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Abstract

We show how to incorporate cross-impacts and common risk factors into an optimal trade
execution strategy in a transient market impact model. Our framework, based on Fukasawa
et al. (2025), enables us to take into account some common risk factors, the number of
which can differ from that of financial assets that a large trader executes. The optimal trade
execution strategy for a risk-averse large trader becomes a time-dependent affine function
of the state variables. This result implys that the cross-impacts of buying/selling asset ¢ on
asset j affects the execution volume of both assets i and j. Additionally, the time-dependent
coefficients are derived from a solution to a system of ordinary differential equations (ODEs)
with terminal conditions.
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1 Introduction

A considerable number of empirical studies conducted show that the so-called cross—impacts of
multiple assets is important when constructing an optimal execution strategy (e.g., Benzaquen
et al. [2]). Several factors for the cross-impact are involved: correlation of different assets’
returns, the commonality of liquidity across assets, the possibility of a (large) trade in an asset
to adjust the bid—ask spread by a market maker. In addition, Schneider and Lillo [33] shows
that a price manipulation may occur unless several conditions hold for the decay kernel that
represents a transient price impact of a large trader. Along with the empirical facts, a large
number of theoretical studies analyze an optimal execution problems of multiple assets for large
traders (e.g., Garleanu and Pedersen [17, 18]; Cartea et al. [7]; Ma et al. [25]; Tsoukalas et
al. [34]; Bergault et al. [5]; Ohnishi and Shimoshimizu [30]).

This paper addresses a continuous-time optimal pair—trade execution problem for a single
large trader. We focus on the following situations which the institutional trader (or large trader)
may face in a real marketplace. Institutional traders manage their trading with multiple assets
correlated with each other to mitigate the price risk. The market model we describe in Section 2
includes the effect of temporary, permanent, and transient price impacts caused by a large trader.
For the detail on optimal execution problems, see, e.g., Cartea et al. [8], Guéant [19], Laruelle
and Lehalle [23], and Shimoshimizu [32].

The ‘pair-trading’ has already been discussed in much empirical literature, clarifying the
importance of trading co-integrated multiple assets (e.g., in Gatev et al. [15]). The pair-trading
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is a trading method that makes a profit by taking advantage of changes in the difference between
two financial instruments that are highly correlated. In the case of stocks, stock prices in the
same industry tend to move in a similar manner, so two stocks with similar movements are held,
with the undervalued stock ‘bought’ and the overvalued stock ‘shorted.” This method is less
susceptible to changes in the market. The situation we deal with in this paper differs from what
is called the ‘pair—trading’ having been used in a real trading market. Our model deals with an
execution problem of a large volume of trading with multiple risky assets in a short term (for
example, an intraday trading). An example of the situation we assume here is as follows: An
institutional investor managing, e.g., an index fund, replaces their stock holdings in line with
the periodic replacement of stocks (e.g., in the S & P 500 or the Nikkei 225). The stocks that
make up stock price indexes such as the S & P 500 and the Nikkei 225 may change according to
some criteria, the judgment of the index constructors, or the actions of related listed companies.
In such cases, institutional investors who manage index funds that track those particular stock
price indexes must replace the stocks that make up the funds to keep up with those indexes.
This is a typical case of pair-trade execution, in which one stock is sold and another is purchased.

