =1
Then for any z, € H} (Qp o, T) we have the decomposition
(3.2) (Coly,(zp), Coly, (zp)) = (Coln(zp), Colb(zp)) Mg,

where Moy € May2(H(I')) is the logarithm matriz of Definition 3.1.1 with X =~y — 1.

Proof. The existence of unique 74, 13 satisfying the conditions in the statement is shown in [Kat04,
Thm. 16.6]. On the other hand, by the results of [BL17, §2.3] (see esp. Theorem 2.13 in loc. cit. and
also [BBL24, Eq. (5.3)] for the case of elliptic curves), associated to the basis (wg, ¢(wg)) of Dy(E)
(which yields a basis of Deys(7") in the notations of [BL17]), there exist unique A-linear maps
Col¥l} : H'(Qpoo, T) — A
for which one has a decomposition
(Coly, (2), Coly, (2)) = (Colhy (z,), Coliy (2,)) Mg,

for all z, € H%W(proo, T); that the maps Colgllj agree with Sprung’s Col?* follows from the relation
between both constructions and the pairings P, introduced by Kurihara [Kur02]. O
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Remark 3.2.2. Letting f € S2(I'g(N)) be the newform associated to E' by modularity, by Kato’s
reciprocity law [Kat04, Thm. 16.6], Kato’s zeta element z%3% ¢ H!(V) satisfies

Col,, (resp(zKatO)) = Lyp.a,

where Ly, , denotes the p-adic L-function of [MTT86] associated to f and the allowable root «; and
likewise Col,, (res,(z5°)) = Ly, 5.

4. COORDINATE COMPUTATIONS

The main result of this section is the computation of the coordinates of the modified Perrin-Riou’s
p-adic regulator appearing in Theorem 2.4.1 relative to an ordered basis (v_, v ) of D,(FE) motivated
by the decomposition in Theorem 3.2.1.

4.1. Dual bases. Recall that wg € D,(E) denotes the class of a fixed Néron differential.

Lemma 4.1.1. Put

= e (g = Bp(wE)), v i= 5 (e — ap(wr))
Let 1q,n3 € Dgr(V*(1)) ~ Dy(E) be as in Theorem 3.2.1. Then (va,vg) and (1ng,na) are dual bases
of D,(E) under [-,-]qr, in the sense that

[N Valdr = 18, Vglar = 0, Mo, v8ldR = (18, Valar = 1.

1y, and

Proof. From the relations ¢? — a’—;go + % =0 and o+ 8 = ap, we readily see that p(v,) = a~
¢(vg) =1 ’1u5, which implies the first two equalities in the statement by the alternating property of
[-,-]ar- On the other hand, noting that the classes 7, and 7z are necessarily multiples of v, and g,
respectively, from the defining relations [9q, wglar = [13,wrlar = 1 in Theorem 3.2.1 we find

-1 -1

(we = Bewr), 1= [

Tap(wn).wrlan (wg — ap(wE)),

T = Bo(wr), wrlar

and this yields the equalities 7., vglar = (18, Valar = 1. O
Lemma 4.1.2. In terms of the basis (va,vg) of Dy(E) in Lemma 4.1.1, we have

Regyﬂ , Reg,,,
[WEvl/ﬁ]QR “ [WEvl/oz]QR

Reglf,)R =

Proof. Writing ReggR = avy +brg, and using the defining property of RegER, the relation v, +vg =
wg, and the fact that [-,-]qr is alternating, we find

Reg,, = [Regh™ va] 1 = [bvs, Valdr = blwE. Valdr

andsob = figé;ya/[wE, Valdr as claimed. Similarly, we find a = I%Tg,,ﬁ/[wE, vglar = Regl,B/[wE, 71Ty
whence the result. 0

4.2. The modified regulator (1 — cp)QReg]}:R in coordinates. The main result of this section is
Proposition 4.2.4. In the context of the analytic p-adic L-functions of [Sprl2], similar computations
were performed by Sprung [Sprl5], whose notations we largely follow.

