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Abstract

Deep Reinforcement Learning (DRL) has been actively studied and applied in practice
in recent years as an effective approach for constructing option hedging strategies in incom-
plete and frictional financial markets. DRL provides a data-driven framework that can learn
optimal hedging strategies directly from simulations or past market trajectories, unlike tra-
ditional model-based methods that rely on specific processes related to market dynamics.
On the other hand, because the strategies are derived through deep learning using complex
neural networks, they are treated as black boxes, and various issues remain regarding the
explainability and interpretation of the model, as well as generalization performance and
range of application. In this study, we investigate the robustness and generalizability of
DRL-based option hedging strategies under various market conditions and provides insight

into the explainability of the models required in practice.

1 Introduction

In recent years, reinforcement learning, a branch of machine learning, has been actively applied
in the financial field, primarily in areas such as portfolio optimization, options trading, and algo-
rithmic trading. Reinforcement learning aims to develop a strategy that maximizes cumulative
rewards by an agent, which determines its actions over time to achieve a goal, to learn while
interacting with the environment. Furthermore, model-free (reinforcement learning) approaches,
particularly those using neural networks, have been explored and implemented to derive more
appropriate (practical) option hedging strategies. Deep reinforcement learning (especially DQN,
which we use here) faces several issues: stability, learning efficiency and convergence speed, and
behavioral appropriateness. We investigate whether frameworks that improve these capabili-
ties (especially Double DQN, Dueling Network, and Prioritized Experience Replay) are more
generalizable and adaptability to a wider range of applications. These are thought to primar-
ily represent improvements in learning techniques, learning structures, and sampling methods.
While these approaches improve generalization, they also require a balance with adaptation,
particularly for Dueling Networks, due to their limited adaptability. In this paper, we examine
the usefulness of these DQNs in deriving hedging strategies for options, particularly European

call options.
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The remainder of this paper is organized as follows. We provide a general discussion on
deriving option hedging strategies using reinforcement learning in Section 2, and Section 3
introduces existing research on applications to deep learning. Section 4 discusses improvements

to option hedging problems using DQNs. Finally, we conclude this paper.

2 Option hedging using reinforcement learning

Throughout this paper, an agent is defined as an entity that makes decisions about actions
over time to achieve a goal. Reinforcement learning involves an agent learning as it interacts
with the environment, constructing a policy that maximizes the value of its cumulative reward.
While supervised learning provides the agent with the correct action or answer based on data,
reinforcement learning does not instruct the agent on what action to take; instead, the agent
finds the action that maximizes the reward through trial and error. Hereinafter, the current
state of the environment will be denoted as s(.5), the action selected by the agent as a(A), and
the feedback received from the environment based on the agent’s actions as r(R). Reinforcement
learning can be divided into model-based approaches, in which the agent learns a model of the
environment’s behavior (e.g., state transition function and reward function) to predict future
states and rewards, and model-free approaches, in which the agent does not learn a model of the
environment’s behavior but instead learns optimal actions through actual interaction with the
environment. Furthermore, there are value-based algorithms, which predict how much reward
each state will bring in the future and select actions with the highest value. There are also
policy-based algorithms, in which the agent learns a specific behavioral strategy (policy) and
optimizes that policy to maximize the cumulative reward obtained from the environment. There
is also a hybrid approach called actor-critic. In this paper, we consider value-based algorithms,

in which the agent learns the value of each state and state-action pair.

2.1 Value-Based algorithm

The cumulative reward from time ¢ through T is expressed as

Tt
Gy = Z’YthJrkH, (2.1)
k=0

where v € (0,1) is the discount rate for future rewards.
The state value V(s) at time t is the expected cumulative reward obtained by the agent

when the initial state is s, and is expressed as follows:
V(s) = E[G¢|So = s]. (2.2)

Action value Q(s, a) indicates the expected cumulative reward obtained when action a is selected

in state s, and is expressed as follows:

Q(s,a) = E[G¢|So = s, Ag = a]. (2.3)



Both the state value function and the action value function assume the Markov property, so
only the initial state and initial action are conditions(The evaluation begins at time ¢ = 0). In
what follows, we define the Q-learning agent and SARSA agent, with « as the learning rate.