Notation

Ry (Ry4, respectively) denotes the set of non-negative (strictly positive) real numbers. We
represent by C the set of complex numbers. Let K be either R or C. For any positive integers
n,m € {1,2,...}, we use the notation K" to describe the set of all n-dimensional K-valued
column vectors and M™™(K) to describe the set of all n x m K-valued matrices. In particu-
lar, M"™(K) = M™"™(K) is the set of all n-order K-valued square matrices. The set of n-order
K-valued symmetric matrices is denoted by S"(K). We use the notation SY | (K) (S} (K), respec-
tively) to denote the set of n-order K-valued positive definite (positive semidefinite) matrices.
I, € 87, (K) denotes the n-order identity matrix. For an n x m K-valued matrix or vector A,
we let AT stand for the transpose of the matrix or vector. In addition, for any n-order square
matrix A € M"™(R), tr(A) is the trace of A. Also, for any positive integers n,m,l, k € {1,2,...}
and two matrices A € M™™(K), B € M"*(K), A ® B € M™™k(K) represents the Kronecker
product of the two matrices. Finally, for any A, Ay € S"(R), we write A; > Ay if and only if
Ay — Ay € 8. This inequality defines the natural order on symmetric matrices.

2 Market Model

We consider an execution problem of multiple financial assets, indexed by i € {1,...,n}. In
a financial market, a risk-averse large trader must purchase Q° (€ R) volume of risky asset
i € {1,...,n} in a time window [0,7]. Let Q! (€ R) for i € {1,...,n} be the cumulative
purchase up to time ¢ € [0, 7] of the large trader. Then, the number of shares that remained to
purchase at time ¢ € [0,7] is given by

Q=9 - Qi (1)

with the initial conditions that @6 = 9%, We consider a continuous trading strategy:

dQ; = Q. (2)
It is assumed that Qf is continuously differentiable in time ¢ € [0,7] for all i € {1,...,n}.
We denote by the positive and negative Q) the acquisition and liquidation of risky asset i €
{1,...,n}, respectively. This leads to a similar setup for a selling problem. We express the



stacked vector of remaining execution volumes, cumulative purchased volumes up to time t €
[0,T], and the trading speeds for all assets as follows:

Qy Qf Qf
Q= : |eR Q=|:|eR" Q=] : @ |€eR" (3)
Q/ QF QF

By Egs. (1) and (2), the relationships that Q, = Q — Q; and dQ; = Q.dt hold where Q =
Q',....amT.

The market price (or quoied price) of the risky asset i € {1,...,n} is denoted by Pti. The
execution price of the asset P is then assumed to follow a linear market impact model (e.g.,
Bertsimas and Lo [3]; Almgren and Chriss [1]; Gatheral et al. [16]; Obizhaeva and Wang [27];
Kuno and Ohnishi [21]; Cartea and Jaimungal [?, ?]; Kuno et al. [22]; Lehalle and Neuman [24];
Ohnishi and Shimoshimizu [28, 29, 30, 31]; Fukasawa et al. [12, 13]):

P, = P, + \Qy, (4)
where P, (€ R) represents the stacked vector of risky asset prices at time ¢ € [0,7], and

/\%1 )\%n
A= € M"(R), (5)

nl nn
>‘t )‘t

is the matrix of market impact coefficients at time ¢ € [0,7]. The off-diagonal element /\ij for
i,7 €{1,...,n} (i # j) represents the cross-impacts: A large trader’s liquidation (either buy or
sell) of risky asset j impacts the execution price of risky asset i. In the rest of this paper, we
call the matrix A; as cross-impact matriz at time ¢t € [0,7]. For the cross-impact matrix, we
impose the following assumption:

Assumption 2.1. The cross-impact matrix (5) is symmetric.

This assumption stems from the results in Schneider and Lillo [33] that the asymmetric
cross-impact may lead to (dynamic) arbitrage.
In addition to Assumption 2.1, we assume the following:

Assumption 2.2 (Definiteness of cross-impact matrix). The cross-impact matrix (5) is positive

definite.

