A QUANTIZATION OF MODULAR FORMS

XUANZHONG DAI

A vertex algebra is an algebraic system with infinitely many products parameterized by integers.
The Rankin-Cohen bracket, a bilinear operation on modular forms parameterized by non-negative
integers, has long been conjectured by Eholzer, Manin, and Zagier to have certain connections with
vertex algebras [Z]. To address this problem, we employ the sheaf-theoretic construction of vertex
algebras, known as the chiral de Rham complex (or its purely even subsheaf, the chiral differential
operators), to provide a quantization of modular forms.

In this work, we provide an overview of the papers [D1, D2, DS]. For any congruence subgroup
I", we study the vertex algebra of I'-invariant sections of chiral de Rham complex on the upper half-
plane that are holomorphic at the cusps. We describe the linear structure of the I'-invariant vertex
algebra by constructing a linear basis determined by modular forms. Furthermore, we demonstrate
that the vertex operations are entirely governed by a slight modification of the Rankin-Cohen
bracket. We then extend this construction to the meromorphic setting and establish that the
T'-invariant vertex algebra is always simple.

1. SHEAF CONSTRUCTION OF VERTEX ALGEBRAS

1.1. Vertex algebra. A vertex (super)algebra is a superspace V', equipped with a vector 1 € Vj,
a parity preserving linear map (called the state-field correspondence) from V' to End V[[z, z71]],

V —End V|[z, 27 1]]

ur—Y(u,2) = Z U(n)z_”_l
neEL

a linear map 7' € (End V')g, satisfying the following axioms

(1) (the truncation condition): For every two vectors u,v € V,
UV =0

for n sufficiently large.
(2) (vacuum): T1=0,Y(1,2) =id, Y(u,2)1 € V][[z]] and Y (u, 2)1|,=0 = u.
(3) (translation covariance):

[T,Y (u,2)] = 0.Y (u, 2),

(4) (locality): For every u,v € V, Y (u,2) and Y (v, z) are mutually local, namely, there exists

N € Z~q, such that

[Y(u7 Z)a Y(Uv UJ)](Z - w)N = 0.

A vertex algebra is called a vertex operator algebra if there is a distinguished vector w (called

the Virasoro element), such that Lo is semisimple and
m> —

L_l = T, [Lm, Ln] = (m — n)Lm+n + T
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where L, = w(,41), and ¢ € C is a constant called the central charge. An element v € V' is said to
have conformal weight n if Lov = nv.

1.2. B~-bc system. We present several examples of vertex operator algebras that serve as funda-
mental building blocks for the chiral de Rham complex. Let [ be a positive integer. The Svy-system
of rank [, denoted by &; is defined to be the vacuum representation of Heisenberg Lie algebra with

the basis ﬁfl, 7};,@' =1,---,l,n € Z, the central element C', and the nontrivial commutation relations

[Brns W] = 8i,j0n+m,0C,
which is generated by the vacuum vector 1 with the following relations
Bi1=0, ifm>0; 401=0, ifn>1; Cl=1.

As a vector space, S is the symmetric algebra generated by elements 3,72, m < 0,n < 0,1 <14 < d.

Let g* = B, -1, and 4" = 7, - 1. The nontrivial operator product expansion of the generators are

BH(2)y (w) ~ 65 (z — w) ™.

As a vector space, & is the symmetric algebra generated by elements B and 7} for m < 0, n <0,
and 1 <¢ < d. We define §* = 8*; -1 and 7* = v} - 1. The nontrivial operator product expansion
(OPE) of the generators is given by

B'(2)7 (w) ~ 8i(z — w) .

The be-system of rank [, denoted by & is defined to be the vacuum representation of the Lie
superalgebra with the basis consisting of odd elements b%,c,,¢ = 1,--- ,I,n € Z, and the even
center C', and the nontrivial commutation relations

[bfnv ng] = 5i,j5m+n,007
which is generated by the vacuum vector 1, and the relations
d1=0, ifm>1; bi1=0, ifn>0; Cl=1.

