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Abstract

In this note, we establish several useful identities between the eigenvalues, dual
eigenvalues, and intersection numbers of bipartite coherent configurations.

1 Introduction

Bipartite coherent configurations, introduced in [3], are a form of coherent configuration
with an especially strong algebraic structure, similar to that of association schemes. In this
note, we establish several useful identities relating the parameters of bipartite coherent
configurations. This is in analogue to the basic properties of association schemes that
can be found in [1] or [2]. Several of these properties were shown previously for bipartite
coherent configurations [3] or a more general class of coherent configurations [4], but we
collect them here for completeness.

In what follows, we will let I be the identity matrix and J be the matrix of all-
ones, with subscripts indicating the dimensions. We will denote Schur, or point-wise,
multiplication by o. For a matrix A, let 7(A) denote the sum of the entries. We will be
making frequent use of the identity that for matrices A, B of the same dimension,

7(Ao B) =tr(AB") = tr(B"A).

2 Definition

Let 8 and v be sets and let ¢g,1,, and 5, be positive integers. Let {Xo, e ,Xtﬁ} be a

set of |3| x |8] Ol-matrices. Similarly, let {Yp,...,Y; } be a set of || x |y| 01-matrices,
and let { Ny, ... >Ntﬂw} be a set of |3] x |y| 01-matrices. Let

X, 0\"” 0 0\\" 0 N\ " 0 0\
e={(v o)}, Ui v)f Ui &), Uil o))
0 0 z:oU 0Y; j:OU 0 O h:lU NF 0 et

We say that C forms a bipartite coherent configuration if it satisfies the following:

(C1) The matrices Xo = Ig and Yy = I,
(C2)

ZM:J;
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(C3) For all M € C, we have M7 € C.
(C4) For all My, M, € C, we have M; M, € span(C) ;
(C5) For all 1 <14,j < tg,, we have

N;N = N;N/

and
(C6) The set
{N;:N} 1 <i,j<tg,}U{I}
spans {X; : 0 <i <tz} and

{NIN;:1<i,j<tg,}U{l}
spans {Y; : 0 <i <t,}.

Note that {XO, e ,Xtﬁ} and {Yo, e ,th} form association schemes. When restricted
to association schemes, the results in this note are well known and can be found, for
instance, in [1, 2].

Bipartite coherent configurations were defined in [3], which also established the follow-
ing result.

2.1 Theorem. Let C be a bipartite coherent configuration. Then span(C) has a second
basis

L; 0" 0o 0\" o D)\ o o\
5={(s o)) Uil n)f UL 9}, Ullor o)}
0 0 z‘:OU 0 R; j:()U 0 O b0 U D, 0 b0
where for all 0 < r < tg, we have LT = L, and for all 0 < r < t,, we have Rl = R,

further satisfying:

(D1) For all 0 <r,s <tg, we have

LrLs = 57‘er
and for all 0 <r,s <t,, we have
RTRS - 6rsRT;
_ 1 _ 1 _ 1 .
(DZ) LO = WJB’ DO = mejﬁﬁ, and Ro = mejy,
(D3)
2]
Y Lo=1I
r=0
and

ty
Z R, =1,
r=0
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(D4) For all 0 < r <tg, — 1, we have L, = D, D} and R, = DI D,; and
(D5) For all My, My € B, we have My o M, € B.

We can think of a bipartite coherent configuration as a collection of two-by-two block
matrices, and is convenient to work with the bipartite coherent configuration block-wise.
With some abuse of notation, we will refer to the matrices N; as being “in” C, even though

more accurately it’s the matrix (g ]g’) € C, and similarly for the other blocks and for

the dual basis D.

When we give identities using the Schur product, we will only give the proof in terms
of the N; and D,, with the understanding that not only do the same proofs hold for the
other blocks, but that they are also standard results on association schemes.

Ordinary matrix multiplication is slightly more involved, and splits into four cases,
which we will differentiate using matrices in C.

(i) X;X; or equivalently Y;Y;
(ii) X;N; or equivalently Y; N
(iii) N;Y; or equivalently N/ X;
(iv) N;NJ or equivalently Nj'N;

Case (i) again reduces to known results on association schemes. Cases (ii) and (iii)
are very similar, though there will occasionally be subtle differences. The emphasis for
this note is to establish the results on cases (ii) or (iii) and (iv), with the understanding
that the remaining cases follow easily.

3 Orthogonality

Under Schur multiplication, the matrices in C are pairwise orthogonal idempotents. Under
ordinary matrix multiplication, (D1) tells us that L, and R, are each sets of pairwise
orthogonal idempotents and (D4) tells us that there is a close relationship between the
D, and the L, or R,. This relationship is sufficient to establish the remaining cases for
orthogonality.