The Q-learning agent uses the maximum Q-value for the next state and updates it using,

Q(St, Ap) < Q(St, Ap) + « (Rt+1 +ymaxQ(Set1,a) — Q(SuAt)) : (2.4)

In other words, it takes an action that transitions to the state with the highest value.
On the other hand, agents following the SARSA method (SARSA agents) use the Q-value

obtained from the actual action chosen in the next state and update their Q-values using,

Q(St, Ap) + Q(St, Ap) + a (Re1 + vQ(Sps1, Arr1) — Q(St, Ay)) - (2.5)

In this case, actions are determined according to the strategy.
The learning rate a represents the influence of new information in updating the Q-value. A
high value significantly reflects new information in the evaluation, but it also directly affects the

update, resulting in poor generalization. Furthermore,

Ay = Ry +vQ(Sey1, Atg1) — Q(St, Ay) (2.6)

is called the temporal difference error (TD error) because it is the difference between the pre-
dicted value of the state at different time steps. In addition, since Q-learning and SARSA
are learning methods that use TD errors, they are both called TD learning, and the process
of learning the optimal policy and updating the Q function is called TD control. Therefore,
Q-learning is an off-policy TD control because it updates by optimizing regardless of the policy,
while SARSA is an on-policy TD control.

Next, the e-greedy method is a method of searching for the optimal action by probabilistically
selecting the probability that the agent will select it, and then selecting the action considered
optimal based on the remaining probability. This method is used to prevent the agent from
falling into a local optimum, thereby improving learning stability by balancing “exploration”

and “exploitation.” The e-greedy policy 7 is expressed as follows:

a (u<e)

arginaxQ(S, a) (u>e) (2.7)

Te =

where u is a random variable (u ~ U(0, 1)) uniformly distributed between 0 and 1, and € € (0, 1)
is a real number (hyperparameter). It is often scheduled to decay from an initial value of 1 at

a specific decay rate as it learns.

2.2 Option Hedging Strategy

Based on [3], we present the derivation of the most basic Q-learning options hedging strategy
(a strategy that hedges risk by using options trading to take positions to prevent losses due to

price fluctuations). This strategy can be used to respond to large declines in asset prices and
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Figure 1: Stability and Convergence of Q-learning and SARSA Learning at a Learning Rate of
a=09

sudden changes in volatility. We assume the dynamics of the underlying asset price P to follow

the geometric Brownian motion,
dPt = ,U,Ptdt + O'Ptth (28)

where the constants p and o represent drift and volatility, and W represents standard Brownian
motion. In the BSM model, under the assumption that transactions are continuous and cost-free,
the price of a European call option with maturity T at time ¢ is explicitly obtained, and delta

is given as a delta hedging strategy,g—g = N(dy), where N is the standard normal distribution

In(2)+(r+102)(T—t)
ovVT—t

and risk-free interest rate, respectively. As an example, Figure 1 shows the difference in stability

function and d; = , moreover K and r represent the call option strike price

and convergence of learning between Q-learning and SARSA. For simplicity, the initial value of
the underlying asset price following naturalized Brownian motion is set to 100, and the system
is trained 500 times to hedge once per day for 250 days. With a large learning rate like the one

shown in the figure, learning progresses quickly but becomes unstable.

3 Options hedging strategy with neural network

In this section, we present a Furopean call option hedging strategy based on the Deep QQ Net-
work(DQN) by [2] and Deep Hedging by [1].

3.1 DQN

A technique called Experience Replay is often used, in which samples are stored in a buffer and

multiple samples are extracted from there to perform mini-batch learning (see PER), because



the samples obtained by the agent have a strong correlation over time. For other various ideas,
see [8]. As a formula, let L(€) be the loss function, and find a that satisfies the following:

L(O)=E E (Resr +1maxQy (Siara) — QoS At)>2] . (3.1)

3.2 Deep hedging

Deep hedging measures the cost associated with hedging using a scale based on convex risk
and approximates a function that minimizes this using a neural network. Although it is not
strictly speaking a reinforcement learning method, since the research by [1] in 2019, it has
been widely referenced in both academic and practical fields as a problem for deriving hedging
strategies using neural networks. Generally, learning proceeds by setting the underlying asset
price process and simulating. As for the price model followed by the underlying asset, [1] uses a
stochastic volatility model (Heston model), [7] uses a rough volatility model, and [6] propose a
deep hedging model that does not use the underlying asset price process. For a single underlying
asset, transactions are possible at discrete time points 0 < --- < t < --- < T, with the asset
price denoted as P.