As a vector space, & is the exterior alg‘ebra'generated by elements b%, and ¢, for m <0, n < 0, and
1 <¢<I. Wedefine ' =b" ;-1 and ¢’ = ¢, - 1. The nontrivial OPE of the generators is given by

b (2)c (w) ~ di5(z —w) T

The [B~-bc system of rank [ is the tensor product vertex algebra ; := S ® &, where the
Virasoro element is given by w = 22:1 : BP0y : — : V'O : with central charge 0. The Virasoro
element together with an even element J = Zi:l : b’ : of conformal weight 1, two odd elements
Q= Zé:l : ¢t and G = Zé:l : b'07" : of conformal weight 1 and 2 respectively, makes €; into
a topological vertex algebra or N = 2 superconformal vertex algebra [MSV].

The zeroth Fourier coefficient of the field J(z) is called the fermionic charge operator. It acts
semisimply on €2, with its eigenvalue referred to as the fermionic charge. We denote by ;(m) the
subspace spanned by elements with fermionic charge m. It is evident that the zeroth Fourier mode
of Q(z), denoted by Q(q), increases the fermionic charge by 1, and its square vanishes. Consequently,
the space ; = ®m€Z Q;(m), together with the chiral de Rham differential d := —Q(0), forms a
complex, which is called the chiral de Rham complex on the affine space.
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1.3. Chiral de Rham complex. The chiral de Rham complex, introduced in [MSV], is a sheaf
of vertex algebras defined on any complex manifold or nonsingular algebraic variety. Let U be
an open subset of an l-dimensional complex manifold (or smooth algebraic variety) with local

coordinates v', ..., 4'. The space of holomorphic (or algebraic) functions on U, denoted by o),
is a C[yg, ... ,'yo] module, where 7 acts as multiplication by 7¢. The localization of €; on U is
defined as

QN(U) = Depg,nb) O,

which forms a vertex algebra generated by the fields 8%(z), 97 (2), ¢!(2),b(z), and Y (f,2) for f €
O(U), where

Y(f, Z ?_ Z’Ynzin
=0

n#0
The generators satisfy the following nontrivial OPEs:

i : 93 i\ 0ij
B0 W)~ 2 B w) ~ 2
2 f(w)
i Chk
F(2)f (w) ~ T
For another coordinate system ', ... 4! on U, the generators transform as follows:
S §2~47  gA™
L A gt i i
07 O O™ Oy"
05
0y =0y’ 977"
0
bl = bj_la—:yi,
i_ 07
=5

where we use Einstein summation convention.

2. VERTEX ALGEBRAS ARISING FROM CONGRUENCE SUBGROUPS

2.1. Chiral de Rham complex on the upper half plane. We apply the chiral de Rham
complex to the upper half-plane H, defined as

H:= {7 € C| Im(7) > 0},
and consider the vertex algebra of the global sections of the chiral de Rham complex on H:
QN (H) := Q1 ®cpy,] O(H).
For simplicity, we omit the upper index and write 8 = A%, v = ~', b = b!, and ¢ = ¢!. The

fractional linear transformations on H induce a right SL(2, R)-action on Q% (H) as vertex algebra
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automorphisms, given by

m(9)0y = ¥-1(Cy + D)2,
m(g)b=b_1(Cy + D), (2.1)
m(g)e = co(Cy+ D)2,

for any
A B
g = (C D) € SL(2,R). (2.2)

Note that equation (2.1) agrees with the coordinate transformation relations in Section 1.3. Con-
sidering the infinitesimal action, the embedding of sly into Q°"(H) is given by

Ews =B, Fr:pBy2:42:7v:cb:, H —2:8v:—2:¢cb:, (2.3)
which determines a representation of the affine Kac-Moody algebra ;[2 of level 0 [W, FF, FJ.

Let € be the vertex subalgebra of Q generated by 3,97, ¢, and b, which is also a topological
vertex algebra. The vertex algebra € admits a grading determined by the part of the four-tuple
of partitions, i.e.,

o =P, (2.4)
nez
where Q'[n] is the subspace of ' spanned by elements of part n. Since By acts as zero on ', the
operator H(g) is well-defined on Y. In fact, it is a semisimple operator, whose —2n-eigenspace is
isomorphic to '[n].