3.1 Lemma. For all 0 <r <t{gand 0 < s <1, — 1, we have
L.Ds = 0,5Ds.
Proof. By (D4) and (D1), we have
L.D,D'L, = L.L,L, =6,,L,.
If 7 # s, then since (L, D,)(L,D,)" = 0, it follows that L,D, = 0. Then by (D3), we

see that
g

L,D, =) L,D, =1I3D, =D,. O

s=0



3.2 Lemma. For all 0 < r,s <tg, — 1 we have
D, D = Op.sLy.
Proof. By (D4), we know that D, DI = L,, so suppose r # s. Then we have
(p,D7)(D,DT)" = D.DTD,DT = D,R,DT =0

by Lemma 3.1, which implies D,DT = 0. |

Suda [4] worked with a class of coherent configurations where there is a second distin-
guished basis with special properties. For bipartite coherent configurations, two of these
properties are implicit in the set-up of the dual basis D and one of them is equivalent

o (D2). The last condition, related to orthogonality, is equivalent to (D1) combined with
Lemma 3.1 and 3.2.

4 Dual Eigenvalues

Schur multiplication preserves the block structure of a bipartite coherent configuration in
a more straightforward way than ordinary matrix multiplication. Thus, in defining how
to switch from one basis to another, it is convenient to begin by expressing the elements
of the spectral basis D in terms of the Schur basis C.

Since {Nl, e ,Ntm} spans {DO, .. Dtm_l} , for any 0 < i <{g, — 1, we know there
exist coefficients Q'fz, e ’8 ) ; such that

tay

D= \/|_ﬁ| 2 QN

The coefficients Qf’ T are called the dual eigenvalues associated to f~y. By taking transposes,
we see that the eigenvalues associated to 73 are equivalent to the eigenvalues associated

to 6.
In the same way, the eigenvalues associated to 8 and ~ respectively are the coefficients

such that
L, Q
=52 Z

Iy

o |w|ZQ“”

Since the N; are pairwise orthogonal idempotents under Schur multiplication, it follows
that for any 0 <r <tg, —1 and 1 <17 < tg, we must have

and

18y
\/|B||7 Z IBII |
Analogously,
1
LooX;,=—Q X 4.2
TN “2)



and 1
R, oY, = —Q.Y,.

| | 2,7
We define the multiplicity relative to 3 by m? = tr(L,). As a special consequence of
Equation 4.2, we have
1

mP = 7(L; o Xy) :T(w'

Qg,iXO) = Qg,z"
Similarly, the multiplicity relative to ~ is

m) = tr(R,) = Qg,z

T

A useful fact in linear algebra is that for any matrix B, the matrices BB? and BT B
share nonzero eigenvalues with multiplicity. Thus (D4) tells us that for 0 < r < tg, — 1,
the multiplicities m? = m]. It will be helpful to let m?? to be this common quantity to
emphasize that it independent of the specific choice of 8 or 7.

5 Eigenvalues

The eigenvalues associated to B, 5, or v are given by, respectively

tgy—1

N; = ZO P D,,

or

ty
Y, = ; P)R,.

Let 0 <i<tgand 0 <r <{g,— 1. Then by Lemma 3.1 we have
to
XD, =Y PlL.D, = P/D,. (5.1)
s=0

The same argument gives us that for 0 < i <1z, and 0 <r <1z, — 1, we have
N;R, = PID,. (5.2)

There is a nuance here that if » > t4,, the matrix D, and eigenvalues Pf . are not defined.

It can be notationally convenient to set Dy = 0 and Pﬁ ;=0 for all s > tg, so we can
extend Equation 5.2 to all 0 < r <{5.
Let 0 <i <tgy, and 0 <r <tg, — 1. Then Lemma 3.2 tells us that

tgy—1

N;DI'= > PYD.Df = P L,. (5.3)
s=0
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Combining Equation 5.3 and (D2), we see that

1 1
————N,J, = N;D§ = PyILy = —P)Js,
V1B ’ 5]
so IN; has constant row sum
il iy (5.4)

81"

For 1 <i <tg,, the valency associated to 37y, denoted kzm, is the row sum of ;.
The valency associated to v/ is the column sum of N;, and is given by

k7 = W'Pgﬂ.
’ Iy

6 Useful Identities

The following result gives an an analogue of a subset of conditions of Lemma 2. 2. 1 of [2].

6.1 Proposition. The eigenvalues and dual eigenvalues of a bipartite coherent configu-
ration associated to [~y satisfy:

i) For 1 <1i < tg.,, we have
By

Q’go =1
(ii) For 1 <i <tg,, we have
POBT/ _ 151 kﬁ’y
! il

(iii) For 0 <r <tg, —1 and 1 <i < tg,, we have

,B’Y Pﬁ’W Pg’y Q

27‘7

(iv) For 1 <i,j < tg,, we have

tgy—1

Z mﬁ’YP/BWP/BW _ O” |B| k‘fv;

ritorg

(v) For 0 <r,s <tg, — 1, we have

tay
D RIQUQT = sl m”
i=1

(vi) For 0 <r <tg, —1 and 1 <1i <tg,, we have

P < P




(vii) For 0 <r <tg, and 1 < i <tg,, we have

Q<

Proof. We already saw (ii) in Equation 5.4.
For (i), Equation 4.1 and (D2) gives us

1 1
————QIN; =Dy o N,

= _________j\27
VIBIhl VI8l

so we must have Qf g=1L
To show (iii), we combine Equation 4.1 and Equation 5.3 to see that

