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1 Introduction

This article is based on the author’s work [1].

Let po : Gal(Q/Q) — GLy(F) be a continuous odd representation, where F is finite
field with characteristic p > 3. Let R;, be the universal deformation ring of py. It is
conjectured by Gouvéa that R;, is isomorphic to some p-adic big Hecke algebra.

Recently, Deo has explored the reducible case in [2]. More precisely, suppose that
py = 1 @ x for some odd character ¥ unramified outside Np, where N is a positive
integer. Let R;, be the universal deformation ring of p,, where 0 # x € H'(Gg np, F(X))
and p, is the unique reducible Galois representation determined by x such that p* = 1@ y.
Let jo be the universal pseudo-deformation ring of p§’. Deo proves the following results.

Theorem 1.0.1. /2, Theorem A, Theorem 4.5] Let Ny be the tame Artin conductor of
po- Suppose No|N, Xl|aq, # 1w, ", dime H'(Go,np, F(X)) = 1 and p{ ¢(N). Then

1) There is an isomorphism (Rgf)red = T(N)p,, where T(N)p, is the localization of the
big Hecke algebra T(N) (of level N) at the mazimal ideal mgy determined by po.

2) There exists an isomorphism R;, — T(N)z,.

In his proof, a crucial assumption is the cyclicity of H'(Gg np, F(X)). In this case, the
natural map Rgg — Rp, is actually a surjection. However, such a surjection may not
hold in general, and the cyclicity assumption is possible only for QQ rather than any other
totally real field F' due to the global characteristic formula. To give an analogue result for
totally real fields, we follow the strategy of the proof of the Fontaine-Mazur conjecture
from [3] and [4] to study the pro-modularity of deformation rings.

Let p be an odd prime. Let F' be an abelian totally real field of even degree p splits
completely in F'. Let X be a finite set of finite places of F' containing ¥, consisting of all
the places v | p . Let O be the ring of integers of some local field E with a uniformizer m
and residue field F, and y : Gal(F'/F) — O a totally odd character unramified outside
3, and Y = x mod w. Let Fy be the maximal extension of F' unramified outside X and
all infinite places. Let €,w, be the p-adic, mod p cyclotomic character, respectively.

1



Let RP® be the universal pseudo-deformation ring of the residual pseudo-representation

1+ x with fixed determinant x. Let T¢ be the big p-adic Hecke algebra, and assume that

1+ X determines a maximal ideal m¢. For a prime p of RE;. , we say that it is pro-modular

aux’

if it comes from a prime of (T¢)m,. The main theorem is the following.

Theorem 1.0.2. Keep notations as above. For any place v € ¥\ %,, assume that
p | Nm(v) — 1. Assume that the character x satisfies the following conditions:

1) x is unramified outside ¥,

2) x(Frob,) =1 mod 7 forv e X\ %,.

3) X can be extended to a character of Gg.

4) Xlan# 1 for any v p.

5) X |ay, is de Rham for any v | p.

If [F:Q] > 7|2\ X,| +4, then for any irreducible component of RY  of dimension at
least 1+ 2[F : QJ, it is pro-modular of dimension 1+ 2[F : Q.

2 Preliminaries
2.1 Pseudo-deformations
In this subsection, we recall some basic results about two-dimensional pseudo-deformations.

Definition 2.1.1. For a profinite group G and a topological commutative ring R in which
2 is invertible, a 2-dimensional pseudo-representation is a continuous function T': G — R
such that

1) T(1) = 2,

2) there exists an order 2 element ¢ € G such that T'(c) = 0,

3) T(or) =T(70) for all 0,7 € G,

4) T(von) + T(ynd) = T(yn)T(0) — T(nd)T(v) — T'(07)T'(n) +T(v)T(6)T'(n) = 0, for
any 0,v,n € G.

The determinant det(T') of a pseudo-representation T is a character (using 4)) defined
by

det(T) : G — R*, det(T)(0) = %(T(UV _T(0?),0 € G.

For a pseudo-representation 1" and o, 7 € G, define:
1) a(o) = 3(T'(co) +1(0)),

2) d(0) = 3(=T(co) + T(0)),

3) y(o,7) = a(or) — a(o)a(T).

The continuous functions {a, d, y} satisfy the following equations.
(1) y(o,7) = d(ro) — d(7)d(0).



