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1 Introduction

Shimura varieties have been used, with great success, towards applications in number theory.
There are many such applications based on the study of integral models and their reductions.
It is known that in some cases, the supersingular (or basic) locus of the reduction of a
Shimura variety admits a simple description. For example, Vollaard-Wedhorn [27] described
the supersingular locus of the Shimura variety of GU(1,n —1) at an inert prime as a union of
(classical) Deligne-Lusztig varieties. Also in the GU(2, 2)-case, Howard-Pappas [14] proved
the existence of a similar description. After [27] and [14], Gortz, He and Nie classified the
cases where the supersingular locus is naturally a union of Deligne-Lusztig varieties, called
the fully Hodge-Newton decomposable cases (cf. [7], [9]). As a result, the Shimura variety
of GU(2,n — 2) is not fully Hodge-Newton decomposable if n > 5. The studies by Gortz,
He and Nie are based on the fact that the study of the perfection of the supersingular
locus can be reduced to a study of an affine Deligne-Lusztig variety via the Rapoport-Zink
uniformization. Such simple descriptions have been applied towards the Kudla-Rapoport
program [16], Zhang’s Arithmetic Fundamental Lemma [29] and the Tate conjecture for
certain Shimura varieties [25], [13].

Recently, new simple descriptions have been discovered in some cases which are not fully
Hodge-Newton decomposable (cf. [26], [21], [23]). In the GU(2,n — 2)-case, Fox, Howard
and Imai studied irreducible components of the supersingular locus [5],[4]. The core of their
method is the Chen-Zhu conjecture, which is a theorem on irreducible components of affine
Deligne-Lusztig varieties. After these results, the author found an explicit stratification of
the affine Deligne-Lusztig variety associated to the Shimura variety of GU(2,n—2) in terms of
Deligne-Lusztig varieties [22]. This stratification gives another description of the irreducible
components by taking the closure of the top-dimensional strata. In this paper, we will give
a survey of [22] (see [5, §11] for the Rapoport-Zink uniformization in this case).

Let F' be a non-archimedean local field with finite residue field F, of prime characteristic
p, and let L be the completion of the maximal unramified extension of F'. We write O for the
valuation ring of L. To simplify the exposition, we assume that F' has mixed characteristic
in the introduction. Let G be the unramified general unitary group of degree n over F.
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Let u be the cocharacter of G corresponding to z — (diag(1,...,1,2z71, 271), 27!) under an
isomorphism G, = GL,, XG,,. Let X, (b) denote the affine Deligne-Lusztig variety attached
to p and b = (diag(l,...,1),w '), where w denotes a uniformizer of F. Including X, (b),
all varieties in the introduction are perfect schemes. For example, Deligne-Lusztig varieties
actually mean the perfection of them.

In the fully Hodge-Newton decomposable cases, the decomposition into Deligne-Lusztig
varieties is a refinement of the Fkedahl-Oort stratification of affine Deligne-Lusztig varieties
(see §2.2). This stratification itself exists in general even outside the fully Hodge-Newton
decomposable cases. It is the local analogue of the stratification defined in the global context
of Shimura varieties in [12]. An Ekedahl-Oort stratum in X,(b) actually corresponds to the
intersection of a global Ekedahl-Oort stratum with the supersingular locus (cf. [10, §2.5]).

Set wt = (diag(1,...,1,w ', w™!),w ). Then the Ekedahl-Oort stratification of X, (b)
(and the corresponding global one) is parametrized by