In the sequel of this paper, we assume that the buy- and sell-trade of the large trader induce
the same (instantaneous) market impact, although it would be different in the real market. We
can, however, justify this assumption from the statistical analysis of market data shown by, for
instance, Cartea and Jaimungal [?, ?]. By Eq. (4), the large trader’s wealth process at time
t € [0, 7], denoted by W¢, evolves as

_ - NT .
dW; = =P, dQ; = — P, Qidt = — (Pt +AtQt> Q. dt. (6)

Besides the above (instantaneous) market impact, we consider the permanent and transient
parts of the market impact. The residual effect of past market impacts is defined as

R; = &(t)Ry + /0 t & (5)asAsQds, (7)



where &: [0,7] — M™(R) is the exponential decay kernel matrix defining the transient market
impact and is defined as

&(1) = o T, (8)

agl oz%”
ag=| .. | e M"(R), 9)
a?l o™

is the deterministic coefficient of linear temporary market impacts. In the differential form, we
can rewrite Eq. (8) as

th = —Ttht + atAtQtdt. (10)

Note that for the derivation of Eq. (10), we have used the fact that
d
a@(t) =-T&(t)=-6()TY. (11)

In this model, T € M™(R..) characterizes the deterministic resilience speed.? This residual effect
indicates that the market impact decays gradually over the trading window [0, T']. Ry is assumed
to be zero in the following analysis. The assumption is quite plausible from the fact that the
trader has no market impact on any risky asset before liquidating/acquiring the risky asset, and
thereby there exist no residual effects caused by the trader on the price before the execution.
Note that atAtQt represents the temporary market impact caused by the large trader.

Remark 2.1. For example, we can consider

pr - 0 e,1t .. 0
St)=expat | . | p=| 1 | e MRy, (12)
0 - pn 0 ... epnt

as Tsoukalas et al. (2019). In addition, for any A € M™(R) with the following decomposition:

A=PTP (13)

where J is the Jordan matrix and 3 is a nonsingular matrix, we can consider

B(t) == e A = Pexp {—Tt} B, (14)

A

Remark 2.2. For any matrix A € M"(R), the exponential matrix function e ! is nonsingular

since we have |e= A% = et"(AD) > (.

“Much of theoretical analysis, such as in Obizhaeva and Wang [27], Tsoukalas et al. [34], deal with a (deter-
ministic and) time-independent resilience speed. Many empirical kinds of research, however, demonstrate that
liquidity is variable over time, suggesting that the resilience speed is time-dependent. Our analysis allows the
time-dependence for the resilience speed, i.e., p; for all t € [0,T], as considered in Fruth et al. [11]. Notwith-
standing a meaningful extension from the viewpoint of real market analysis, we henceforth formulate the model
without a time-dependent parameter (i.e., with p) since the dependence will not offer additional intriguing results
in the following analysis.



The market price is assumed to consist of the sum of the following two components:

P,=P/ + R, (15)
where
pLf
pPl=| : |erm (16)
pnf

for t € [0,T] stands for what we call the fundamental price of the risky asset. This assumption
stems from the definition of the transient market impact. The transient market impact is the
discounted sum of the past temporary market impact. Thus, the transient market impact can
be deemed to not influence the fundamental part of the market price. We define the dynamics
of the fundamental price as follows:

d_l:)tf = (ﬂtAtQ.t + K/tIt) dt + dZt (17)
The first term in Eq. (17),

BiAQ; € R”, (18)

represents the permanent market impact (with cross-impacts) caused by the large trader. 3
denotes the matrix of coefficients and is given by

P e
Bo=| : . 1 [eMB). (19)

A

Contrary to the transient market impact, the permanent market impact influences the mar-
ket price by definition, which in turn suggests that the permanent market impact directly af-
fects the fundamental part of the market price. Z; € R™ stands for the effect of some public
news/information about the economic situation which may affect the market price (or quoted
price). Adding to these two factors, we assume that what we define as the common risk factors,
denoted by Z; € R™, affects the fundamental price of the risky asset. &k € M™™(R) is the
matrix of the coefficients of the common risk factors and si given by

’/{‘%1 ... ’ig‘n
Ky = o : € M"(Ry). (20)
kit K™

This notion is motivated by the so-called factor models of, e.g., Fama and French 7?7, Carhart 77,
and Fama and French 77, to mention only a few.