Let 0 = {0; }o<t<7 denote the agent’s holdings of the asset at each time step, with the current
time set as 0. The value of a European call option with strike price K at maturity is given by the
max function: Z = max{Pr — K,0} . Furthermore, we consider using only the underlying asset
as a hedging instrument. Under this setting, the profit or loss PLr from hedging at maturity

when taking a short position in this option is:

T-1 T—-1
PL(Zr),P.8) = —Zp+po+ Y _ 6(Pey1 — P) = > (6 — 64-1) (3.2)
t=0 t=0

where pg is the selling price of this call option. The third term on the right-hand side of this
equation (3.2) represents the cumulative hedging profit/loss, while the fourth term represents
transaction costs in response to the trading volume at each time point, moreover we assume
op =0_1=0.

Next, the loss function [(9) is given by

1(6) = p(PLr(Zr, P,9)), (3.3)

where p is a convex risk measure that has the following characteristics: 1) monotonically decreas-
ing, 2) convexity, and 3) cash invariance. Deep Hedging is a problem of finding a hedging strategy

that is the solution to the convex risk minimization problem 6* = argminp((PLr(Zr, P, 9)).
5

While various convex risk measures can be considered, here we use Conditional VaR (CVaR)
as the loss function. This CVaR represents the expected value of large losses occurring with a
probability of 100 x 5%(8 € (0,1)). Let X be the random variable representing profit/loss, and
let VaRs(X) as the lower 100 x 5% percentile of its distribution,

p(X) = E[-X| - X > VaRs(X)] (3.4)

is defined.



In order to align the profit and loss indicators with DQN, a simulation was performed for
Deep Hedging using the profit and loss amount directly rather than CVaR. Deep Hedging tended
to be slightly more accurate, but no major differences were observed. On the other hand, DQN
requires a considerable amount of time for calculations as the number of epochs increases and the

calculations become larger in scale, so improvements in computational efficiency are desirable.

4 Improving option hedging strategies using DQN

From here, we will consider improving the performance of the option hedging strategy by im-
proving DQN, as well as generalization and adaptation. In [5], an application of Q-learning
using neural networks is introduced, which simultaneously incorporates seven improved DQN,
Double DQN, Dueling Network, Prioritized Experience Replay(PER), Noisy Network, Multi-
step learning, and Categorical(Distributional) DQN, and then performance improvements are
reported. Here, in order to clarify the difference from the perspective of option generaliz ation
and adaptation, we will consider the hedging error when considering the original DQN, espe-
cially “Double DQN”, “Dueling Network”, and “PER”. When DQN seeks training accuracy,
the calculation time required increases as the number of epochs increases and the calculation
scale becomes larger, so it is desirable to improve the computational efficiency. In other words,
it is necessary to balance training accuracy and training efficiency, or to improve one without

sacrificing the performance of the other.

4.1 Improved method for DQN

e Double DQN

Double DQN is a method to speed up convergence by eliminating the bias (overestimation)
that causes the value function estimate to be overestimated, and was proposed by [4] in 2016.
This bias (rather than increasing all estimates uniformly) is an overestimation that varies de-
pending on the action, which changes the action selected by the policy and leads to a decrease
in performance. The calculation of the maximum Q value is separated into @ the selection of
the action a that gives the maximum @, and @ the calculation of Q for action a, as shown in

the following equation
maxQ(s,a) = Q <s,argmaxQ(s,a)> . (4.1)

The TD error approximated by the neural network is defined as

a

Ri1 + ymaxQy <5t+1, argr}laXQe(StH, @/)> — Qo (S, Ar). (4.2)
Since Double DQN reduces bias of ) and overestimation, making it more stable and improving
generalization than DQN. However, because it has the same structure as DQN, it is unlikely

that improvements in adaptability can be expected.

e Dueling Network



Table 1: Hedging error
RMSE | MAE | Avg.Cost

QLBS 0.93 0.71 0.63
DQN 0.81 0.61 1.11
Dueling +Double 0.62 0.60 0.56

The Dueling Network was proposed by [10] in 2016 and is a method that uses an innovative
network structure to improve learning efficiency and accuracy by separating state value and
action advantage. For tasks where there are many states where the results are similar regardless
of the action, it is more efficient to learn by dividing the learning into @ the goodness of the
state: V(s) and @ the relative increase or decrease of each action: A(s,a) (Advantage), rather
than directly calculating the @) for each action. Specifically, it is expressed as

