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Abstract: This paper investigates the geometric structure of the set of polynomial com-
putation sequences of a given length. It then characterizes this set as a subvariety of a
of Grassmanian variety. It uses this characterization to yield necessary conditions for a
sequence of polynomials to be a computation sequence. It further uses this character-
ization to define a rational correspondence between polynomial complexity classes and
subvarieties of the univeral bundles of Grassmannians.

Notation: Let F be an algebraically closed field of characteristic other than 2. For
a polynomial f = X f;2° € F[x] let ¢(f,i) = f;.

Motivation: Computation sequences are one of the fundamental constructions of com-
plexity theory. They are somewhat more tractable than complexity classes but closely
related to them. They also form geometric objects that are interesting examples in al-
gebraic geometry.

Definition: A computation sequence is a sequence of linearly independent polynomi-
als go,...,gr € Flz] with g0 = z,9; = (Z;;%ai,jgj)(Z;;%bi,jgj) here a; ;,b;; € F. For
polynomials g = go, ..., g, € Flz] let (g) denote the vector space in F[z] generated by
g0, - -+, gr. Let g; denote the sequence gg, ..., g1

Let G, denote the set of vector spaces spanned by computation sequences of length r:

G, = {{g) > 9o =:9i = (ai- ) * (b; - 3i); {gi} linearly independent}.

Let G = Gr(r +1,2") denote the Grassmannian variety of r 4+ 1-planes in 2"-space and
let U =U(r +1,2") denote the universal bundle over G.

Theorem 1: Suppose r > 3. Then G, is a constructible, Zariski-dense subset of an
irreducible closed subvarieity of G of dimension r? —r — 2.

Proof: Define arational map A™"+Y) — G by {a; j, b j} = (g) where g; = (a;-g;)*(bi-gi).
Since A"t ig irreducible, so is the closure of its image. It is easy to see that every
element of G, is in the image of this map and the points where this map is defined
is Zariski dense hence G, is Zariski dense in the closure of the image. That it is con-
structible follows from Chevalley’s Theorem.



Define a rational map G, x P" x P" — G, 41 by

(<907 v 7gr>7 [ar,Oa o 7ar,r]7 [br,Oa ... 7br,r]) — <907 -y Ggr, (Ear,igi)(zbr,jgj»

Claim: This map is generically a double cover.

To see this, let U, = {{g) 3 a;i—1,bi;i—1 # 0 Vi}. Then U, is a Zariski open subset of G,
the Zariski closure of G, in G. For (g) € U, we may assume that a;;—1,b;;—1 =1 Vi.
Suppose that (¢9) = (g0,...,9») € U, and that (go,...,9») = {(g0,---,9r—1,h). Say
gr = (Bicraigi) * (Bi<rbigi) and h = (Zi<,2i9:) * (Zicr¥igi)-

Since (g) € U, we may assume that a,—1 =b,—; = x,_1 = y,—1 = 1 and so

9r = 921 + Dicr—1(a; + b)) gigr—1 + i j<r—1a:b;gig;

h=gr 1+ Sicr—1(i + ¥i)gigr—1 + Y j<r—1%iY;j9igj-
Since (go, . --,9r) = {go,- - -, gr—1, h) there exists ¢; such that g, + Xc;g; = h.
Let d = 271 + 2% Then ¢(g,,d) = ¢(h,d) and so a; + b; = z; +y; Vj. Hence if g, is
given
y; = a; +bj —x;.

Next set d = 2"~!. Comparing (g, + Xc;g;, d) with ¢(h, d) we obain ¢,_1 = 2, 2y, —
ar—2b,_o.
Set d = 2""2 4 2"~*_ Since ¢(g, + Xcigi,d) = ¢(h,d) one can cancel terms and obtain

Tr—2Yr—k + Tp_jYr—2 = Qr_2bp_1, + ap_pby_2,Vk > 3.

This, along with the previous equation shows that, assuming a; ;, b; ; is given, x,_j, is a
linear function of z,_o for all k£ > 3.

Set d = 272 and compare ¢(g, + Xc;g;, d) with ¢(h,d). Using the relations above and
canceling results in the relation ¢,_o = 2,_3y,—3 — ay_3b,—_3. Setting d = 273 + 24
and comparing results in the relation

Tr—3Yr—4 + Tr—aYr—3 = ar—3br—4 + ar—4br—3-

Substituting the previous equation into this results in a quadratic equation for z,_s.
Therefore there can be at most two solutions to {(x,y) > (g0,---,9r) = (g0, - -, gr—1,h) }.
Since x = a,y = b and z = b,y = a provide two such solutions the claim is proved.
Therefore

dim(Gy41) = 2r + dim(G,).

It is easy to see that U3 consists of vector spaces generated by systems of polynomials
of the form
go=z g=12" g2=1a"+az’
g3 = 2% + 2a2, 02" +(az1 + b31 + a3)2® + (azp + azo(asy + bs1))z
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The last statement of the theorem follows.
Remark: It is easy to see that Gy is a point and G5 is isomorphic to P!