(2) y(or,0) = a(o)y(r,0) +y(o,d)d(T).
(3) y(o,70) = a(d)y(o, ) +y(o,d)d(T).
(4) y(o, B)y(o, 7) = y(a, 7)y(o, B).

If p: G — GLy(R) is a continuous representation with an element ¢ € G satisfy-

1
ing p(c) = 1), then tr(p) is a pseudo-representation. More explicitly, if p(o) =

<a0_ ZU>7 then a(o) = a,, d(o) = d, are as defined above and y(o,7) = b,c,. Thus,

CO’ g

from a representation p, we always get the corresponding pseudo-representation tr(p).
Conversely, from a pseudo-representation, we may also get a representation in some

special cases. Assume that R is either a field or a discrete valuation ring. For a pseudo-

representation 1" : G — R, a representation p associated to 7" is in the following form.

2) Choose oy, 7o such that vor) e R for any o, T, if y(o,7) # 0 for some o, 7. Define

y(O—OvTO)

a(o) y(o,10)
plo) = yleo,m0) | We call this case irreducible.
y(oo,0) d(o)

Lemma 2.1.2. Let R be a CNL domain with mazimal ideal mp and residue field F. Let
G be a profinite group and T : G — R be a pseudo-representation of G. Assume that

, if all y(o,7) = 0. We call this case reducible.

T mod mpg is reducible. Let S be a finite subset (not necessarily a group) of G . Then
there ezist a partition of S = Sy 11.Ss, a positive integer n > 1 satisfying (n,p) =1 and a
CNL domain R’ satisfying the following conditions.

a) R is a quotient of R.

b) For any 6 € Sy, we have y(0,a) = 0 for any o € G in R'. For any 0',0" € S,, we
have y(0', «)" = y(0", a)" for any a« € G in R'.

c) For any a € G, 0 € Sy, either y(0,5) =0 for any f € G in R or u(a,0) is well-

defined and integral over R'. Here, we define u(a, 5)(1) = y(O‘—T; for some T € G, and it

y(B,7
1s independent of T.
d) We have dim R’ > dim R — |S|. If Sy is not empty, then further dim R’ > dim R —

S| + 1.

Now let F' be a totally real field. Let p be an odd rational prime and F be a finite field
of characteristic p. Let 3 be a finite set of finite places of F' containing all the places v | p.
Recall that O is the ring of integers of some local field E (a finite extension of Q,) with
a uniformizer 7 and residue field F. Let x : Gal(F'/F) — O be a continuous totally odd
character unramified outside ¥, and Y = x mod n. Let Fx be the maximal extension of



F unramified outside > and all infinite places.
We focus on the case G = Gal(Fy/F). By Galois deformation theory, we have a universal

pseudo-deformation ring RPS  of the pseudo-representation 1 4 Y with determinant .

Lemma 2.1.3. Suppose p is a one-dimensional prime of RY  whose corresponding rep-
resenation is absolutely irreducible.
1) dim(Rz,), > 2[F : Q).

2) The connectedness dimension c((RE.)y) is at least 2[F : Q] — 1.
3) Every irreducible component of RS containing p is of dimension at least 1+2[F : Q).
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Lemma 2.1.4. Assume F is abelian over Q.

1) Let RP™ be the reducible locus of RPS . We have dim(RP™d) < 2.

2) Assume X is quadratic and can be extended to Gg. Then the dihedral locus CY" of
Spec RPS_, i.e., for any point p in CYE p(p) = Indng for some character 6 and the

splitting field L = F(X), is of dimension at most 2 + [F : Q.

2.2 Pro-modularity

In this subsection, we recall some modularity results in [4].

Assume F'is an abelian totally real number field of even degree over Q in which p splits
completely. Let 3 be a finite set of finite places of F' containing all places v | p (consisting
of ¥,), and assume that for all v € X\ X,, we have p | Nm(v) —1. Let &, : k(v)* — O* be
characters of p-power order for v € ¥\ 3,, and we can view them as characters of I, by
local class field theory. Let x : Gal(Fyx/F) — O* be a continuous totally odd character
such that

1) x is unramified outside X,

2) x(Frob,) =1 mod 7 for v € ¥\ %,.