161

m P] = te(NiD}) = 7(D; 0 N;) = ———=Q[I7(N)) = [ = kQ).
Vv Iﬁl ] el
and so (iii) follows from (ii).
For (iv), we have that
tr(N;N]) = 7(Ni o N;) = |B| k76, ;. (6.1)

We can also write N; N ]T in the other basis to see that

tpy—Lltpy— tgy—
tr(V;N7) = (Z Z P PIID, D! ) Z m P Py (6.2)

r=0 s=0

by Lemma 3.2. Then combining Equation 6.1 with Equation 6.2 gives us (iv).
We can show (v) in a similar way, since

lay Ly

S = 7(Dr0 D) = 1z lZQ%ﬁ” |ZQB”QfZ k.

To see (vi), we observe that Pff ; is indeed an eigenvalue of the matrix

0 N,
NP o0 )
Then (vii) follows from (vi) and (iii). m

Identities (i) and (ii), and (v) were previously shown in [3]. Identities (i), (ii), (iii),
and (iv) were also proved in a more general setting in Propositions A. 4 and A. 4 of [4].
The following result will also be useful.

6.2 Proposition. The eigenvalues and dual eigenvalues associated to a bipartite coherent
configuration satisfy:

(a) For all 1 <1i,j < tg,, we have

tgy—1

V1Bl = > Q1P
r=0



(b) For all 0 <r,s <tg, — 1, we have

toy

i=1

Proof. We have

tpy—1 tgy—1 tgy
N; = /3“/ D, = B’YN

X BIP e 2 L

from which (a) follows. Similarly,
8y iy tpy—
Dr Q 2 Qzﬁz 577
\/|5||7 Z \/|5|| 221: ;

giving us (b). m

This can also be shown in terms of eigenmatrices and dual eigenmatrices as done in [3]
and in a more general setting in [4].

7 Intersection Numbers

y (C4), we know there exist coefficients, called intersection numbers, such that for
0<i<tgand 1l <j<tg, we have

Ly

XN mezgl 1Nh

Similarly, for 1 <¢ <tg, and 0 < 5 <t¢, we have

toy

N;Y; = Zf%? 12N
for 0 <1i,5 <tz we have

XX ZSQZ 2]Xha

and for 1 <14, j <15, we have

2622 1,2j-1X.

Note =0 for all h > tg if h is even and h > tg, if h is odd.

The correspondmg intersection numbers for 7 are defined analogously by o e

The notation used is heavily inspired by distance-biregular graphs, as discussed in Sec-
tion 4 of [3]. In the more general context of bipartite coherent configurations, representing
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the various intersection numbers using parity loses its combinatorial interpretation, but
retains the advantage of reducing the number of parameters that are written.

We now relate the intersection numbers to eigenvalues by extending more of Lemma 2. 2. 1
of [2] to bipartite coherent configurations.

7.1 Proposition. The intersection numbers, eigenvalues, and dual eigenvalues of a bi-
partite coherent configuration associated to [~ satisfy:

(i) For 0 <r <tg, —1,1<i<tg, and 0 < j <tg, we have

tpy

,37 P 2h—1
P ,] 522 1,25 rh’

(ii) For 0 <r <tg, —1and 1 <i,j <tg,, we have

Prﬁ] rﬁ] ZSQZ 1,2j—1 rhv
(iii) For 1 <i,j <tgy, and 0 <r < tg, — 1 we have

,6’7 ngzj 112h hr;

(iv) For 1 <i<tg,, 0 <j <tg, and 0 <r <tg, — 1 we have

Loy

18] 8
Q = Z £2i71,2h71 h7r§
I =

Proof. For (i), we consider N;Y;. By Equation 5.2 and the corresponding analogue of
Equation 5.1, we have

N;Y;D! = P1,N;DI = P?P}. D! (7.1)
By the definition of intersection numbers and Equation 5.2 we have
12:5%
T 2h—1  phy T
NY;Df = &y, Ph D] (7.2)
h=1

Then (i) comes from combining Equation 7.1 and Equation 7.2.
In a similar way, we have

P?f;/PfijT_ NTL _Z§2z 1215,

establishing (ii).



To prove (iii), consider N;R, o N;. From Equation 5.2 and Equation 4.1 we have
1

V1B

On the other hand, writing R, in the basis of Schur idempotents and using the defini-
tion of intersection numbers gives us

NiR,oN; =P)'D,oN; = PIQIIN;. (7.3)

1y 1y
1 _
NiR, o N; = o @D Gl N0 Ny = | Z QF &7 on N (7.4)
h=0 =1

Combining Equations 7.3 and 7.4 gives us (iii).
In a similar way, we have

oy
\/W Z ngﬂfm 1,2h— 1

establishing (iv). m

mPﬁ]Qﬁx N, DF o X; =

The subtle difference between considering N; R, o N; and X;D, o N; leads to a slightly
different version of (iii).

7.2 Corollary. For 1 <1 <tg, j <tg,, and 0 <r < tg, — 1 we have

tgy

52] 1
2i,2h—1 h'r
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