This characterization of computation sequences have some immediate consequences: For
instance one can easily find necessary conditions for a sequence of polynomials to be a
computation sequence.

Definition: Let o = (ayp,...,a;) be a sequence of integers satisfying 1 < ap < -++ <
a, < 2". The Plucker coordinate of (g) with respect to « is pa((g)) = det([c(gi, )i ;)-

Theorem 2: If (g) € Gr(r +1,2") is an element of G, and if a = (1,2,...,q;) with
a; > 2! for some 4, then p,((g)) = 0.

Proof: First assume that (g) € U, so go = z,g1 = x°,deg(g;) = 2°. Next assume
that when performing Gaussian elimination on [c(g;, oj)]; ; the resulting matrix is of the
form [I,4+1, M] where M is (r +1) x (2" —r — 1). This condition is generic for elements
of G,. Prior to the last step of the process one obtains a matrix of the form

10 -0 0 0 - 0]
00 -1 0 % - %
00 - 0 % % - %]

Row j is O for the first j + 1 entries and is O for entries > 27/. The condition o; > 2
implies that row i is all zeros hence the determinant used in the Plucker coordinate is 0.
These conditions remain true for the matrix of coefficients of any system of polynomials
equivalent to a system obtained by a computation sequence since the relevant functions
respect matrix equivalence.

Since these equations are true in a Zariski dense subset of G,, which is irreducible, they
must be true in all of G,.

Example: Suppose go =« + 227,91 = v + 32* + 25, g0 = 2% + 26 + 27, g3 = 2> + 25;
Is (g) € G3 ? Let a = (1,2,7,8). Then p,({g)) =2 so (g) ¢ G3

One can use the structure of G, to gain some insight in the structure of classical com-
plexity classes.

Definition: For a polynomial f € Flz] let L[f] the multiplicative complexity of f be the
length of the shortest computation sequence (g) with f(x) — f(0) € (g).



Let C, denote the set of univariate polynomials of multiplicative complexity < r.

Let C denote the set of univariate polynomials of multiplicative complexity < r with
no constant term.

Let C, 4 denote the set of univariate polynomials of multiplicative complexity < r and
degree < d.

Let B, denote the set of univariate polynomials of multiplicative complexity r, no con-
stant term and degree 2".

Proposition:

1. CT = UdSQT Cnd;
2. C, =C x AL,

Theorem 3: There is a finite rational correspondence C: — G, resulting in a com-
mutative diagram of rational correspondences:

Cr—U
U
G — G

To prove this we need several technical results.
Definition: For i <r,j <i—2let N(i,j) =2~ — 27,

Lemma 1: Suppose (g) € U,.

(i) If n < N(i,j) then ¢(g,,2" — n) is a polynomial in {a;;,b;; > N(1,5) < N(i,5)}.

(ii) If n = N(4,4). Then «(g,,2" —n) = 2""(a; ; + b; j) + €, Where €., is a polynomial
in {ayj,bi5 3 N(1,5) < N(i,)}

Proof: First assume i = r. Then N(i,j) = 2"~ — 2/, Since g, = g% ;| + Yicr—1(ar; +
bri)gr—19i + Xij<r—1(aribrj)gigj, ari or by; only appears in c(g,,2" —n) via ¢((ar; +
bri)gr—19i,2" — n) or ¢((aribrj)gig;,2" —n). If n = N(r,j) then 2" —n > deg(g,—19;
for j < j and 2" —n > deg(gigj) so c(gr,2" —n) = ¢(g?_1,2" — n) + Zj>,(ar; +
brj)c(gr—195,2" — n), which proves the lemma in this case. Next observe that for
n < 2" we have 2" —n > deg(gig;) if i,j < r—1ori=r—1,j < i Therefore
c(gr41,2" T —n) = (g2, 2" — n) = Sicne(gr, 2" — 1)e(gr, 2" — n + 1) and the result
follows in this fashion by induction.

Definition: For i <r,j <i—2,k < jlet M(i,j k) =2 — 2/ — 2k,



Lemma 2: Suppose (g) € U,.

(i) If n < M(i,i — 2,i — 2) then every occurence of a;; or b;; in c(g,,2" —n) is as
Qg5 + bi,j.

(ii) If M(i,5,k) <n < M(i,j,k — 1) then c(g,,2" —n) = Cr,n(ai,jbi,k + ai,kzbi,j) + Urn
where (., and vy, are polynomials in {a;;,b;; with i < i or 1 =14,J > j or as a;; + b;;
or a; ;b or a;kb;; with M(i,3,k) < M(i, 7, k).

(iii) If n = M (i,i — 2, k) with k <i — 2 then (., = 2"

Proof: If i = r then n < M (i,i — 2,7 — 2) implies 2" — n > 2"~! and so ¢(g,,2" —n) =
c(g2_1,2" —n) + Zj(ar; + byj)c(gr_19;,2" — n), which proves (i) in this case.