SAdm(p) = {wpy =*(n—1 - k+1k)(n --- I+11) |1 <k<l<n},

which is a subset of the Iwahori-Weyl group. Let us denote by m(Xy, (b)) the Ekedahl-
Oort stratum corresponding to wy;. See §2.2 for the precise definition. Let SAdm(p)zy =
{wi, € SAdm(p) | m(Xy,, (b)) # 0} Let SAdm(p)pr € *Adm(p) . denote a certain subset
consisting of all wy, such that 7(X,, (b)) is naturally a union of Deligne-Lusztig varieties (see
Proposition 2.2). The equality holds if and only if n < 4. It is also known by Gortz-He-Nie
that the global Ekedahl-Oort stratum corresponding to wy; € “Adm(u) is contained in the
supersingular locus if and only if wy,; € “Adm(u)py (cf. [9, Proposition 5.6, [28, Proposition
4.2]). Let Adm(u)4pr, denote Adm(p)zg \ SAdm(u)pr,. This set parametrizes the global
Ekedahl-Oort strata which intersect but are not contained in the supersingular locus (cf. [9,
Lemma 7.6]). The following theorem gives a complete description of “Adm(p)zg. This was
only known in fully Hodge-Newton decomposable cases n < 4 and the case n = 5 studied in
[1, Theorem 6.7]. See Example 3.4 for the cases where n = 13, 14.

Theorem A (Theorem 3.3). We have
SAdm(p)pr, = {wy; | k=1 or [ < 22}
Moreover, wy; € Adm(y)4py, if and only if 3 < k < ”T” < | < n—1 and one of the following
conditions is satisfied:
(i) kisodd and k+1 <n + 2.
(i) I=n—1 (mod 2) and k +1 > n + 3.

The following theorem is our main theorem, whose description coincides with the con-
ventional ones in fully Hodge-Newton cases n < 4.

Theorem B (Theorem 3.6). Let wy; € “Adm(u),p. Then there exists a standard parahoric
subgroup Py, a Deligne-Lusztig variety Xj; and an irreducible component Yy ; of (X, (b))
such that 7(Xy,,(0)) = Ujear)/ar)np,,JYre and Yy is an iterated fibration over Xj;. In
particular, the variety X, (b) is naturally a disjoint union of iterated fibrations over Deligne-
Lusztig varieties.



An iterated fibration is the composite of some Zariski-locally trivial A'-bundles (cf. §2.3).
The variety X, (b) and each Ekedahl-Oort stratum admit an action of G(F). The fibration in
Theorem B is G(F)-equivariant. In Theorem 3.6, both Py ; and X}, are described explicitly.
For example, if wy,; € SAdm(,u)7§DL, then P,y = G(O) and Xy, is a Deligne-Lusztig variety
in a partial flag variety for G(F,) determined by wg; (see Remark 3.10).

2 Preliminaries

We will usually drop the adjective “perfect” for notational convenience.

2.1 Notation

Let F' be a non-archimedean local field with finite residue field F, of prime characteristic p,
and let L be the completion of the maximal unramified extension of F. Let o denote the
Frobenius automorphism of L/F. Further, we write O (resp. O) for the valuation ring of
L (resp. F). Finally, we denote by @ a uniformizer of F' and by vy, the valuation of L such
that v (w) = 1.

Let G be an unramified connected reductive group over Op. Let B C G be a Borel
subgroup and T" C B a maximal torus in B, both defined over Op. For a cocharacter
p € X, (T), let wh be the image of w € G,,(F) under the homomorphism p: G, — T

Let ® = ®(G, T) denote the set of roots of T'in G. We denote by @, (resp. ®_) the set
of positive (resp. negative) roots distinguished by B. Let A be the set of simple roots and
AY be the corresponding set of simple coroots. Let X,(T') be the set of cocharacters, and let
X,(T)4+ be the set of dominant cocharacters.

The Twahori-Weyl group W = W is defined as the quotient N T (L)/T(O). This can
be identified with the semi-direct product Wy x X, (T'), where W is the finite Weyl group of
G. We denote the projection W — W, by p. We have a length function ¢: W — Z> given
as L(um®) = Y 0co, waca. (A T 1+ oca, uaca, (@A), where u € Wy and A € X.(T).

Let S € Wy denote the subset of simple reflections, and let S C W denote the subset
of simple affine reflections. We often identify A and S. The affine Weyl group W, is the
subgroup of W generated by S. Then we can write the Iwahori-Weyl group as a semi-direct
product W = W, xQ, where Q C W is the subgroup of length 0 elements. Moreover, (W,, S )
is a Coxeter system. We denote by < the Bruhat order on W. For any J C S, let W be
the set of minimal length elements for the cosets in WJ\W, where W; denotes the subgroup
of W generated by J.

