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1 Introduction

In this article, we study the Fourier coefficients of Siegel Fisenstein series of
level p. Although it is one of the most fundamental topics in the theory of
Siegel modular forms, we have not yet solve this problem completely. The
author tried to write down an explicit formula of the Fourier coefficients
for a long time, to get a big progress recently. The precise arguments are
written in the preprint ([9]), thus we explain mainly the basic ideas in the
present article.

2 Fourier expansion of Siegel Eisenstein series

First we would like to recall the basic facts and previous results about the
Fourier coefficients of Siegel Eisenstein series.

2.1 Full modular case

We start to explain the full modular case. Let Sp(n,Z) be the simplex

modular group of rank n, matrix-size 2n. For v € Sp(n,Z), we write v =

(élﬂ ZB;7> Let Py(Z) = {y € Sp(n,Z) | Cy = 0}. For Z € H, of Siegel
v My

upper half space, the Siegel Eisenstein series of weight k& € 27Z is defined by

E}NZ) = > det(CyZ + D,)7*,
YEPn(Z)\Sp(n,Z)

that converges when k& > n + 1. Let Sym"™(Z)* be the set of half integral
symmetric matrices of size n, consisting of symmetric matrices whose diag-
onal entries belong to Z and off-diagonal entries belong to %Z. We write the
Fourier expansion of E}'(Z) as

Ep(Z)= > A(Nke(NZ),

NeSym™(Z)*
N>0



here we write e(NZ) = exp(2my/—1Tr(NZ)).

Let us investigate the Fourier coefficient A(N, k). First we remark that it
suffices to consider the case for positive definite N; if rank NV = r < n, then
A(N, k) comes from the Fourier coefficient of the Siegel Eisenstein series
El(Z) of degree r. Now we assume that det N # 0. Then A(N,k) has an
Euler product expression

A(N. k) = Z(N, k) H Sn,q(Na s)
g:prime
(cf. [15, p. 306]). The infinite part Z(N, k) is calculated by Siegel ([22,
(111)]) (see also [20, (4.34K),(4.35K)]). One has
2—n(n—1)/2(_27.‘_\/__1)nk(det N)k—(n+l)/2
L (K) ’

with T, (s) = 7D/ T'(s — i/2). The term S, (N, s) is called the
Siegel series, defined as follows. Let

Mu(q) = {(C’, D) € My an(Zy) det C' = ¢" for some r > 0

(C, D) is symmetric and co-prime, }
here we say (C, D) is symmetric if C'D € Sym™(Q,) and we say (C, D) is
co-prime if CX 4+ DY = 1,, for some X,Y € M,(Z,). Any R € Sym"(Q,)
is written by R = C~1D with (C, D) € M,(q), unique up to the left action
by SL,(Z,). For R = C7'D € Sym"(Q,) we set ,(R) = det C. Then for
s € C we define

Sn,q(Na 3) = Z 5q(R)_Se(NR)7
ReSym"™(Qq/Zq)

that converges if Re(s) > 0. It is known that the Siegel series is a polynomial
in ¢~*, thus we may also write it as Sy, 4(INV,¢™*). Let

{(1 —q ) (1 — xn(g)g/?>=)! H?:/?(l —¢%72%) n is even,

n N? ) = n— ;
)= 1= g I - ) s odd.

Here we denote by xn the quadratic character associated with the quadratic
extension Q(+/(—1)"/2(det 2N))/Q. Then we have

Sna(N,q7%) = Yng(N, ¢ ) Frg(N,q™%)

with a certain polynomial F, ;(N,T), such that F;, , = 1 for almost all q.
This fact is proved independently by Kitaoka ([14]), Feit ([3]) and Shimura
([20]). Thus our aim is to find an explicit formula of F}, (N, q¢™?).

For the case of n = 2, it is given by Kaufhold ([11]). After a long time
(more than 30 years), an explicit formula for n = 3 was found by Katsurada
([12]), and a few years later he also gave an explicit formula of F;, (N, ¢™*)
for any degree n ([13]). Thus our problem was settled for full modular case.