The more mathematically formal setting of the above model is as follows. Let (2, F, {F;o<i<T, P)
be a filtered probability space. The processes of the Markovian environment Z; and the effect
Z,; caused by public news or information on the (quoted) price are defined on the space as fol-
lows. The dynamics of the effect caused by public news or information on the (quoted) price,
{Z:}o<t<T, is given by

dz; = pZdt + %dB7?, (21)



where

s
p?=1 i | eRY (22)
Zm
patl gZin
= 0 1 [ EMIRY), (23)
g Zml g Z.mn
and BZ = {B#}o<i<r stands for n-dimensional Brownian motions with BZ = 0 a.s. The

dynamics of common risk factors, {Z;}<;<p, is given by

Az, = (3 - &/f1,) dt + £1aB?, (24)
where
31,1
= | erR™ (25)
JI,m
ﬁl',ll . ﬁl',lm
fE=| 1 [ eM®); (26)
ﬁI,ml . ﬁI,mm
oI .. STam
= € M™(Ry), (27)
O.I,ml O.I,mm
and BT = {B#}o<i<r stands for m-dimensional Brownian motions with Bf = 0 a.s., and

Ty =0. Eq. (24) is a generalized multi-dimensional Ornstein—Uhlenbeck (OU) process.
For notational simplicity, we also assume that the filtration {F; }o<¢<7 is the natural filtration
generated by (BT, B%), that is,

Fi=0{(BE,B%),0<s<t}, (28)

and satisfies the usual conditions. We assume that the two Brownian motions are independent.®

If we assume that the information flow accessible for the large trader is carried by the
filtration {F;}o<i<7, then the executed volume @ of the large trader by time t € [0,7] is an
Fi-measurable (real-valued) random variable. Thus, the set of admissible execution strategies
is defined as follows:

A= {{Qt}OStST|{]—'t}0§t§T—adapted process with a continuously differentiable path,
Qu=0}. (30)

According to the dynamics of the market model, it turns out that the wealth process, price dy-
namics, remaining execution volume, and residual effect depend on the process of the cumulative

>The quadratic co-variation of Bf and BZ takes the following form:
d(B*, B?), = p%2dL. (29)

This equation implies that these two processes are allowed to be correlated with each other.



purchase (or liquidation) denoted by Q = {Qs}o<s<t:

~ _ ~ . N T
W2 = ~(BR)1dQ, = ~(B2)T Qudt = — (P2 + AQ) Qulr;
dP2 = B,AQudt + K, Tydt + dZ; + AR

Q7 = ~dQ: = - Qudt;
dR2 = —pRAAL + ;A Q:dt.

However, to simplify the notations, we suppress the superscript Q in the above expressions
representing the dependence on Q to each state variable, and simply use the ones (W, Py, Q,, R;)
defined in the previous description except the cases when we should emphasize the dependence
explicitly.

3 Performance Criteria and HJB Equation

3.1 Performance Criteria of Large Trader

The state of the process at time t € [0,7], denoted by s, is a 5-tuple and is defined as

Wy
P,
si=|Q, | eRxR"xR"xR" x R™ = RIT3ntm —: §, (31)
Ry
7,

As we have mentioned above, each component of the state is dependent on the process of the
cumulative purchase/liquidation: {Q;}o<s<t-

The large trader’s utility function takes the form of a constant absolute risk-aversion (CARA)
von Neumann—Morgenstern (vN-M) wtility function. The utility payoff (or reward) arises only
from the terminal wealth at maturity:

gr(sr) = —exp { —+[Wr — (Pr+xrQr) Qr] }, (32)

where v € R} denotes the risk-aversion parameter. In the formulation of this criteria, we
assume that a large trader can execute her remaining execution volume at the terminal with
closing price Pr and that the execution of all the remaining volume at time 7" imposes the large
trader to pay the additive cost x7@Q;. In the following, we have the following assumption:

Assumption 3.1. The matrix:

XT XT e XTn
o= |0 T femrm, (33)
G

is positive semidefinite.