For w € W,, we denote by supp(w) C S the set of simple affine reflections occurring in
every (equivalently, some) reduced expression of w. Note that 7 € {2 acts on S by conjugation.
Let supp,, (wT) be the smallest To-stable subset of S which contains supp(w).

For w,w' € W and s € S, we write w = w' if w’ = swo(s) and £(w') < £(w). We write
w — w' if there is a sequence w = wq, wy, ..., w, = w’ of elements in W such that for any
i, wio 2% w; for some s; € S. If £(w) = £(w'), we write w ~ w'. Note that in many other
papers, — and =& are denoted as —, and =, respectively.



For a € ®, let U, C G denote the corresponding root subgroup. We set

1=7(0) |[ Ua(=0) [] Us(0) € G(L),

acd pED_

which is called the standard Iwahori subgroup associated to T C B ¢ G. For J C S with
W finite, let P; D I be the standard parahoric subgroup associated to J. We denote by 7
the projection G(L)/I — G(L)/Py. Set K = Ps = G(O) and © = 7.

In the case G = GL,,, we will use the following description. Let T" be the torus of diagonal
matrices, and we choose the subgroup of upper triangular matrices B as Borel subgroup. Let
Xij be the character T' — G, defined by diag(ty, 2, . .., t,) — t;t;7*. Then we have ® = {y;; |
i# b Py ={xi | i <7}, P ={xy | i > j} and A = {xi+1 | 1 <i < n}. Through the
isomorphism X, (T') = Z", X,(T), can be identified with the set {(my,--- ,m,) € Z" | my >
oo >my,}. Let us write s; = (12),50 = (23),...,8,1 = (n—1n). Set 59 = @' (1 n),
where x1,, is the unique highest root. Then S = {s1,s9,...,5,-1} and S=5U {so}. The
Iwahori subgroup I C K is the inverse image of B°° under the projection G(0) — G(F,)
sending w to 0, where B is the subgroup of lower triangular matrices. Similarly, if J C
S, then Pj; is the inverse image of the standard parabolic subgroup (which contains B°P)

corresponding to J. Finally, w(l’o("_n)slsQ .-+ 8,_1 is a generator of ) = Z.

2.2 Affine Deligne-Lusztig Varieties

For w € W and b € G(L), the affine Deligne-Lusztig variety X,,(b) in the affine flag varicty
G(L)/I is defined as

Xu(b) ={zl € G(L)/I | 27 bo(x) € Twl}.

For € X, (T)+ and b € G(L), the affine Deligne-Lusztig variety X, (b) in the affine Grass-
mannian G(L)/K is defined as

X,(0) = {oK € G(L)/K | 27 "bo(z) € K"K},

In the equal characteristic case, affine Deligne-Lusztig varieties are schemes, locally of finite
type over Fq. In the mixed characteristic case, affine Deligne-Lusztig varieties are perfect
schemes, locally perfectly of finite type over F,. See [18], [30], [2] and [11, Lemma 1.1].
Left multiplication by ¢~ € G(L) induces an isomorphism between affine Deligne-Lusztig
varieties corresponding to b and g 'bo(g). Thus the isomorphism class of the affine Deligne-
Lusztig variety only depends on the o-conjugacy class of b. Also, the affine Deligne-Lusztig
varieties carry a natural action (by left multiplication) by the o-centralizer of b

Jy={9 € G(L)| g 'bo(g) = b}.
Note that J, = J,-15,() by sending j to g~'jg.

Remark 2.1. In [7, §3.4], 7;(X, (b)) was denoted by X ., (D).
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The admissible subset of W associated to p is defined as
Adm(p) = {w € W | w < @™ for some u € Wy}

Set “Adm(p) = Adm(p) N SW. Assume that p is minuscule. Then, by [7, Theorem 3.2.1]
(see also [10, §2.5]), we have X, (b) = |, csadm(u) T(Xw(b)). This is called the Ekedahl-Oort
stratification. Note that

m(Xu(b)) ={9K € G(L)/K | g "bo(g) € K -, Twl},

where -, denotes the o-twisted conjugation action of G(L).