If M(r,j,k) <n < M(r,j,k—1) then 2/ +2F-1 < 2" —n < 2/ 4-2% and so ¢(g,,2" —n) =
(971, 2" =)+ B3 (arj+brs)e(gr—195, 2" =)+ (ar 10+ ar by )+ Dos ok i L or (g9, 2 —
n), which shows (ii) and (iii) in this case. Now suppose the lemma is true for i and r
with ¢ < 7 and consider g, 11 = g2 + Sicr(@r+14 + bry11)9r i + i jer(@ri1,ibryj)gig;-
Then 271 — M(i,i — 2,i — 2) > deg(grg;) and so if n < M(i,i — 2,i — 2) we have
c(gr41,2" 1 —n) = e(g2, 2" — n) = Ticne(gr, 2" — i)e(gr, 2" — n + 1) and so (i) and
(iii) follows by induction.

If M(i,j, k) <n < M(i,j,k—1) then 2"* —n > deg(grgj) so once again ¢(gr11,2" ™ —
n) = Xi<nc(gr, 2" —1)c(gr, 2" —n+ 1) and (ii) then follows by induction.

Proof of theorem: Suppose that f € B,. Suppose also that inititally the parame-
ters a; j, b; j,c; are all indeterminate. By using the lemmas and the fact that if f € (g)
then «(g,,2" — n) = ¢(f,2" —n) for n < 2"~! we obtain constraints on the parameters
a; j,b; ; that are sufficient to establish the theorem.

Define a series of specializations:

1. For2<r0<j<i—2letn=N(i,5),Bn:bij~ —aj+27"(c(f,2" —n) — €n).
Then Lemma 1 implies ¢(g,,2" —n) ~» ¢(f,2" —n) and that €, , is a rational function
of {aij,bi; 2 N(1,5) < N(i,7)}, ie. eitheri <iori=iand 0 <j<j.

2. Define a nested loop of specializations. For 2 < i <r —1,0 < j <14 — 2 proceed as
follows : let n = M(i,i —2,j),nl = N(i,j),n2,= N(i,i — 2) and By, : a;; ~

(B(fv 2" — ’I’L) - (B(fv 2" — ’I’Ll) - (B(fa 2" — n2) + €rnl T €rn2 + Vrn

Q5i—2

_2i—r—1(

)

¢(gr, 2" —n) ~ ¢(f,2" — n) and Lemma 1 implies that €,y j), €. n(i,i—2) are rational
functions of {a;;,bi; > N(1,j) < N(i,7)}. Lemma 2 implies 1., is a rational function
of {ajj,bi; withi <4 ori=14,j > jora;, by with M(i,j,k) < M(i,7,k). In all cases
these are functions of a;;, b;; with 1 <.

Note that the specializations can never overwrite each other. After the specializations



described in part 1 ¢(g,,2" —n) is a function only of the parameters a; ;,2 <i <r —1
for n < 2"~1. After an outer loop of specializations in part 2 is completed it is clear that

c(gr,2" —n) is a function only of as,as1,...,a;;—2 for n < M(i,i — 2,7 — 2) and that
a;; is a function of asp,as1,...,a;;—2 for j < i —2. Assuming that one solves for the
parameters az, . . ., aj—1,—3 in equations ¢(g,, 2" —n) = ¢(f,2"—n),n < M(i,i—2,i—2)

one obtains a system of equations c(g,,2" —n) = ¢(f,2" —n),M(i,i —2,i—2) <n <
M(i+1,i — 1,7 — 2) which depends solely on a;;_2. This shows that for f € B, there
are finite many parameter sets a; ;,bi,j 3¢ <r—1,j <i—2 with f € (go,..../9r—1,0r)
some g,. But then the proof of Theorem 1 shows that there are at most two possible
polynomials g, that go with f and a;;,bi,j5 2% <r —1,j < ¢ — 2. This establishes the
theorem.

Theorem 4: C, is a Zariski dense subset of an irreducible variety of dimension 12

Proof: Define a rational map AM(+D° 5 Al+2" by {aij,bij,ci} — (e(f,n))n where
gi = (a; - gi) * (b - gi), f = f(0) + Xjic;g;. Since ALFHD? g irreducible, so is the closure
of its image. C, lies in the image of this map and is clearly Zariski dense in it. The
dimension claims follows from the previous theorem.

Questions: 1. When is the correspondence C; — G, a rational map? In other words
does a generic polynomial have an unique computation sequence associated to it? This
is true for for f with L[f] =4 but not true if L[f] = 3.

2. When does this correspondence break down? For generic f with L[f] = 4, there
is a unique computation sequence, but what are the conditions when this is not the case?

3. How can conditions for sets of polynomials to be computation sequences be used
to construct necessary conditions for a polynomial to have low complexity? In other
words how do we use defining relations for G, to obtain defining relations for C, 47
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