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1. INTRODUCTION

In [2], Lam and Shimakura proposed new methods for constructing a lattice. One of
the constructions is called Construction A.

Let p be a prime and let C, D be self-orthogonal codes of length k£ over IF,. In this
article, we address the following problem:

La(C) 2 Ly(D) —= C =D, (1.1)

where L4(C) and L4(D) are Construction A by Lam-Shimakura ([2]).
Here, code equivalence between C' and D means that there exists

fe(si|1<i<k): Sy,

where s; acts on IF’; as —1 on the i-th coordinate and as 1 on the other coordinates, and
each element of the symmetric group S, induces a permutation of the coordinates. We
call (1.1) isomorphism problems for Construction A.

In [1, 3], the problem (1.1) for the case p = 2 was proved. In this article, we prove (1.1)
for the case p = 3.

2. PRELIMINARIES

2.1. Definition of Construction A. According to [2, Section 4], we introduce the def-
inition of Construction A. Let

Ay ={z=(r1,29,...,2,) €EZ" |21 + 29 + - - - + 2, = 0}.
This is a standard realization of the root lattice A, _1. Let €1,e9,...,&, be the canonical
basis of R” and let a; = ¢; —¢g;41 for 1 <4 <n—1. Note that ay,as, ..., a,_1 is a base of
the root system of the root lattice A,,_;. We define the vectors €, (1 <i < n) as follows:

1

8; = —E(€1+82+"'+82‘_1 — (n— 1)5i+5i+1+"'+5n)-

Note that €],¢), ...,/ is a basis of the dual lattice A* ; and
A:;_l/An—l = <8,1 + An_1> = Zn

Moreover, by direct calculations, we have
n—1 1
(€5 1) =

and (g, ¢;) = - for i # ;.

Let p be a prime and let C be a self-orthogonal code of length £ over F,. Then we can
identify C' C ZF with a subset of (A%_ /A, )" = ZF. Let 7 : (A5_)F — (A% /A,_1)" be
the canonical map. Then Construction A L4(C) from C is defined as follows:

L(C) - 7 H0).




3. A,-FRAMES OF LATTICES

In this section, we define an A, -frame of lattices.

Definition 3.1. Let L be a lattice. A finite subset F' of L is called an A, -frame of L if
the following hold:

(i) F=FUFU---UF, (disjoint union) and F; L F} if i # j.

(ii) For each i, F; forms a root system of type A,.
(iii) rank L = mn.

Let p be a prime and let C' be a self-orthogonal code of length k over F,. Next, we
consider A, _;-frames of L4(C). Let R be k copies of the root lattice A,_;. For a lattice
L, the symbol L(2) denotes the set of all roots of L. By the definition of L4(C), we
have R(2) C L4(C). Hence, R(2) is an A, ;-frame of L4(C). R(2) is called the standard
A,_1-frame of La(C).

4. PROOF OF ISOMORPHISM PROBLEMS FOR CONSTRUCTION A

In this section, we prove (1.1) for the case p = 3. Let R = Ay & Ay & Ay and let
A€ R*(2)\ R(2). Let X ={0,—ay,—a; — az} and Xy = {—2a7 — ag, —a1, —ag — an},
where a; and oy are simple roots of the root system A,(2) described in Section 2. By
direct calculations, we see that A is expressed as

/ / /
A= (6151 + Ty, C28&; + T2, C3&; + l’g),

where ¢; € {1,2} and z; € X,.
The following lemma is a characterization of the root lattice Fg.

Lemma 4.1. Let L be a lattice. Then the following conditions (i) and (ii) hold if and
only if L = Fg.

(i) L is even and rank L = 6.

(ii) |L*/L| =3 and #L(2) = 72.

Proof. Clearly, if L = Fjg, then the conditions (i) and (ii) hold. Conversely, we suppose
that the conditions (i) and (ii) hold. Since L is even, L(2) forms a simply laced root
system. Since rank L = 6, the all possibilities of L(2) are the following:

Ag, Dg, Eg, As D A1, Ds ® A1, Dy® Ay, Ay® Ag, Ay A3, Dy A3, A3, As© Ay D Ay, A3 ®
A:fv Agv A% D A%, AQ D Ailv A(f

Since #L(2) = 72, L(2) forms a root system of type Eg. Since |L*/L| = 3, we have
|L/(L(2))] =1, that is, L = (L(2)) = Eg. O

By the above lemma, we have the following proposition.
Proposition 4.2. Let A € R*(2) \ R(2). Then we have ZA + R = Ej as lattices.

Proof. Let Ly = Z\+ R. We prove that L, satisfies the conditions (i) and (ii) in Lemma
4.1. By the definition of L), we have rank Ly = 6. Moreover, since the squared norm of
A is two, Ly is even. Since |Ly/R| =3 and |R*/R| = 3*, we have |L5/L,| = 3.