Definition 4.2.1. Put Zigs := Migg|x=0 = (“ §) (5 '), and define Nyy, v/, € Dy(E) by

(Ng: Ny) = (Vs —va) <(1 ey (1- ﬁ—1>2) Zrog <Z§) = Zog <Zg> :
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Remark 4.2.2. Since det(Z),) = B > # 0, the pair (14, 1,) is a basis of D,,(E). To orient the reader,
we also note that the introduction of Nﬁ /v (resp. vy) is motivated by the result of the computation in

Proposition 4.2.4 (resp. the computation leading to (5.5)) below. Here we are adopting the notations
in [Spr15, §4.3], but note that the definition of Ny in loc. cit. is slightly different).

Lemma 4.2.3. We have Ny, N, ¢ Fil’D,(E).
Proof. 1t suffices to show [wp, Nypldar # 0. Directly from the definitions we have

(A1) (NuNy) = (1—a us —(1— B71)20,) ( pap =

pa + ala —p+apa) 1
pay +pﬁ—a2ﬂ p— apf

=
Using the relation v, + vg = wg, this yields
1

[WE, Nﬁ]dR = m((l — a_1)2(—pap — pa+ aia) +(1- ﬁ_l)Q(pap +pp — aiﬁ)) [wE, VB]dR7

which after a tedious but straightforward computation reduces to
(4.2) (we, Ny = (—a12,+2ap+(p— ))|wg, vs).
Hence to show that N; ¢ Fil’D,(E) it remains to see that
(4.3) —ay +2a, + (p— 1) #0,
which is clear under a, # 0. Since p > 2, the case a, # 0 only occurs when p = 3, in which case the
Hasse bound forces 3% { a3, and comparing 3-adic valuations we see that (4.3) also holds in this case,
concluding the proof that Ny ¢ Fil’D,(E).
Similarly, from (4.1) we obtain

1

lwe, N]ar = ﬁ——a((l — o 2 (—p+apa) + (1= 571 (p — apf)) wi, vslar,
which after a straightforward computation reduces to
(4.4) [we, Nplar = (—ap + 2)[wE, vldr.
Since the divisibility p | a, (and p > 2) implies a, # 2, this concludes the proof. O

Proposition 4.2.4. Suppose r = rankzFE(Q) > 1. Then the coordinates (cy,c,) of (1 — @)zRegER
Dy, (E) with respect to the ordered basis (v4,v,) are given by

Regy,

Regy
(—ap+ 2 ——22 )

— _a2 a — !
(cs,0) = <( pT2ap+p 1>[ [we, Ny|gr

we, Nilir

Proof. We begin by noting that the association v — Reg, = Reg, /[wg, v v|ig" is linear in v € D (E) ~
Fil’D D,(E) (whenever defined), and by Lemma 4.2.3 and its proof the quantities Reg,, , Regy 5 Reg Ny

Reg n, are all defined. Thus from the expression for R,egp in Lemma 4.1.2 we obtain

Reg, Reg (1—a™1)? y

o~ ) () ()
( ©) Zp ([WE7 Vﬁ]QR [wE, VQ]SR> (1-5 1)2 Vs

( RegVB Regya ) ((1 _ a—1)2 ) -1 (Vn)
wE, Vﬁ dR WE, Va]dR (1 — ﬁ—l)Q log v,

wE?Vﬁ dR WE,VB]dR v, ’

WE,NﬂdR RegNu wE, Np]ar Reng )(Vﬁ)
D)

we, vglar [we, Nilar [we, valar [wEe, N,)dr
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using the relation [wg, Voldr = —[wEk, Vslar and the aforementioned linearity for the third equality.
In light of (4.2) and (4.4), this yields the result. O

5. PROOF OF THE MAIN RESULT

As in the Introduction, we denote by Reg " e Qp the p-adic regulator of Definition 2.3.1 associated
to hNu/b/[wEWg/b]dR’
Regy
i/ — e TL
Regp — RegNu/b/[wE,Nu/b]dR - [(A)E,Nﬁ/b]SR7
where r = rankz £(Q).