Q(s,a) =V(s) + A(s,a) — Za%(‘s,a) (4.3)
where |A| is the number of selectable actions. As mentioned in [10], it is generally said that
there are restrictions on the range of adaptation of Dueling Networks. By separating the value
structure and action difference, the Dueling Network can learn the market background and
trading details separately, and while its robustness to noisy samples improves generalization, V
does not follow sudden changes. In option hedging strategies, the market can change overnight
due to volatility jumps or gamma surges, so the inertia of V may have a negative effect, which
may cause problems with adaptability. Table 1 shows the results of calculating the hedging error
for QLBS, DQN, and Dueling+Double, with an initial price of 100, an exercise price of 100, one
year (one transaction per day, 250 transactions), two hidden layers, an activation function of
relu (similar to Deep Hedging), and the number of episodes (the period from the start to the end
of the task to be solved) of 1500, using RMSE, MAE, and Average Cost as evaluation criteria.
From this, we will see that by combining the Dueling Network and Double DQN, we can see

improved performance for option hedging strategies.

e Prioritized Experience Replay(PER)

In DQN, mini-batches are created by random selection using the mini-batch method, which
makes it inefficient at learning important (valuable) events. For this reason, to improve learning
efficiency, it is desirable to prioritize sampling highly unexpected transitions from the buffer, and
then Prioritized Experience Replay was proposed by [9]. Specifically, the larger the TD error
A(Equation(2.6)) of transition information, the more unexpected it is, and the more weight is

given to the probability of sampling P(i). Here,

. (1A + )¢
P(i) =
v S (A +e)°

where ¢ is a hyperparameter (0 < ¢ < 1), and ¢ = 0 indicates random sampling, furthermore,

(4.4)

€ represents an appropriate small value such that the probability is not strictly zero. Because



PER emphasizes important past trends, it has the advantage of being able to easily capture
common market structures and is therefore thought to have good generalization ability.

In addition, since TD error jumps in suddenly changing markets, it is prioritized for learning,
and learning from risky past memories comes into play, resulting in very fast tracking and

excellent adaptability.

4.2 Numerical examples

In this subsection, we compare the performance of each option hedging problem using machine
learning in a simulated environment. All activation functions in the intermediate layers use relu,
and the output layer uses a linear function. The rest of the setup is the same as in deep hedging,
with 30 nodes in each hidden layer. Figure 2 compares the performance (hedging error) of DQN,
Double DQN, Dueling Network, PER, and an improved version that simultaneously considers
Double+Dueling+PER, when there are two hidden layers and 500 episodes, while Figure 3
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Figure 2: Hedging error for 2 hidden layers and 500 episodes
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compares the performance when there are five hidden layers and 200 episodes. The error in
both cases is measured using RMSE. Since there is no significant difference between DQN and
Deep Hedging in this setting, we will use Deep Hedging in DQN. In Figure 2, with shallow
hidden layers, no difference in learning efficiency is observed even when the number of episodes
is increased. However, as shown in Figure 3, when there are deep hidden layers, DDQN works to
suppress overestimation, but the Dueling Network tends to accelerate learning and demonstrate
better performance due to improved learning efficiency of state value. However, due to the setting
in [3] and the small reward used in this simulation, the difference is only slight. Also, in Figure 3,
PER is used for all methods. Deep networks enable more complex state representations, so the
advantage of the Dueling Network approach, which learns by separating state value and action
advantage, becomes more apparent. When there are few hidden layers, including all of them
does not improve performance because it does not improve overestimation. On the other hand,
as the layers become deeper, it can be seen that the Dueling Network improves generalization

and the Double DQN improves (complements) adaptation.

5 Conclusion

In this study, we investigated the generalization performance and adaptation of options hedging
problems using deep reinforcement learning with neural networks by considering various algo-
rithms and schemes. Regarding the option hedging problem, it is thought that the adaptation
can be resolved by using a dueling network. Also, as the number of hidden layers and the number
of training increases, performance generally improves in the order of a PER-based combination
of Double and Dueling, Dueling Network, and Double DQN. However, in this setting, only slight
differences were observed. Furthermore by fundamentally reviewing the structure and methods,
even in the case of the Dueling Network, which has problems with adaptability, by combining it
with Double DQN, it is possible to achieve learning that shows improvements in both general-
ization and adaptation. But if the layers are made quite deep, it takes a considerable amount of
time and is not realistic for practical application. In such cases, improving the sampling method
such as Experience Replay will contribute to improving performance rather than improving the
structure or methods. Furthermore, slight changes in conditions result in unstable performance

with respect to hedging errors, so further consideration of evaluation criteria is required.
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