Finally, we prove that #L,(2) = 72. Let A = (¢1€), c2¢], c3e]) mod R, where ¢; €
{1,2}. For each coordinate and each ¢;, we can choose vectors ¢;e} +x; having the squared
norm 2/3, where z; € X,,. Since #X; =3 fori=1,2and Ly =RUA+ R)U(=A+ R)
(disjoint union), we have

#L\(2) =#R(2)+#AN+ R)(2) + #(—A+ R)(2) = 18+ 27+ 27 = T72.
Hence, by Lemma 4.1, we have L) = FEj. U



Let Lg, = {L | L is a sublattice of R* such that R C L and L = Eg}. By the definition
of Lg,, we have the following proposition:

Proposition 4.3. If L € Lg,, then there exists A € R*(2) \ R(2) such that L = Z\ + R.

The automorphism group Aut(R) of the lattice R acts on R*(2)\ R(2). Next, we prove
the transitivity of the action by Aut(R).

Proposition 4.4. Aut(R) acts transitively on R*(2) \ R(2).
Proof. Recall that
R*(2) \ R(2) = {(616,1 + x1, 626/1 + Zo, 636,1 + $5) | c; € {1, 2}, T; € Xcz.},

where X; = {0, —a;, —ay — az} and Xy = {—2a; — ag, —ay, —a; — az}. Let 7, be the
reflection induced by a vector z and let o : Ay — Ay be the map defined by aq — a5 and
as — ay. Let X| = ¢} 4+ X, and X} = 2] + X,. Then we can identify the group (rq,, ra,)
with the symmetric groups of X and we have o(X}) = X/. Since 74,,7a,, 0 € Aut(Ay),
we have the desired result. U

By Propositions 4.3 and 4.4, we have the following proposition:
Proposition 4.5. Aut(R) acts transitively on Lg,.

Let \g = (e7,¢!,€]) € R*(2) \ R(2) and let L € Lg,. Then Aut(L) acts on the set of
all Ag-frames of L. The following proposition describes the transitivity of the action.

Proposition 4.6. Aut(L) acts transitively on the set of all As-frames of L

Proof. By Proposition 4.3, if L € Lg,, then there exists A € R*(2) \ R(2) such that
L =7XA+ R. Let Fy = R(2) and let F' be an Ay-frame of L. We prove that there exists
o € Aut(L) such that o(F) = F,. To prove this, we use induction on #(F N Fpy). Let
f e F\ Fy. Since f € R*(2) \ R(2), by Proposition 4.4, we may assume that f = \.
Let F'=F L Fy, L Fyand Ay € F;. The symbols o} and o) denote the simple roots a;
and ay of i-th Ay, respectively. Since (A, a}) = 1, (Ao, a4) = 0 for i = 1,2, 3 and since F}
forms a root system of type As, we see that there exists i € {1,2,3} such that

FiNR(2) = {£X, Fai, £(Xo — &)}, {FXo, £(a} + ab), (N — af — ab)}.
By considering the reflection r,; € Aut(L), we may assume that

FiNR(2) = {£Xg, £a), £ (X0 — a)) }-
Since F}, L Fy if k # [ and since Fy, forms a root system of type A, for each k, we see that
FyNR(2) C {+ay } fordy € {1,2,3}\{i} and F3NR(2) C {Fay'} foriy € {1,2,3}\{7,41}.
By direct calculations, we see that o}, o4, and ay are fixed points of the reflection
Tro—ai—ay € Aut(L), where iy € {1,2,3}\ {i} and iy € {1,2,3}\ {7,i1}. Moreover, since
Txo—al—al(Ao) = al + aj, we see that

#(rrg—at—ay (F)) N Fo) > #(F N Fy).
Hence, by the induction hypothesis, we have the desired result. Il

By Proposition 4.6, we have the following proposition:

Proposition 4.7. Let C be a self-orthogonal code over Fs. Then Aut(L(C)) acts tran-

sitively on the set of all Ay-frames of La(C).
3



Let C and D be self-orthogonal codes of same length over Fs. If L,(C) = La(D)
as lattices, then there exists isomorphism ¢ : La(C) — La(D). Then ¢(Fp) is an As-
frame of L4(D), where Fy is the standard As-frame of L4(C'). By Proposition 4.7, there
exists o € Aut(L4(C)) such that o(p(Fp)) is the standard As-frame of L4(D). Hence we
have the desired code equivalence between C' and D. Therefore, we have the following
proposition:

Proposition 4.8. Let C' and D be self-orthogonal codes of same length over F3. Then
the following holds:
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