The interpretation of this assumption is that the large trader cannot obtain some earnings
by liquidating all the remaining volume at maturity.



Example 3.1 (Examples and its interpretation of terminal costs). We can consider a variety
of concrete forms of xp € M"™(R) under Assumption 3.1. For example, one of a simple type of
terminal costs is given by

xr 0 0
w0 esnma, (34)
oo
This matrix implies that for each financial asset i € {1,...,n}, liquidating the remaining volume

@ZT at time T incurrs an additive costs Xi@}. In addition, we can consider the following types
of terminal costs:

YTy 12 L e
21 22 2n

Xr=| . . . .| €S™MR), (35)
X;ﬂ X'gz . XJm

where x¥ < 0 for i,5 € {1,...,n} (i # j). This corresponds to the case where by executing
multiple assets, one can reduce the terminal cost to some degree.

We define the (conditional) expected utility of the large trader at time ¢ € [0,7] on an
execution strategy Q = {Q¢}o<i<r € A as

Ve = [~exp{ — 7 [Wr - (Pr+x1Qr) Q] }| 7] (36)
Let the optimal (expected utility) value from time ¢ € [0, 7] by
Vi ==esssup V;2, te0,T). (37)
QeA

From the Markov property of the state dynamics, V; depends on the history or information F;
only through the (controlled) state s; € S and thus this functional dependence is represented by
the optimal value function as

V[t, Wi, P,,Q;, Ry, ;] = V;, t€0,T). (38)

3.2 HJB Equation

From the dynamic programming principle, the optimal value function, denoted by
Vit,st] = V[t,Ws, P, Q,, Rt, T4 (39)
with the terminal condition:

VT, Wr, Pr,Qr, B, Tr] = —exp{ =7 |[Wr — (Pr + x1Qr)"Qr| }. (40)

satisfies the following Hamilton—Jacobi—Bellman (HJB) equation (or dynamic programming
equation) for the optimal execution speed (or optimal control) @:

sup [C{%V — (P + AtQt)TQﬁWV + { — pRi + (0 + 5t))\tQt +Z+ MtZ}aPV - Q:%V
Q:ER
+ ( — pRt + atAtQt)aRV + (af — BfIt)Tan

1
+5 {(ZZ)*0ppV + 207 ok p?TOpLV + (atf)Qaﬂv}} =0, 0<t<T, (41)



if we assume that the function V: [0,T] x S — R is in C1'2.% Rewriting this results in

N T . . .
sup [— (P AiQ1) QudwV + (e + BINQuOPY = QugV + thQidRV
Q:eR"

+ OV + (=pRe + Ty + p?) OpV + (—pR)IRV + (oF — bET,)0V
1
+ 9 {(Utz)QappV + 20;’70th128sz + (O’tI)QaIIV} =0, 0<t<T. (42)
We can derive the optimal execution strategy and its associated optimal value function
of Eq. (38) explicitly by appropriately guessing the ansatz of the optimal value function and
verifying the obtained solution.
3.3 Optimal Value Function and Optimal Execution Strategy

Theorem 3.1 (Optimal Execution Strategy and Optimal Value Function). If the solution to
the system of ordinary differential equations (ODESs) given by Eqgs. (?7) to (??) uniquely exists,
the following statements hold:

1. The HJB equation (42) admits a solution V'[t, s;] := V[t, Wy, P, Q;, Ry, Z¢] at time t € [0, T
represented as

V[taWtaptaataRtaIt]
= =T, = — =T
——exp{ —7|Wi - PTQ,+Q, G:Q, + H/Q, + Q/ LR + R[J.R, + L] R,