2.2 The case with level and characters

Next we consider the case of Siegel Eisenstein series with level and charac-
ters. For | € Z~¢, we put

Ig(l) ={y € Sp(n,Z) | Cy =0 mod [}.

Let ¥ be a Dirichlet character modulo /. Then the space of holomorphic
Siegel modular forms My (I§(1), 1) of weight k with character v, is defined
as follows. For a holomorphic function f: H,, — C and vy € Sp(n,Z) we put

flv(Z2) = det(C1 2 + D'y)_kf((AWZ + By)(C1Z + D’Y)_l)’

Then we define
hol
My(I5 (1), %) = {f: Hn — C | flxv(Z2) = (et D) f(Z), v € I5'(D)}-
If n = 1, we also require the holomorphic condition at each cusp. If ¢ is the
trivial character modulo I, we simply denote it by My (I§(1)).
Let k be a positive integer such that 1(—1) = (—1)¥. We define the
Siegel Eisenstein series of weight k, level | with character ¢ by

El?,l,w(Z) = Z E(det Dv) det(C’yZ + D’Y)_k7
YEPR (Z)\IG (1)

that converges when k > n + 1, then it is contained in My (I (1), ). How-
ever when the level [ > 1, the space of Siegel Eisenstein series & (I (1), )
in My (I§(1),) has dimension greater than 1. In detail, we can define
the Siegel Eisenstein series corresponding to each O-dimensional cusp of
I'P(1)\H,. Take a representative set I (I)\Sp(n,Z)/P,(Z) = {My}. If
k > n+1is even and 9 is the trivial character for example, then we can
construct the Siegel Eisenstein series £}',(M; Z) attached to cusp M) such
that ’

1 v=2A

CO(EZJ(.M)\;Z)’k]Wu) = {0 otherwise

here Cy(f) denote the constant term of the Fourier expansion of f. In
particular we know that dim &, (I''(1)) = ¢{M,}. In the case that ¢ is a
non-trivial Dirichlet character, Siegel Eisenstein series attached to cusp My
may vanish, thus we can only say dim &, (I (1),v) < #{M\}.

For simplicity, we explain the case of odd prime level. Let p be a fixed odd
prime number. Then we can take a set of representative I'§'(p)\Sp(n, Z)/P,(Z)
by {w; '} (0 < v < n) with




We assume that the Dirichlet character 1) is xo or Xy, here x( stands for the
trivial character modulo p and ) stands for the quadratic character modulo
p. Then for & > n + 1 such that 1)(—1) = (—1)¥, the Siegel Eisenstein series
attached to w, is defined by

By g (wy; Z) = > b, (v) det(Co Z + D4) 7",
7€Pn(Z)\Pn(Z)qu$(P)

here the function ¢y, on Py (Z)w,I§ (p) is given by
w, (Nwyk) = (det Dy))yp(det Dy), n € Pu(Z),k € I(p),

that is well-defined since ¥> = 1. We note that if ¢ is neither trivial nor
quadratic, then Egﬂp(wy; Z) is defined only for v =0 or n.

The Fourier coefficient A" (N, k) of E ,(wy; Z) at 0 < N € Sym"(Z)*
is given by

ALY (N, k) = E(N, k) S (¢, N, k) [ | Sna(V, ¢(q)g ™).
q#p

We call the Euler p-factor S (¢, N, s) as ramified Siegel series. 1t is defined
as follows. For 0 < v <n we put
M (p) = A{(C, D) € My(p) | rank(C mod p) = v},
Sym™(Qp)") = {R=C"'D € Sym™(Qy) | (C. D) € M (p)}.
Take R = C~'D € Sym™(Q,)"), then there exists v = (& /5) € Po(Zp)w, Ky,

)
with K, = {sk € Sp(n,Z,) | Cx = 0 mod p}. We set ¢, (R) = 1y, (7). The
ramified Siegel series is defined by

Sw(Ns)= Y du,(R)5(R)e(NR).
ReSym™(Qp) )
mod Sym"(Zy)
Thus our final goal is to give an explicit formula of S (¢, N, s) for all v.