5.1. Signed arithmetic p-adic L-functions. For z € H!(T) any non-torsion element, we put

(5.1) Fil’ = Qo (z,) - T € 2,[1X]],

z
where z, = res,(z) € HIlw(Qppo,T) and gg; and hy are as in Definition 2.2.2.
The following is the main result of this note.

Theorem 5.1.1. Let E/Q be an elliptic curve with good supersingular reduction at an odd prime p.
Put

r:=rankz FE(Q),
and suppose r > 1. Then:
(i) 0 := min{ordyx( Fp) ordX(]-"I’)} >r.
(i) If ui(E/Q)[p™] is finite and Regbtr # 0, then equality holds in (i) and the leading coefficient
(.7-"2’*,.7:;’%) of the vector (]-"p,]-"g) € Zp[[X]] is given up to a p-adic unit by
u1(B/Q)[p] - Tam(E/Q)
(#E(Q)tors)? '

Proof. We begin by noting that by Theorem 3.2.1 and Lemma 4.1.1, we can rewrite the arithmetic
p-adic L-function 7, ® € Dp(E)[[X]] of Definition 2.2.2 in matrix form as

(‘ng*a]:;ﬁﬂ ~p (1ng ( )) (( a +2ap+p 1>Regp»( ap—|—2)Regp)

Vo
(5.2) FyR = (F5, F)) Miog (Uﬁ> .

In particular, from (5.2) and the product rule we readily find

(53) r A NI PUr NIRPLE TN E M
' dXt P Ix—o  \dXt Plx=0"dXt’ Plx=0/) "¢ \ s

for all ¢ > 0, where we recall that Zi,; = Miog|x—0. Since the matrix Zj,, is invertible, this shows
that

(5.4) ordX(}";R) = o,

and therefore the proof of part (i) follows from Theorem 2.4.1(i). For the proof of part (ii), suppose
II(E/Q)[p™] is finite and Reg®" # 0; then ¢ = r by (5.4) and Theorem 2.4.1(ii). Now put

FPRM) = X—Tf}fR e Dy(B)[[X])], F 0 =x"TF en,]X]),
and note that (5.3) yields the middle equality in the chain

(5.5) FPRE _ FPRO)() = (F40)(0), F20)(0)) (“‘i) = (Fb*, Fo¥) (Vﬁ) :

Yy
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On the other hand, by Theorem 2.4.1(ii) and Proposition 4.2.4 we have that the coordinates (dy, d,)

of F;R’* with respect to (14,1,) are given up to a p-adic unit by

(E/Q)[p) - Tam(E/Q)
(#E(Q)tors>2 ’

which together with (5.5) concludes the proof of part (ii). O

(dgydy) ~p (log, k(7)) " ((—af7 +2ap, +p— l)Regf,, (—ap + 2)Reg|;)

5.2. Proof of Theorem A.

Proof of Theorem A. In view of Theorem 5.1.1, it suffices to show that the power series ]-']g/b € Zy[[X]]
introduced in (5.1) generates the characteristic ideal of X¥"(E/Qq).

As explained in [Spr12, §7.2], Poitou-Tate duality gives rise to the four-term exact sequence

0 — HY(T) - Im(Col’’) — X" (E/Qu) — Sel’'% (£/Qo0)¥ — 0.
For any non-torsion z € H'(T), this induces
HY(T)  Im(Col*")
ol

(z) (Col*’(z,))

where z, denotes the image of z in H}, (Qpc, 7).

Since the A-linear maps Col*”” have pseudo-null cokernel by Proposition 7.3 and Proposition 7.6
in [Spr12], we see that the second term in (5.6) has characteristic ideal generated by Col*’(z,), and

(5.6) 0— — X"(E/Qu) — Selii% (E/Qo0)” — 0,

so the fact that Fg/ " has the desired property follows by multiplicativity. ]
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