+ @:Mtzt + RN+ I/ Xy I, + Y, Ty + Kt} }v (43)
where

G, = %vzz(zzf + %’yMtEtI(EtI)TMtT - %ﬁjA*lﬁt; (44)
H; = pf — M3 + M (SD)TY; - %ETA*&; (45)
I =-T+1,T+MEZ(ZI)TN] - %ﬁIA—lét; (46)
Ji =" +3]) + %VNtEtI(EtI)TNt ~1C/ATICs (47)
=L NaF 4N SFERTY, - 1T A Ay (48)
M, = r + MST + M EF(E]) (X +X/) - 2B/ A7'Dy; (49)
N; =T N, + Ne&F + N, ZF(57) (X + X)) - %GJA“]N)U (50)
X, = (&) (X +X]) + %v(xt +X)EHEDT (X + X)) - ID/A D (51)
Y= —(Xe+ X)) + (8D Y+ X+ X)SFEH Y - D] A A (52)

: N 1 1 ATA-1 X
K = ~@H) Y+ 5%, HED Y - so(@) T (X + X)3F) - T4 AT A,
(53)

SThat is, V is continuously differentiable with respect to time and continuously twice differentiable with respect
to each state variable.



with the terminal conditions:
Gr=-xr € M"(R); Hr=Lr=0¢cR"
Ir=Jpr=0€ M"(R); My =Np=0¢ec M""(R);
Xr=0e M™R); Yr=0cR™ Kr=0€cR. (54)
Thus, if the optimal value function is of the form (62) and in C'2, the unique solution is the

optimal value function. Also, its coefficient functions Gy, Hy, I, J¢, Ly, My, Ny, Xy, Yy, K
are characterized (and obtained) by Eqs. (?7) to (77?).

2. Under the above assumption, the optimal execution speed at time ¢ € [0,7], denoted as
Qt, becomes an affine function of the remaining execution volume Q,, the cumulative
residual effect Ry, and the Markovian environment Z; at time ¢:

Qi =fi(s) =ar+b/Q, +c¢/ R +d/T;, 0<t<T. (55)
where

1 T

ar = A (mT LTat)\t> : (56)
1, T

b = §At { o+ B)A+ (G + G/ ) - ItatAt} ; (57)
1 T

o=~ A {1 (J + 3, )atAt} : (58)
1, _

d; = A7 (M N, atAt> : (59)

Proof. See Appendix A. O

From Theorem 3.1, the optimal execution speed Q;f depends on the state s, = (Wy, P, Gt, Ry, T,)
of the controlled process only through the remaining execution volume Q,, the cumulative resid-
ual effect R, and the Markovian environment Z;, not through the wealth W; or market price P;.

In addition, by definition of Markovian environment, the optimal execution volume Q; includes
a nondeterministic term (random variable), the optimal execution strategy being a stochastic
one. Then, the following corollary immediately holds.

Corollary 3.1. If the Markovian environment Z; for all ¢ € [0, T] are deterministic, the optimal
execution speed Qf at time ¢ € [0, 7] also becomes a deterministic function of time in a class of
the static and non-randomized execution strategy.

3.4 Special case: No transient market impact

As a special case, we examine an optimal execution strategy for the model described so far
without transient market impacts. If o is zero, the residual effect of past market impacts
becomes zero since we assume that Ry = 0. In this cases, the market price dynamics become

dP; = B, A Qudt + Z,dt + d Z;, (60)

that is, we have a permanent impact model with Markovian environment. In this case, our model
partially includes the so-called “target zone models,” in which the price of an asset traded by
a large trader has one or more barriers and is reflected at the barriers (e.g., Krugman [20];
Neuman and Schied [26]; Belak et al. [4]). To be precise, if the large trader executes no orders,
the price is capped by the mean-reverting process Z;. This model is motivated by the fact that
monetary authorities (e.g., central banks) keep a currency exchange rate above some threshold.
In the case without transient market impacts, by setting the state variables as s; :== (W;, Py, Q,, Z;)
we have the following results:

10



Corollary 3.2. Under the financial market considered in Section 2 without transient market im-
pacts, the optimal execution speed becomes an affine function of the current remained execution
volume and common risk factors:

Q; = a; +b,Q, + d, Ty, (61)
where ag, gt, and &t are all deterministic functions of time.