Remark By definition we easily see that S¥ (i, N,s) =1 for all N.

Remark One can easily extend the result of odd prime level case to the
case of any odd square-free level [, since we have computed every local p-
factor with p | [.

2.3 Known results

The first concrete result about the Fourier coefficients of Siegel Eisenstein
series with level, was due to Mizuno ([17]) in the case of n = 2; he found the



explicit formula of the Fourier coefficients of El%,l (Z) for odd square-free
level [ with primitive character ¥. For the proof, he showed that the Maass
lift of the Eisenstein series of Jacobi form coincides with our E,%J’w(Z ), then
he got the results by utilizing the Fourier coefficients of the Eisenstein series
of Jacobi form.

After that the author calculate S5°(¢), N,s) directly ([4]) for an odd
prime number p and primitive character ¢. By rewriting 1" € Sme(Qp)(O)
as T = C~1D with (C, D) € MY(p), the calculation of ramified Siegel series
reduces to the computation of exponential sums. By using the same method,
Takemori computed the Fourier coefficients of Ezywj(Z ) for any level [ and
primitive character ¢ ([23]). We note that his results contains the non
square-free level and also even level.

About the Siegel Eisenstein series attached to other cusps, Dickson suc-
ceeded to give the Fourier coefficients of Eg)l(]\/[ A3 Z) (the case of trivial
character and n = 2) for square free level | with every cusp M), ([2]). He
studied the action of the Hecke operator to the space of Siegel Eisenstein
series, especially the action to the Fourier coeflicients, and using the formula
for EZ(Z) (full modular Siegel Eisenstein series), to get the results. The au-
thor also calculated S5 (xp, N, s) and S5 (xo, N, s) by a direct computation

([6])-

Next we explain the results for higher degree case due to Takemori ([24]).
Let [ be square-free and ¢ a primitive Dirichlet character modulo {. For the
decomposition ¢ = H”p p, assume that 71’;2; # 1 for any p | [. Under this
condition, Takemori gave an explicit formula of the Fourier coefficients of
E}j’lyw(Z) for any degree n. For the proof, first he constructed the Siegel
Eisenstein series such that the ramified Siegel series becomes quite simple
by using the functional equation of Siegel series, next he showed that this
Eisenstein series coincides our E}; (Z ), if ¢ satisfies the above condition.

As the remaining case that v is the quadratic character yx,, the author
calculated S5° (xp, IV, s) directly by the same methods as degree 2 case ([7]).
For the exponential sum, we use the explicit formula due to Saito ([18]) of
the generalized Gauss sum

> W(detT)e(TN).

TeSym™(Z/p)

By using it, in principle, we can compute ramified Siegel series directly for
any degree n, however it seems actually to be impossible to compute if n > 4.

Another point of view, the author ([5]) and Watanabe ([25]) indepen-
dently gave an explicit formula of ramified Siegel series for general degree.
Both results deeply depend on the paper by Sato and Hironaka ([19]), that
treated local densities. We call it here the Sato-Hironaka type formula. Al-
though ramified Siegel series is expressed by finite sum, this formula is too



complicated to handle at least by hands. In fact, to get the same result for
degree 3 case as [7], using the Sato-Hironaka type formula seems as tedious
as the direct computation method.

3 Katsurada’s recursion formula

As we already mentioned, Katsurada and Ikeda-Katsurada ([10]) gave a re-
cursion formula for ordinary Siegel series to get an explicit formula. We
recall there argument. There are two key ingredients; one is inductive re-
lation and the other is functional equation of Siegel series. The inductive
relation is as follows. For simplicity we assume that ¢ is an odd prime. Then
we may assume that N is diagonal for the computation of S, 4(IV,s). Let
N = diag(a1q", ..., ang"") with a; € Z;, up < -+ < up. We put N’ =
diag(apq™, ..., an_1¢""1, anq2), and Ny = diag(a1p™, ... ay_1p'»-1) €
Sym"™ !(Z,). Then the following relation holds.

Proposition 3.1 ([13, Theorem 2.6], [10, Theorem 5.2] ) We have the
following formula.