Let D be a quaternion algebra over F' ramified exactly at all infinite places, and we
fix an isomorphism between (D ®@p A¥)* and GL2(A%). Let ¢» = xe be a character of
(AF)*/FL via global class field theory. Let U? = [],, U, be a tame level such that

X ok

U, = GL2(Op,) if v ¢ ¥ and U, = Iw, = {g 0
*

mod m,,g € GLy(Op,)}

b
otherwise. For any v € ¥\ ¥, the map “ y — &y(a/d mod m,) defines a character of
c

U, and the product of &, can be viewed as a character £ of UP by projecting to Hvex\xp Us,.
From our setting, we can define a Hecke algebra T¢ := Ty, ¢(U?) for quaternionic forms
(see [4, Section 3.1] for details).



Suppose that py = 1 @ x is modular, i.e. T, — (1 + x(Frob,)),v ¢ ¥ and 7 generate
a maximal ideal mg of Te. Then by the universal property, we get a natural surjection
RpsA&e} (T¢)me, where RPsA&} s quotient of RPS_ such that for all v € ¥\ X, the
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universal deformation Ty, satisfies Thuy |1,= & + &, %

Theorem 2.2.1. [{, Theorem 5.6.1] Each irreducible component of (T¢)m, is of charac-
teristic zero and of dimension at least 1 + 2[F : Q).

Definition 2.2.2. (1) We say that a prime of RP%{&} is pro-modular if it comes from a
prime of (T¢)m,. We say that a prime of RE> is pro-modular if it comes from a pro-modular
prime of some RPS {8}

(2) Let g be a prime of (T¢)m, and A be the normal closure of (T¢)m,/q in k(q). We
say that q is a nice prime if q contains p and dim(T¢)n,/q = 1 and there exists a two-
dimensional representation p(q)° : Gal(Fy/F) — GL2(A) satisfying:

1) p(q)° ® k(q) = p(q) is irreducible.
2) The mod my reduction g, of p(q)

¢ is a non-split extension and has the form

ou(g) = <* *>, g € Gal(Fx/F). Here my is the maximal ideal of A.
*

3) (dihedral condition) If p(q) is dihedral, namely isomorphic to Indgf 6 for some
quadratic extension L of F' and continuous character 6 : G, — k(q)*, then LNF((,) = F,
where ¢, is a primitive p-th root of unity.

2) p(@)° lan, = 7 lay, for any v € £\ 3,

(3) We say that a prime of RP*{&} is nice if it comes from a nice prime of (T )m,.

The following patching theorem is crucial for our pro-modularity result.

Theorem 2.2.3. Let q be a nice prime of (T¢)m, and > = qN RPA&} - Then the natural
surjective map (RP{&}) os — (T¢), has nilpotent kernel.

2.3 The ordinary Fontaine-Mazur conjecture

In this subsection, we recall the ordinary Fontaine-Mazur conjecture in [3] and [4].

Assume that F'is an abelian totally real number field over Q in which p is unramified.
Let ¥ be a finite set of primes of F' containing all places above p. Let y : Gal(Fy/F) — O
be a continuous totally odd character such that

1) x can be extended to a character of Gy.

2) X |ap, is not trivial for any v | p.

3) X |ap, is de Rham for any v | p.



Let (RP>°rd 7o) be the universal pseudo-deformation ring of tr(py) of auxiliary type
such that T°¢ |, is reducible for any v | p, i.e. y(o,7) = 0 for any 0,7 € Gp,,
v | p. Since X |q,, is not trivial, we have T |¢, = ¥ + o9 for some characters

o st s G, — (RP**"9)* which are liftings of 1, X |¢,, respectively.

Define the Iwasawa algebra

—

Ap = O[Oz, @)1,

v|p

ps,ord ord

and we get a natural map Ap — R induced by the characters ¢y .

Theorem 2.3.1. [4, Theorem 5.1.1] (1) RP>**Y is a finite Ap-algebra.
(2) For any mazimal ideal p of Rps*’rd[%], we denote the associated semi-simple repre-
sentation Gal(Fx/F) — GLa(k(p)) by p(p). Assume that

i) p(p) is irreducible.
ii) For any v | p, p(p) |ap, = (Xé’l i ) such that x,1 is de Rham and has strictly
XU,Q

less Hodge-Tate number than x, 2 for any embedding F,, — @p.
Then p(p) comes from a twist of Hilbert modular form.