Proof. Omitted. O

4 Conclusion

We have examined how a large trader incorporates cross-impacts and common risk factors into
an optimal pair-trade execution strategy in a finite continuous-time framework. The large trader
maximizes the expected CARA utility arising from his/her wealth at the end of the trading epoch
in a market. By formulating a generalized market impact model, the backward induction method
of dynamic programming based on the dynamic programming principle permitted us to derive
the optimal execution strategy. This kind of work concerned with an execution problem through
the backward induction procedure of dynamic programming will be explored from a more in-
depth and extensive perspective, which we can expect will also give us a more illuminating
insight into all the other problems left in this field of research as follows.
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Appendix
A Proof of Theorem 3.1

From the single asset case of Fukasawa et al. [14], we guess the objective (or value) function as
follows:

— — =T = — =T
VIt Wi, Py @ Bi, T = —exp{—7 Wi - P/Q, + Q/ G/Q, + H[Q, + Q/ LR + R LRy + L] R,
+ @:Mtl} +R/N\Z, + )X T+ Y, T + Kt} }7
(62)
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with the terminal condition:
VT, Wr, Pr,Qr, Ry, Zr] = —exp{ =7 |[Wr - (Pr + x1@Qr) Qr| }. (63)

The partial differentiation of V' [t, Wy, Py, at, R, It] with respect to time and each state variable
is calculated as follows:

WV = —'Y{GtTGtat +H/Q, JFatTith + R/ JiRi+ L R,
+ QT+ RINT A+ X T+ Y, T+ K}V

owV = —V;

opV =1Q,V;

o5V = —7 (P, + 2G:Q, + H; + LR; + MZ;) V;

RV = —7 (LQ, + 23R, + Ly + N/Z,) V;

0zV = —v(MyQ, + Ny Ry + 2X,Z; + Y3)V;

— T
OpptV = VQQtQt Vi

OprV = —2Q,(M;Q, + N\R, + 2X, I, + Y;) ' V;

Orr7V = —29X4V + V(MQ, + N Ry +2X,Z, + V) (MQ, + Ny R, +2X,Z, + Y3) V.

Therefore, by substituting these into Eq. (42), we have

. . _T
sup 7y [Q:AtQt + [Qt {(at +B)A: + (G +G/) — ItatAt} +R/ {ItT = (Je+ Ji—fr>atAt}
QLER™

I <MtT SN atAt> + (HJ L at)\t> }Qt]v

+ V@T{ ~ Gy + %WEZ(EZ)T + %'YMtEtI(EtI)TM:}atV

b (- - MST MSEER Y] QY

+ ’Y@Z {_it -T+LY+ ’YMtEtI(E'Z')TNtT} RV

+ R/} {—Jt +LT+T])+ %thz-;f(E%)TNt} RV

9 { L+ XL - NFF + 4N SF <2%)TYg}T RV

Q] { N+ iy + MUST +MSE(SE) (X + X)) } TV

AR { N4 YTNG + N&E + NS ED) T (Xe + X))} TV

2] { K (8% X]) 4 (K4 XDSFER) (e + X]) | 2
9 { =Y = (X + X))IF + (/)Y + (X0 + XDEtI(EtI)TYt}TItV

+ { K= GEYTYi+ ¥ SR TV - S (5R) (%4 XDSF) Y

=0. (64)
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Since we assume the negative exponential utility function above,

.sup Y [Q:AtQt + [6: {(at + ﬂt)At + (Gt + G;r) — ItatAt} + R;r {I;r — (Jt + JtT)atAt}
QER™
vz (MtT N atAt) n (HtT L atAt> ]Qt] 1%