Sn,q(va5)_qn+1_285n,q(N78) = (1_q_s)(1+ql_s)5n—l,q(N0:5_1)' (31)

In order to explain the functional equations of Siegel series, we pre-
pare some notations. For N € Sym"™(Z)* with det N # 0, we set Dy =
(—4)"/A det N and d,(N) = ord, Dy. For the Hasse invariant h,(N) of N,
we define

1 n is even
CQ(N) = n—1 @
hq(N) (det N, (—=1)"2 det N)y(—1,—-1)¢ ®*  nis odd,
here (, ), stands for the Hilbert symbol. We set
d¢(N)—1 niseven and dg(N) is odd,
eq(N) = d :
7(N) otherwise.

Proposition 3.2 ([13, Theorem 3.2] ) Under the above notations, the
functional equation of Siegel series is formulated as follows.

Frg(N.n+1—s) = C(N)p—"2)aMpE (N, s).

Now change the variable s — n+1—sin (3.1) and apply the functional
equation. Since eq(N') = e4(N) + 2 we have the formula of the form

Snq(N',8) = Sp.q(N,s) = Hy(N, 8)Sp—1,4(No, s). (3.2)
Together with (3.1), we can get the desired recursion formula of the form
Sn.q(N,s) =C(N,s)Sp—14(N,s —1) + D(N,s5)Sp—14(N,s).
Please see [13, Theorem 4.1] or [10, Theorem 1.1] for details.



4 Recursion formulas of the ramified Siegel series

The main result of this article is to give a recursion formula of the ramified
Siegel series. We use the same arguments as the full modular case, thus
we use inductive relations and functional equations. For simplicity we only
explain the case of the quadratic character. Please see [9] in detail including
the case of the trivial character.

4.1 U(p)-operators in the space of Siegel Eisenstein series

In order to find the functional equation of ramified Siegel series, we recall
the theory of the functional equations of Siegel Eisenstein series of level p,
that is investigated by the author. Since the space of Siegel Eisenstein series
is (n + 1)-dimensional, we have to take suitable basis so that the functional
equations becomes simple. For that we consider the U (p)-operator and take
the eigenfunctions as the basis.

We set the Siegel Eisenstein series with parameter s € C. From now on
we only treat the case ¢ = x,. Take k € Zx>¢ such that x,(—1) = (=1)*.
We define

By, (wui Z, s)

= det(y)(‘s*k)ﬂ Z Xp,w, (7) det(Cy Z + Dv)ik’ det(CyZ + Dv)‘izﬁk,
¥

here v runs Pn(Z)\Pn(Z)wy I (p). Then Ep, (wy;Z) = Ef (wy; Z. k).
Let

5165(1—81(1?)7)(1)) = <Eg7xp(wll; Z7 S) ’ O S v S n><C

be the space of Siegel Eisenstein series. The U(p)-operator acts on it as
follows. If the Fourier expansion of E(Z,s) € & s(I3(p), xp) is given by

E(Z,s)= Y, bT,Y,s)e(TX),
TeSym"™(Z)*
then
UpE(Z,s)= > bplp Y, s)e(TX).
TeSym"™(Z)*

The U (p)-action is studied in [8] explicitly. Let

Xp(—1)—/2 psidH+D)/2+(—)? /4
H{-:i+1(?r —1)
anp(S)ij = H(]_lz)/z(p?r' _ 1)

r=

if 1 < jand j — 1 is even,

0 otherwise.



Then

n
U(p)EIZXp (wi; Z, S) Z mXp l] Ek: Xp (UJ], Z, S)
j=imod 2

In particular the eigenvalues of U(p) are easily seen. For 0 < v < n, we
put I(s,v) =n(s—k)/2+sv—v(v+1)/2

Lemma 4.1 The eigenvalues of U(p) on & (L3 (p), ) are given by pls)
with 0 < v <n.