Set S(w,a) = maX{S’ Q S | Ad(w)a(S’) = Sl} Then Pg(wp)wpg(g(wp)) = PS(w,U) ‘T Twl
for w € W by [7, Theorem 3.2.1]. Moreover, by [7, Theorem 4.1.2 (1)], the projection
G(L)/Psw,0y — G(L)/K induces an isomorphism mg(y.«)(Xw(b)) = m(Xw(D)).

It follows from [9, Proposition 5.7] that if Waupp, (w) is finite, then Wiypp (w)us(w,o) is also
finite. The following proposition is a combination of [7, Proposition 2.2.1 & §4.1].

Proposition 2.2. Let 7 € Q. Let w € W,T such that W, (w) is finite. Then
Xw(T) = |_| jY('IU),
J€J7 /30 Psyppy (w)

where Y(w) = {¢] € Papp, )/ | g7'70(g9) € Twl} is a Deligne-Lusztig variety in the flag
variety Paupp, (w)/1-
Let w € W N W,7 such that Wupp, (w) 1s finite. Then

(X (7)) = Ts(.) (Xu(T)) = L] Ims(we) (Y (W),

jEJT/JTmPsuppo.(w)uS(w,a)

where Tg(w.0)(Y(w)) = {9Psw.0) € Poupp, (w)Us(w,0)/ Pswe) | 97'70(9) € Pswe) o Twl} is a
Deligne-Lusztig variety in the partial flag variety Psuppa(w)us(wyg)/ Ps(w,0)-

Remark 2.3. Each Y (w) or T (Y (w)) is irreducible and of dimension £(w) (cf. [3]).

2.3 Deligne-Lusztig Reduction Method

The following Deligne-Lusztig reduction method was established in [6, Corollary 2.5.3] (Al
and G, actually mean AP and GP™ respectively in the mixed characteristic case).

Proposition 2.4. Let w € W and let s € S be a simple affine reflection. Then the following
two statements hold for any b € G(L).

(i) If (swo(s)) = l(w), then there exists a Jy-equivariant universal homeomorphism
Xw<b) — Xswa(s)(b).

(i) If ¢(swo(s)) = £(w) — 2, then there exists a decomposition X, (b) = X; U X, such that
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o Xj is open and there exists a Jy-equivariant morphism X; — X, (b), which is
the composition of a Zariski-locally trivial G,,-bundle and a universal homeomor-
phism.

+ X, is closed and there exists a Jy-equivariant morphism Xy — X 0(s) (), which is
the composition of a Zariski-locally trivial Al-bundle and a universal homeomor-
phism.

Remark 2.5. We actually need a slight generalization of Proposition 2.4 to prove the main
theorem. See [22, Proposition 2.6].

We say that a scheme X is an iterated fibration of rank a over a scheme Y (whose fibers
are all A!) if there exist morphisms X = Yy, — Y} — -+ — Y, = Y such that Y] is a
Zariski-locally trivial Al-bundle over Y;,; for any 0 < i < a.

2.4 Length Positive Elements

We denote by 6 the indicator function of the set of positive roots. Note that any element
w € W can be written in a unique way as w = xwhy with p dominant, z,y € W, such that
why € SW. We have p(w) = zy and £(w) = £(z) 4 (11, 2p) — £(y). We define the set of length
positive elements by LP(w) = {v € Wy | (va, y~tp) +07 (va) — o+ (xyva) > 0 for all a € D }.
Then we always have y~! € LP(w). Indeed, y is uniquely determined by the condition that
{a,p) > 6 (—y~'a) for all & € @, Since 6+ (a)+ 6+ (—a) = 1, we have

(v lay ™) + 67y a) — 07 (za) = (o, i) — 0F(—y @) + 0¥ (—za) > 0.

Thanks to Kottwitz [15], a o-conjugacy class [b] of b € G(L) is uniquely determined
by two invariants: the Kottwitz point x(b) € m(G)/((1 — o)1 (G)) and the Newton point
vy € Xu(T)g+. Clearly, X, (b) = 0 if k(b) # k(w). We say that b € G(L) is basic if v, is
central. The following theorem is a refinement of the non-emptiness criterion in [8], which is
conjectured by Lim in [17] and proved by Schremmer in [19, Proposition 3.