2.2. Cuspidal conditions. For convenience, we introduce the following notation. For any par-
tition A = (Ag,...,Aqg) with Ay > Ao > .-+ > Ay > 1, we define p(A\) = d. For any symbol
X € {B,7,b}, we denote by X_, the expression X_y, ---X_y,, and set c_) 1= c_\, 41" C_) 41
We call w = (A p,v,x) a four-tuple of partitions if A and x are partitions, while p and v are
partitions with distinct parts. The part of the four-tuple w is defined as

p(w) :== —p(A) + p(p) — p(v) + p(x)-

For any congruence subgroup I' C SL(2,7Z), we now define the cuspidal conditions on the T'-
invariant global sections. Let v be an arbitrary I'-invariant global section. For any rational number
a, we can choose p € SL(2,7Z) such that p(a) = co. Since the group p~'I'p acts from the right, the
element

m(p)v = Z Borc—pb—vy—yxfw

w:(A7/’L7V7X)

. . . . . . . . (1 N
is invariant under its action. Furthermore, since p~'T'p includes the translation matrix (0 1)

for some positive integer N, the element w(p)v is fixed by (é Jf) Using the following formula
1 N
™ 0 1 Z ﬁ—)\c—ub—u'y—xfw('w = Z B—Ac—ub—u')/—xfw(“/ + N)u
w=(\,u,v,X) w=(\,,v,X)
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we conclude that f,(v+ N) = fu(v) for any four-tuple w. Thus, we have the Fourier expansion
fw(’)/) _ Z uw<m>e27rim”y/N.
meZ
We say that v is holomorphic (resp. meromorphic) at the cusp a if, for any four-tuple w, u,,(m) =0

for m < 0 (resp. uy(m) = 0 for m < —N, for some positive integer N).

We denote by Q°P(H,T), resp. M(H,T), the space spanned by the T-invariant vectors in Q°"(H)
that are holomorphic, resp. meromorphic at all cusps. Both Q"(H,T) and M(H,T) are vertex
subalgebras of Q®(H). Similarly, by applying the purely even subsheaf of the chiral de Rham

complex (i.e., the chiral differential operators), we obtain the bosonic version of the construction,
denoted 2" (H, T).

2.3. Filtration induced by a semiorder. Recall that the set of four-tuples of partitions is
equipped with a semiorder determined by their part, given by

A vy x) > (Nl v )i p(A pv,x) < p(N il v x).
Using this, we define a family of free O(H)-submodules:
Wi := Spanc{B_rc_ b_,7—f(7) € QCh(H) | (A, v, x) > m}.

This defines an SL(2,R)-invariant decreasing filtration on Q"(H). The induced SL(2,R)-action
on the associated graded algebra gr W is significantly simplified. Specifically, for any g € SL(2,R)
as in (2.2), any function f € O(H), and any four-tuple (A, u, v, x) with part n, we have

77(9) (B_/\c,“b,l/yfxf(fy)) = ﬁ_)\c,ub,yﬁ/,X(C’y + D>_2nf<g'7) mod Wi 41.
We denote the induced filtration on M(H,T') by {W,,(T') }nez.

We recall that a weakly holomorphic modular form f(7) of weight k for T' is a holomorphic
function on H that satisfies the modular transformation property

f(gr) = (CT + D)*f(7)
for all g € T' and is meromorphic at all cusps. It follows that for any element in M(H,T), the

function determined by its leading term must be a weakly holomorphic modular form. In particular,
when considering the vertex algebras 2°"(H,T') and Q% (H, T'), we obtain modular forms.

3. MAIN THEOREM

We will summarize main theorems established in [D1, D2, DS].