We note that this lemma also holds for ¢ = yg.
Since the representative matrix of the U(p)-operator is triangular, we can

construct the eigenvectors easily as follows from a theory of linear algebra.
Let

ifi>j bxp(s)ij =0
if ¢ :j bxp(s)ii =1

. . p —js+j(G+1)/
ifi<y bXp(S)j p(] D((G+i+t1)/2—s) _ ZmXp k] Xp )k

Then

n

EZ:)((Z)(Z $)=Ep (i Z,s)+ Y by, (8 By (wri Z,9)
r=v-+2
r=v mod 2

is the eigenfunction of U(p) with eigenvalue p!&) . We also need the inverse
relation. Let ¢y, (s)i; (0 <1i,j <n) be the (i, j)-component of (bXp(s)ij)_l,

then

n

Bp (i Z,s) = B Zos)+ Y e (s)mEil (2, 5).
r=v—+2
r=v mod 2

The first result of this article is to give explicit forms of by, (s) and ¢y, (s).

Proposition 4.2 Leti < j andi = j mod 2. We have the following explicit

formulas.
—i)/2(j—i)
by, (s)ij = (_Xp(_l))o v pU eI T _ i (P = 1)
XpA=/t Hl(j;i)/Q(l — p2it1+2k=2s)(p2k _ 1)
Cy, (8)ij = Xp(—1) 0=/ 2pU=0)* /4= =D)s Hi’:i-i-l(pk -1
xp (8)ij ;(f 1z)/2( — piti—142h=2s) (p2k _ 1) )

8



For the proof, first we compute by, (s);; and ¢y, (s)i; for small 4,5 by
using calculation software (Maple), to guess the general term. Then we
check that it satisfies our induction formula in fact. Then our calculation
reduces to the following formula.

Lemma 4.3 Let X and Y be indeterminates.

k—1

) iﬁ _ Xk 1)(Xr+l—k_1) vy
t=1 k=1

Xk IY )(XT-I—I k 1) B
Z::E[ (XT=F —Y)(Xk —1) =-1

One can prove (2) easily, however (1) is not so straightforward. It is
pointed out by Watanabe, (1) follows from g-analogue of Chu-Vandermonde
formula, that is famous in the area of g-series.

Now we define

n

SO0 Ns) = D by (8)or SE(xps N 5), (4.1)

r=v
r=v mod 2

that is the Euler p-factor of the Fourier coefficients of EZ:)((';)(Z, s). Then

n

STZzUD(XmNa S) = Z CXp(S)V?‘ S?ST)(vaNv S) (42)
r=v
r=r mod 2

holds. Hence our goal is to get the formula of S (xp, N, s) for each v.

4.2 Functional equations of ramified Siegel series

We shall give functional equations of ramified Siegel series in this subsection.
For that first we write down the functional equations of Siegel Eisenstein
series explicitly. Let £(s) = m~%/2I'(5/2)¢(s) be the completed Riemann zeta
function, that satisfies £(1—s) = &£(s). We set 6, = 0 or 1 according as p = 1
or p = 3 mod 4 respectively. Then the completed Dirichlet L-function for
is defined by £(xp, s) = (p/m)5T%)/2D((s+8,)/2) L(xp, 5), that also satisfies
£ 1 — 8) = E00p ).

For 0 < v < n, we set

[v/2] 1— p2i—2s
—-1/2
@ (s 5) = (&™) 1] T

i=1




here £, = 1 or v/—1 according as p = 1 or p = 3 mod 4. Now we define

'y <S_gk> n/2]
EZ;;’;)(Z, s) = ay(xp,s)w Xp» § H (25 — 2))E ’(V)(Z 5).
n
2

Theorem 4.4 ( [8, Theorem 4.8] ) The functional equation

Ep\(Z,s) = Bp" ) (Zn+1 - )
holds.

Our functional equation of ramified Siegel series follows directly from
that. We use the same calculation as [1], but our argument is simpler than
that. One of the most important idea of [1] is how to deduce a local func-
tional equation from the global one, i.e. when we only know the functional
equation of the infinite product of factors, how to pick up the information
of single factor from that. However in our case, we have already known
the functional equation of ordinary Siegel series (Proposition 3.2), thus the
information of ramified Siegel series follows automatically.