The following result is a direct consequence of the previous theorem.

Corollary 2.3.2. Let C°*Y be an irreducible component of RP>**% of dimension at least
1+ [F:Q]. Let C%2 pe the set of reqular de Rham primes in C°*Y. Then COrdaut g
dense in C°4. Here a prime q is called reqular de Rham prime if

i) p & q and RP>**Y/q is one-dimensional.

ii) The semi-simple representation p(q) ® k(q) : Gal(Fx/F) — GLa(k(q)) (in the
sense of Definition 2.1.1) is irreducible.

ii1) For any v | p, p(q) |gg = (Xgl i ) such that x,1 is de Rham and has strictly

Xv,?

less Hodge-Tate number than x, o for any embedding F, — @p.

3 Main steps of the proof

In this section, we sketch the proof of the main theorem. For simplicity, we only discuss

the generic case, i.e., X |a,, 7# 1,w; " for any v | p.
Proposition 3.0.1. Let v be a one-dimensional irreducible pro-modular prime of RS .

Then every irreducible component of RE® containing v contains a nice prime, and hence

‘aux

is pro-modular.



Sketch of the proof. Assume that there exists an irreducible component of RP} containing
t is pro-modular.

1) Consider the partition Z; IT Z, of the set of irreducible components of (RES. ), such

that Z; consists of pro-modular ones. Then Z; is non-empty, and by Lemma 2.1.3, there
exist C; € Z1,Cy € Zy and a pro-modular prime q € C; N Cy of dimension at least
2[F: Q] —1.

2) Choose S = {0, € I, Frob, : v € £\ 3,} as generators at all v € ¥\ ¥,. By Lemma
2.1.2, we can find a “nice” quotient R’ of RPS /q of dimension at least [F': Q] + 2.

3) By Lemma 2.1.4, we can find an irreducible and non-dihedral one-dimensional prime
qo of R'. From our construction, ¢ is a nice prime, which implies that C5 is pro-modular
by Theorem 2.2.3. Hence, Z, is empty.

Next, we show that Z; is non-empty. As t is pro-modular, combining Theorem 2.2.1, we
can find a pro-modular prime vy contained in v of dimension at least 1 + 2[F : Q]. Then

we can find a nice prime containing to as above, which implies that Z; is non-empty. [

By the previous proposition, we just need to find an irreducible one-dimension pro-
modular prime in each irreducible component of RPS of dimension at least 1 + 2[F : Q).
We fix such an irreducible component C.

As X |lap, 7 1,%:7IEl for any v | p, we can show that the kernel of the natural surjection
RPs — RPsord jg principal. Here RP® and RP®°™) are the universal pseudo-deformation
ring and its ordinary locus of 1 4 X|¢,, . Then by Krull’s principal ideal theorem, we
have dimC° > dimC — |%,| > [F : Q] + 1. Here C°™ is the ordinary locus of C. Then
by Corollary 2.3.2, we can find an irreducible one-dimensional pro-modular prime in C'.

Hence, we get the main result.

4 An application to the non-ordinary Fontaine-Mazur conjec-

ture

Let p be an odd prime and p : Gg — GLQ(@) be a continuous, irreducible representation
such that

1) p is almost unramified,

2) p|p, is absolutely irreducible, potentially semi-stable with distinct Hodge-Tate weights,

3) p is odd,

4) its residual representation p is reducible.

We can show that p is modular (especially the case p = 3 and X|p, = w,). First, by
Grunwald-Wang’s theorem, we can find an abelian base change F'/Q satisfying all of the
assumptions of our main theorem. Then by our big R = T theorem, we know that the



prime corresponding to the representation p|q,. is pro-modular. Hence, by the local-global
compatibility results at p, p|g, is modular, which implies p is modular by soluble base
change. See [4] and [5] for more details.

Combining the previous work on the Fontaine-Mazur conjecture, the following result
has been given in [5].

Theorem 4.0.1. Let p be an odd prime number and

p: Gal(Q/Q) — GLx(Q,)
be a continuous, irreducible representation such that
e p is only ramified at finitely many places,
° p|GQp is de Rham of distinct Hodge-Tate weights,
® p is odd,

Then p arises from a cuspidal eigenform up to twist.
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