Theorem 2.6. Assume that the Dynkin diagram of G is o-connected, i.e., o acts transitively
on the set of irreducible components of ®. Let b € G(L) be a basic element with £(b) = k(w).
Then X, (b) = 0 if and only if the following two conditions are satisfied:

(i) [Wsupp, (w)| is infinite.

(ii) There exists v € LP(w) such that supp, (o~ (v) " tp(w)v) C S.

3 Main results

We assume that n > 2. Let Fy be the quadratic unramified extension of F'. Let Op, denote
the ring of integers of Fy. We put A = OF, equipped with the hermitian form

A x A — Op, ((ai)1gi§m (bi)lgign) = Za(ai)bnﬂ—i.
i=1
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From now on, we set G = GU(A). By taking the first factor of the isomorphism
OF2 ®(9F OF2 = OF2 X 0F27 a®br— (ab, aa(b)),

we obtain an isomorphism GOF2 =~ GL, xXG,,. Let T' C B C G be the maximal torus and the
Borel subgroup determined by the diagonal torus and the upper triangular subgroup of GL,
under this isomorphism. Then X, (7)) can be identified with Z"xZ and W = Wg = Wy, X Z.
Under this identification, we have o(((m;)1<i<n,0)) = ((—mMnt1-i)1<i<n,0) € X (T) and
7((84,0)) = (85_i,0) € W by setting s, = sq.

In the sequel, we set p = ((0"72), —1,~1),—1) and b = w(©™):=D) Then b is a central
basic element with x(b) = r(w") (cf. [24, §5.2]). By abuse of notation, we write s; for
(s:,0) € W. For integers 1 < k,1 < n, we set

SkSk—1"""95] lfk‘Zl
5 =
[t 1 otherwise

and wy; = @"Sp_2 4 Sn—1,- Then “Adm(p) = {wy,; |1 < k <1 < n}. Inparticular, 7 := w; »
is the length 0 element corresponding to . It is easy to check that ¢(wy;) =k +1— 3.

Set 7y == w0 0g 5,5, 1 € Q. Then 7, bo(ry) = 7. We define SAdm ()4 =
{w € SAdm(p) | X,(b) # 0} and SAdm(p)pr = {w € SAdm(y) | supp,(w) # S}. By
Theorem 2.6, we have “Adm(p)pr, € “Adm(u),p. We denote SAdm(p)zp \ “Adm(u)pr, by
SAdm(/L)iDL.

3.1 Non-Empty Ekedahl-Oort Strata
If n is odd, then o-orbits on S are
{s0}, {51,801}, {2, Sn—2},---, {5%,5%}.
Since 78,71 = s;_5, To-orbits on S are
{Sn-1},{50, Sn—2}, {S1,5n—3},-- -, {snT_g, SnT—l}.
If n is even, then o-orbits on S are
{so},{s1,8n-1},{52,$n2},---, {S%_l, S%H}, {5%}
Since 75,7 ! = s;_9, To-orbits on S are
{sn—1}, {50, Sn—2}, {51, 8n-3},. .., {822,852}, {521 }.

Set t; = $;Sp—i(= Sp_;s; unless ”T_l <i< ”T“) We simply write = for = (mod 2).

Lemma 3.1. Assume that 1 < k <[ < n satisfies one of the following conditions:



n, ”—Jr?’glandn—l+2§k;§”7+l.

(iii) k is even, k < ”T_l and ”T*'?’ <Il<n-—-k+2.

Then X, ,(b) = 0.

Proof. This can be proved by using Theorem 2.6 (ii). See [22, Lemma 3.1] for details. O

The following lemma is proved by an explicit computation (cf. [22, Lemma 3.3]).
Lemma 3.2. Assume that 3 <k < ”T“ and ”T” <[<n-1.

(i) If k is odd and k + [ < n + 2, then there exists s € S and w’ € W such that wy,; ~ w’,
sw'o(s) &~ wy_o; and sw' ~ wy_1.

(ii) Ifl=n—1and k41 > n+4, then there exists s € S and w’ € W such that Wiy AW,
sw'o(s) ~ wy—o and sw' = wg 1.