We need some notations adding to the notation in Section 3. For N €
Sym™(Z)* with det N # 0, we define D'y so that Dy = p») D, We put

1 n is even,
1p(N) = , ]
Xp(Dy)¢p(N)  nis odd.

We define
{O n is even and d,(N) is even
anN =

1 otherwise.

The functional equation of ordinary Siegel series is formulated to its poly-
nomial part Fy, (N, s). Similarly, in order to write down the functional equa-
tion, we have to remove suitable Euler factors of zeta functions from ramified
Siegel series. Roughly speaking, we should define the zeta part By(ly) (Xps N, s)
so that al,(xp,s)ﬁn (,N,s) = ynp(N,p~®) holds, here v, ,(N,p~*) is de-
fined in Subsection 2.1. We need a little modification from that, since the
Dirichlet character x n-x, appears but it would be non-primitive. We denote
X the primitive Dirichlet character arising from xx - xp. Then we define
HEV_/Q]( — p1=2- QS)HEH/[?//21+1(1 — p2i=2s)

(epp~1/2)7 (1 = Xy (P)p™/27%) ’

here we understand x (p) = 0 when n is odd.
We write S )(Xp, N,s) = ﬁff) (Xps .s)Fqu)(Xp, N, s) and call Fr(lu)(xp7 N, s)
the principal part of ramified Siegel series.

/87(11/) (Xp7 N7 S) =

10



Theorem 4.5 The principal part of ramified Siegel series satisfies the fol-
lowing functional equation.

n+1

ES 7 (s Nyn 41— ) = pp(N)ps~ 2 /M) I (o, N, 5).

We know S (xp, N,s) =1, as we have remarked at the end of Subsec-
tion 2.2. Using the functional equation one can get an explicit formula of
Sy (xp, N, s) as follows.

Lemma 4.6 We have

SO (xp, N, 5) = p(V) el pl 5" =)o (N)Fan) =5
(1= xxp 2 H I - p¥2)
(1= i (0)p% ) [0 (1 — p2s1-%)

here we understand x3(p) =0 if n is odd.

X

4.3 Inductive relations

In this subsection, we study inductive relation, that is another key ingre-
dient. Let 0 < uy < --- < uy be the sequence of integers. Take «; € Zlf
(1 <i < n) and put Ny = diag(a1p™,...,an,_1p*—1) € Sym" }(Z)*. We
set N = Ny L {a,p"), N' = Ny L (app**2). The following inductive
relation is due to Watanabe.

Theorem 4.7 ( [26, Theorem 6.1] ) For any 0 < v < n we have

S (Xp, N's 8) = S5 (xp: N, 8) = Hn(xp, N, )83 (Xp, No, 5)

n—

here Hy(xp, N, s) does not depend on v. We understand S;™(xp, N,s) = 0.

Remark In [26] Watanabe gave an explicit form of Hy(xp, N, s) by divid-
ing 4 cases, n is even or odd and d,(N) is even or odd. We shall give another
description of Hy(xp, N, s) in the proposition below.

For the proof of this theorem, Watanabe used his Sato-Hironaka type
formula of the explicit expression of ramified Siegel series, introduced in
Subsection 2.3. Though Sato-Hironaka type formula is too complicated, it
is quite useful for our argument.

The important point of the above theorem is that H,(x,, N, s) is inde-
pendent of v. Therefore linear combinations of S} (x,, N, s) also satisfies
the same relation and we have the following formula.

Sfly)(Xpa va S) - ngy)(va N7 S) = Hn(Xp7 N7 3)57(;/_)1(va N7 S)' (43)

Since we know the explicit formula of S,(lo)(xp, N, s) in Lemma 4.6, by

substituting it one can get the following description of Hy,(xp, N, s).