. ~ : -
= Vanﬂfk ’Y[Q:AtQt + [Qt {(at +B)A + (G + G ) — ItatAt} + R/ {ItT —(Je+ JtT>0‘tAt}
t€R™

+ ItT (MtT — N:atAt) + (HtT — L:Oétkt) ]Qt]
) . . T :
_ Vlgffy[QtTAtQt +[@/B] + BRIl + 1D+ AT] Q. (65)
t
where

A;r = HtT — LtTat)\t; ( )

B/ = (i + Br) At + (G + G ) — LAy (67)

C! =1 — (3, + Iy (68)

D; =M, — N/ a;A,. (69)

Therefore, Eq. (65) attains the infimum at the optimal execution speed:

. 1 ~ — ~ ~ ~ _
Q = —§At_1 (BtQt +CiR; + DZ; + At) = a; +biQ, + ¢ Ry + diZy, (70)
where
a; ‘= _§At At; bt = _§At Bt; Ct ‘= _§At Ct; dt = _§At Dt. (71)

Substituting this into Eq. (64) yields
. 1 1 ~+ i~ | =2
1 {6t )T 4 M M] - ] B QY

9 {~Hi+ pf —MIT + MY - IBI AT A Q

i T+ LY + M EE(ST)TN, — %EZA—lét} Q,R.V

+ =T+ T +I]) + % NET(D) TN, — %GJA—lét} RV

vyl E YL - NGE AN ST (s Ty, - %GJA—llt} R,V

+ LM, + Ky + MR + 4 MEZ(3D) T (X, + X[ ) — %EIA—lﬁt} Q,I.V

+ 4N+ TN, + N&E + NI (X, + X, ) — géjA—lﬁt} RV

+
)

. 1 i~
X+ (BT (X + X)) + 5y(xt +XH2Z(=H T (X, +X]) - %D:A 1Dt}I§v

~Y; — (X + X)) + (&)Y + (X + XHEFED) Y - %lfA‘lﬁt} v

+
)

2
e N e e N e A e W N e

+
2

: 1 1 - .
—Ki = (1) Y+ 7Y SEHED Y, - §tr((2't7')T(Xt + XI)E{-) - %A:A_lAt} 14

Il
e

(72)

15



Since this equation holds for all states, the following conditions must hold:

Gy = %VEZ(EZ)T + %VMt2%<E%>TM: - %Ejf\_lﬁt% (73)
H, = pf - M7+ MEF(E])TY - SB[ A A (74)
i = =T+ 1Y + M, SF(SF) N/ - IB/A'Cy (75)
Be=T+37) + ANSEEH TN, - 18T ACy (76)
Li=7""L;— N.I7 + ’YNtEtI(E%T)TYt - %GJA_HL; (77)
M, = ke + Mu&E + M T30 (X, + X, ) — gEIA‘lﬁt; (78)
N = TN, + N&F +9NEF (2F)T (X, + X]) - 2C/A'Dy; (79)
X, = (8F)T (X + XT) + 59X + X))SFSF) (X + X]) - 1B]A~'Dy: (30)
Y= —(Xe+ X3 + (8) Y+ (X + X)) SFEE) Y - 1D A A, (81)

: 1 1 SO
Ki = @) Y+ 57 SEED Y - so(@HT X+ X)EF) - TATATA, (82)
with the terminal conditions:

Gr=-xr € M"(R); Hr=Lr=0¢cR"
ITZJTZOGMn(R>; MTZNTZOGMn’m(R);
XTZOGMm(R); Yr=0cR™ Kr=0€eR. (83)
By substituting the dynamics of a¢, by, ¢, d; into the condition derived above and rearranging, we

obtain a system of ordinary differential equations consisting of G¢, Hy, Iy, J¢, Ly, M, Ny, Xy, Y, K.
O
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