(iti) IfI =n—1and k41 = n + 3, then there exists s € S and w’ € W such that wy; ~ ',
sw'o(s) ~ wy_1;-1 and sw' ~ wy;_1.
For wy,,; € SAdm(u)7gDL, let w;m denote wy_a, (resp. w2, resp. w_15-1) if k+1 <n+2
(resp. k+1>n+4, resp. k+1=n+3). Combining the above two lemmas with Proposition
2.4 and Theorem 2.6, we obtain the following theorem.

Theorem 3.3. We have
SAdm(,u)DL = {wm | k=1orl < nT_‘—Q}

Moreover, wy; € SAdm(u)4py, if and only if 3 < k < ”T” < | < n—1 and one of the following
conditions is satisfied:

(i) kisodd and k+1 < n+2.

(i) I=n—1and k+1>n+3.

If this is the case, ka‘l(T) is J-equivariant universally homeomorphic to a Zariski-locally
trivial Al-bundle over Xy, (7). In particular, if wy, € SAdm(p)4pr satisfies (i) (resp.
(ii)), then X, ,(7) is an iterated fibration of rank 51 (resp. k + =%2=2) over X, ,(7) (resp.
Xy iy (7))

Example 3.4. In the case n = 13, the non-empty Ekedahl-Oort strata are the following.

Wy 12— Wy 10— Wrg

We,12 — We,10 l We,7
w5,12—>w5,10\w‘5,9 Wsg W57 Wse

W4,12 l l l Wy7 W4p W4s
Wy 12 W3,11 W310 W39 W3zg W37 W3e W35 W34

l l l l l Wa7 Woe W25 W24 W23

W113 Wi,12 W11 Wi W19 Wig Wiy Wie Wi Wiga W13 W12

)



In the case n = 14, the non-empty Ekedahl-Oort strata are the following.

Wr.13 > W7 11 > Wr9 Wrgs
We,13 — We,11 l We,8 We,7
Ws513 — W5,11 W510 W59 W58 Ws7 Ws6
W4,13 l l Wyq,8 W47 Wae W45
W313 W3,12 W311 W310 W39 W3g W37 W36 W35 W34
l l l l l Wy g War7 W2e W25 W24 W23
Wi,14 W1,13 Wy,12 Wy11 W10 Wi W18 Wir Wie Wis Wiga W13 Wi

3.2 Geometric Structure of Non-Empty Ekedahl-Oort Strata

For wy,; € SAdm(st)py,, we have

{Si,Sn—ia |0< 1 <1-=3}U{s,1} (k>2)
supp, (wr,) = § {si,sn—i—2|0<i<1-—3} (k=1&I1< ”T”)
S\ {sn_1} (k=1&1> 1),

w

The following lemma can also be proved by an explicit computation (cf. [22, Lemma 4.1]).

Lemma 3.5. Let wy,; € SAdm(p)pr. If I = k+ 1, then

{si|k<i<n—Fk-2}U
S(Wrkt1,0) = < {51,583, -+, Sk—2, Sn—1,5n-3,- - - » Sn—k} (odd k)
{si|k<i<n—k-—2} (even k).

Ifl — k> 2, then

{sifl-1<i<n—1-1} (1<)
k=

S(wpy. o) =
(wr1,0) {{5i|n—l+2§i§l—3}( L&l =3,

In particular,

S \ {si—2, Sn_1} (k>2orl=2)
supp, (wWi1) U S(wi,0) = < S\ {s1-2,8n_t,8n1} (k=1&3<1< ni2)
S\ {sn_1} (k=1& 1>t

We set supp, (w)s i= 1 5upp, ()7t = {si41 | 5: € supp, (w)} and S(w, o)1 = 7 S(w, )]
{siy1 ] s € S(w,0)}. Recall that for wy; € SAdm(u)py, Y (wy,) is a Deligne-Lusztig variety
in Paupp, (wy,,)/1 as in Proposition 2.2. Its image 7(Y (ws,)) is isomorphic to a Deligne-
Lusztig variety mg(uw,,.0)(Y (ki) 0 Paupp, (wi)US(wrr0)/ Ps(unro)- 1 wiy € SAdm(p)4pr and
k4+1<n+2(resp. k+1 > n+3), let Y(wy) C Xy, ,(7) denote the inverse image of
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Y (wy p—k+2) (resp. Y(wy,)) under the iterated fibration in Theorem 3.3. Then Y (wy,) is an
irreducible component of X, ,(7) (cf. Remark 2.3). By Proposition 2.2, we have