Theorem 3.1. The character formulas of 2°*(H,T) and QCh(H T') are given as follows

0o 00 m-+n 1
>3 aim a0 [ 11 5
m=0n=0 Jj=1 -7

n m+n u v n—u

1 m-+n—u 1

Z S°S dim Moy (g mA2n+Lu(u—1)+Lo(v— 3)1—[ 1 inl_lqu 11
=1 k

— — gk _ ol
m,n=0u=0 v=0 1 q j= :11 4 =1 1 4

Theorem 3.1 presents character formulas for the vertex algebras 2°"(H, T') and Q" (H, I'), which
depend on the dimensions of spaces of modular forms of even weights. However, computing the
character in the meromorphic setting is not meaningful, as it includes the ring of modular functions
for the modular group—specifically, the polynomial ring generated by the Klein j-function—as a
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subspace of the weight 0 component, which is already infinite-dimensional. The following theorem
suggests a quantization of (weakly holomorphic) modular forms.

Theorem 3.2. Let M} (T) denote the space of weakly holomorphic modular forms of weight n for
I'. There exists a short exact sequence

0 — W1 (T) — Wy(T) — @'[n] ® Mj,(I') — 0,
where the second map is an embedding, and the third map is a quotient projection.

We introduce a locally nilpotent operator which acts on the space of operators on the global
sections determined by

D(T) = [F(o), T| + [H (o), T]v0, for any operator 7.
The following theorem gives a construction of a linear basis of QP (H, T).

Theorem 3.3. Let M, (T") denote the space of modular forms of weight n for T'. For any four-tuple
of partitions w = (\, p, v, x) with p(w) = n and any f € Mo, ('), we define the element L(w, f) as
follows:

(1) Casen > 0:

Lw, f) == Z:O — (S’Bs)l 1)!Dm(ﬁ_,\c_ﬂb_1/y_x) FM () € Q*(H, T). (3.1)

(2) Case n =0:

‘ T ~— 1 . (m—1)
L(w,1) = Brc—pb-vy—1 + = > mD (Voxe—pb—vy— ) B3 () (3.2)

€ QN(H, SL(2,7)).

(8) Basis Property: The set of elements L(w, f), where n runs over all non-negative integers,
f runs through a basis of M2, (L), and w runs through all four-tuples with p(w) = n, forms
a linear basis of QM(H,T).

With the basis provided in Theorem 3.3, we can demonstrate that the vertex operations on the
basis elements are closely related to the Rankin-Cohen brackets of modular forms. For modular
forms f1 of weight k and fy of weight [, the n-th Rankin-Cohen bracket [f1, fao] (with n > 0) is a
modular form of weight k + [ + 2n. While the Rankin-Cohen brackets for modular forms f; and fs
of positive weights correspond well to the vertex operations L(w, f1))L(v, f2), when one of f; or
f2 has weight 0, we must modify the Rankin-Cohen brackets as follows:

For n > 0 and f € My(I') with & > 0, we define
n -+ k — (7‘—1) (5) 1 (n)
1.5 =g 2 Co (")) (T T 00+ gm0, 6

r+s=n
1<r<n

and for [1, 1], we define

0 = g X GO () () E 0RO+ g o)
1<r<n-—1 (34)



With these modifications to the Rankin-Cohen brackets as in (3.3) and (3.4), we obtain the
following theorem, which provides a precise description of the relationship between Rankin-Cohen
brackets and vertex algebras, as conjectured by Eholzer, Manin, and Zagier in 1994 [Z].

Theorem 3.4. For modular forms fi € Moy (L), fo € My(T), and any four-tuples w = (A1, pi1, V1, X1),
v = (Aa, pa, V2, x2) with parts k and 1, respectively, we have

L(w, 1) L(v, f2) = Z Coro,u L (U [flﬂfQ];(u)—p(w)—p(v))7 (3.5)
u=(Ap,05x)
where cy, ,, ., 15 a constant determined by n and the four-tuples w, v, and u.

By Theorem 3.4, we can show that the vertex algebra SZCh(H, I') is generally not simple, as the
subspace spanned by the liftings of modular forms of positive weight forms a vertex algebra ideal.
However, by relaxing the cuspidal conditions, we demonstrate that the meromorphic analogue of
our construction always yields a simple vertex algebra.

Theorem 3.5. The vertex algebra M(H,T') is simple for any congruence subgroup T'.
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