11



Lemma 4.8 (1) If n is even then

Hy(xp, N, s) = epnp(NO)p%dp(No)Jr(”T“—s)(un+aN+1)

Gl il [€ B 1)) )
L—xy@p2

(2) If n is odd then

Hn(XpaNa 8) — _gpnp(N)p%dp(N)—i-(%—s)(un+aNO+1)
on-1
LA —p" )1 = X, ()p* )

n+1_s

1= X7, (p)p 2

4.4 Main result

Using inductive relations and functional equations, we can get the recursion
formula as follows. Change s — n+1—s and v +— n — v in (4.3) then we
have

Sr(zn_y)(vaN/»n + 1- S) - S?Sﬁ_y)(vaNan + 1- S)
=H,(xp,N,n+1— S)Sgl__ly)(xp,N,n +1—3s).

Apply the functional equation in Theorem 4.5, we have

n+1

np(N)p(sz)(dp(N)+aN+2) <51(1V)(XP7N/73) _])11—&—172557(11/)(Xp’J\/-7 S))

(V)(N 8) ﬂ(n_y)(No,n—F 1 . 3)
= PR Y Hy(xp, Nyn+1 = 5)
n (N,n—i—l—s)ﬁ 1 (N(J,s—l)

n—

x 1y (No)p® 1= ) ooy tam) 7D (3 NG s — 1),

By a direct computation using Lemma 4.8, we can simplify the above as

SW (xp, N, 8) — p" 1280 (3, N, s)

_ (4.4)
= (1= p"72)8Y P (x, Noy s = 1),

Gathering (4.3) and (4.4) we have the following main theorem.

Theorem 4.9 (Recursion formula of ramified Siegel series) Leta; €
Z;f and 0 < uy < -+ < wuy € Z. For N = diag(aip™, ..., anp™™), we set
Ny = diag(aip™, ..., ap_1p"~1). Then we have

1 — v+1—2s b I ,N,S
Sf(zy)(XpaNy s) = p—S( 1)(XP7N073_1)_M

1 _pn+l—25 n—1 S(V) (Xp7N07S)-

1— pn+l—25 n—1

12



Remark For the ordinary Siegel series, as we explained in Section 3, Kat-
surada first found the inductive relation (3.1), that is the relation between
Sp(N' s) — p" 172565, (N,s) and S,,_1(No, s — 1). Then applying the func-
tional equation, he got the relation (3.2) between Sy, (N',s) — Sp(N,s) and
Sn(No, s). However for the ramified Siegel series, Watanabe’s first relation
is an analogue of (3.2). We apply the functional equation to the relation of
U (p)-characteristic series, we get the relation analogue to (3.1). This type
of relation is only for U(p)-characteristic series, i.e. it seems that there are
no simple inductive relation between S¥*(x,, N',s) — p"t17285% (x,, N, 5)
and S" (xp, No,s — 1).

By usign Theorem 4.9, (4.2) and Proposition 4.2, we can write down
the Fourier coeflicients of E;;Xp (wy; Z) explicitly. In particular almost all
previous results in Subsection 2.3 will be covered with our argument (see
the Remark at the end of Subsction 2.2).

For example, let us consider the degree 2 case. Put N = diag(p™a, p™3)
with a, 8 € Z,;. By (4.2) we have

p'~*(p—1)

w 0 X (_
SQO(XpaNaS):Sé)(Xp:N73)+ . 1— p32s ’

and Sgo)(xp, N, s) can be computed by Lemma 4.6. We have
Xp(_1)p2—25p(3/2—s)(2m+t+a1v)(1 _ p2—25)(1 _ X»]«V(p)ps—2)
(1=p=2%)(1 = XN (p)p* %) ’

that coincides with the result of [4] or [23].
Also for the S5 (xp, N, s) = Sél)(xp, N, s), Theorem 4.9 says

550)(XP7N7 S) = -

1— p2723

_ HQ(Xp7N7 S)
1 _p3—28

0
S§ )(vaNOaS_l) 1_p3_23

Sél)(Xp» Nv S) =
together with S%O)(Xp, No,s—1) = Xp(a)Epp(2_8)m+3/2_8 and

*

(2—s)m+(3/2—s)(t+an+1) (1 — p2—2s)(1 — XN(p)p
L=xn(pp'

5—2)

HQ(va N7 3) = Epo(a)p

7

thus we get the same result as [6].
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