7-(-(‘X'kaz(b)) = Ws(wk,zﬂ)(ka,z(b)) = |_| jTlﬂS(wk,W)(Y(wa))'
jeG(F)/G(F)nPsuppa(kal)1US(kal,o)l

Here supp, (wg,;) and S(wy,;,0) are as in Lemma 3.5. We can prove the following theorem

similarly as Theorem 3.3 using [22, Proposition 2.6] and Lemma 3.5 instead of Proposition

2.4. See [22, Lemma 4.2 & Theorem 4.3].

Theorem 3.6. Let wy; € SAdm(p)zpr. Then S(wpy,0) = S(wyy,0) and (X, (b))
is G(F)-equivariant universally homeomorphic to a Zariski-locally trivial A'-bundle over
T(Xy (b)), In particular, if k41 < n+2 (resp. k +1 > n + 3), then S(wy,0) = S(wiy,0)

(I'esp. S<w17n—k+27 U))7

T(Xun, (0)) = Tsup o) (X 0) = ] 511t (Y (W)
JEG(F)/G(OF)

and Ty 75w, ,,0) (Y (wk,)) is an irreducible component, which is G(OF)-equivariant universally

l—n—3

homeomorphic to an iterated fibration of rank *5% (resp. k + =2=2) over 17wy ,.0) (Y (wiy))

(resp. TITS (w,1,0) (Y<w17n—k+2)))'
Remark 3.7. The perfection of a universal homeomorphism is an isomorphism.

Remark 3.8. If wy; € “Adm(p)pr, then we set Py; = Paupp, (wp1)1US (wy 1,0 and Xpg = Yy =
T17T<Y(wk7l)) = 7—17TS(wk,l,a)(Y<wk7l))~ If W1 S SAdm(,lL)#DL and k + [ <n+ 2 (resp. k+1 >
n + 3), then we set Py = G(O), Xpy = nm(Y(wiy)) = 1ims(wy,.0) (Y (W) (resp. Xpy =
(Y (W1n-k12)) = TiTs(wy10) (Y (W1 n-k12))) and Yiy = 1w (Y (we1)) = 175wy, .0) (Y (W0k1))-
This notation justifies Theorem B.

Remark 3.9. The strata associated to wy; € o Adm(u)pr, satisfy a nice closure relation,
which is similar to that in the fully Hodge-Newton decomposable cases. See [22, Corollary
4.8].

Remark 3.10. Since we chose b to be @(©™)=1  the following description is possible.

Let wyy € SAdm(p)zp. There is an isomorphism G(L)/Psu,,0) — G(L)/Psuw,,.0), given
by gPS(wk,l7a) = gPS(wk,z,U)Tl_l = ng_lps(wk,z,U)l' Then 7—1PSUPPa(wk,Z)US(wk,l:U)/Ps(wk,lza) maps
t0 Paupp, (wy.)1US(wp 1,0)1 / Ps(wy1,0), under this isomorphism. So if wy; € SAdm(p)pr, then
TS (wy) (Y (Wr,)) maps to

TS (wy,1)1 (Y(wlg,l)) = {gPS(wk,hO’)l ’ g_la(g) € PS(wk,z,U)l ‘o le&l‘[}?

where w,g,l = b 'rywo(n)™' € W,. Note that this is a G(F) N Paupp, (wie.1)1US (wi1,0)1 -
cquivariant isomorphism. If, moreover, supp,, (w,;)1US(wy, o)1 = S, then we have w,g’l e Wy
and Tg(u, ), (Y (k) can be identified with a Deligne-Lusztig variety associated to wj; in the
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partial flag variety of type S(wy;,0) for G(O/w) = G(F,). Under this identification, the
action of G(Op) factors through G(Op/w) = G(F,), which coincides with the usual action
on Deligne-Lusztig varieties for G(F,). Thus if wy; € YAdm().py, then TS (wp,0) (Y (Whp))
is G(Op)-cquivariant universally homeomorphic to an iterated fibration over such a Deligne-

Lusztig variety.
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