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Abstract

This research aims to determine win/loss outcomes from specific starting posi-
tions in Yasutomi's game, played on a graph called the pyramid of height 13. Due
to the game’s vast search space, a basic minimax approach is infeasible. The re-
searchers initially hoped to reduce complexity by detecting special winning forms
but abandoned this after finding them rare. They now focus on minimizing redun-
dant searches by identifying isomorphic graphs and simplifying the search graph
using cut-vertex decomposition. The terminology and game structure are based on
prior studies by Kobayashi.
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1 Introduction

The goal of this research is to determine the win/loss outcome for a specific starting
position in a game played on a graph. We report on our current approach to achieving
this goal. The game is referred to as Yasutomi’s game, and the graph used is called the
pyramid of height 13, as described in [2]. The game was originally given a Japanese name
meaning “Challenge game to Euler” [5]. In this report, we adopt the terminology from
[2].

It seems clear that a simple minimax search for Yasutomi’s game on the pyramid of
height 13 cannot be completed in a typical computing environment due to the enormous
search space.

We initially expected to frequently encounter special winning forms that could be
easily identified during the search. We considered a strategy to significantly reduce the
search space by applving a winning form determination to the graph being searched.
However, this strategy was abandoned after a simple experiment revealed that special
winning forms rarely appeared during a random game.

Currently, we are exploring the possibility of completing the desired search by eliminat-
ing re-searching of isomorphic graphs and by reducing the search space through simplifying
the search graph based on graph decomposition by cut-vertices.



Section 2 will describe the games considered in this research. In Section 3, we will
discuss our inability to predict the frequency of positions that can be easily identified as
a guaranteed win for the second player. Section 4 will present the concept of a computer
experiment designed to optimistically estimate the size of the search space in a minimax
scarch, thereby demonstrating that the game favors the first player. Section 5 will discuss
the concluding remarks.

2 Preliminaries

In Yasutomi’s game, a planar graph P,, referred to as a pyramid, serves as the game
board. Here, n is a positive integer representing the height of the pyramid. Pyramids P;
and P53 are depicted in Fig. 1.

To begin the game, a piece is placed at the top vertex of the pyramid that is represented
by the black filled circle in Fig. 1. Two players then take turns moving the piece along
the graph’s edges, removing each edge as it is traversed.

The vertex where the piece currently resides is called the current vertez. The current
vertex in the initial position is termed the starting vertex. A position in Yasutomi's game
is represented by a pair (H,w), consisting of the current subgraph of the pyramid H and
the current vertex w.

The player who cannot make a move loses the game. Yasutomi’s game is a two-person,
zero-sum, finite, deterministic game with perfect information. Since the number of edges
on the graph decreases by one with each turn, it is clear that draws are not possible in
Yasutomi’s game.
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Figure 1: Pyramids P and Py3

3 Frequency of appearance of forts

It is known that Yasutomi's game is a guaranteed win for the second player if the graph
has a bipartite subgraph satisfying certain conditions [5, 2]. This subgraph is referred to
as a fort in [2]. The definition of a fort is as follows:



A fort of a game position (G, v) is a bipartite subgraph of G defined by a subset S of
V(G@), where S satisfies the following conditions:

e The current vertex v belongs to S (v € S).
e Any two vertices x,y in S are not adjacent (Vz,y € S, xy ¢ E(G)).

e Any vertex not in S is adjacent to an even number of vertices in S (Vo ¢ S,
|{s € S| zs € E(G)}| € 2Z).

Let A(S) denote the set of all vertices adjacent to a vertex in S. Let G[X] denote
the vertex-induced subgraph of G by the set X of vertices. Then, the bipartite subgraph
G[SUA(S)] — E(G|A(S)]) is a fort. Note that, in [2], the set of vertices S itself is defined
as a fort. In this report. consistent with the definition in [5], a fort refers to a bipartite
subgraph rather than a set of vertices.

The following proposition is well-established [5, 2|. More specifically, an explicit con-
struction of the fort is provided in [5] for any pyramid P, that meets the proposition’s
condition. Consequently, in most cases, Yasutomi’s game played on pyramid P, with its
top vertex as the starting vertex results in a guaranteed win for the second player.

Proposition 1 A fort exists in the initial position (P,,vy) of Yasutomi’s game, where vy
is the top vertex of P,, if n + 3 > 4 is not a power of 2.

Determining whether a position in Yasutomi’s game has a fort is relatively straightfor-
ward using a SAT solver or an integer programming solver, such as SCIP [1]. Initially, we
anticipated that positions with a fort would frequently appear during the search, leading
to a significant reduction in the search space. However. a simple experiment proved this
assumption incorrect.

For instance, when the game progressed along the trails shown in Fig. 2. no positions
containing a fort were found.

Our small-scale experiments indicated that positions with a fort only arose when the
game progressed along a corridor-like trail, as illustrated in Fig. 3.

4 Measures to reduce the search space in minimax
search

We conjecture that Yasutomi’s game played on a pyramid P;3, with its top vertex as the
initial position, is a gnaranteed win for the first player. In this section, we propose an
experimental method to assess the feasibility of proving this conjecture via a minimax
search.

The following techniques are employed to reduce the search space in the minimax
search for this proof:

1. During the minimax search. the first player's move is always unique, and chosen
randomly using a uniform random number generator, say /dev/urandom in Unix-
like operating systems. Thus, our experimental minimax search effectively acts as
a depth-first scarch to find a guaranteed win for the first player. branching only at
the second player’s nodes.
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Figure 3: A game progression in which forts arise



2. To prevent re-searching isomorphic graphs, newly generated graphs are canonically
labeled and stored in a hash table. The hash table is based on Zobrist hashing [6].
We are considering using the nauty and Traces library (3] for canonical labeling.

3. When a new graph arises, a depth-first search is performed, restricted to the region
reachable from the current vertex, to identify cut-vertices. Cut-vertices can be
easily found in a single depth-first search [4]. If the graph contains a cut-vertex, any
connected components formed by its removal that do not include the current vertex
are deleted. While this process is somewhat heuristic, we consider it suitable for an
optimistic estimation of the search space.

4. Only hash values and win/loss states are recorded in the hash table, not the entire
graph. This approach minimizes the main memory occupied per graph and enables
a greater number of entries compared to storing complete graphs. Although this
method carries the risk of hash value collisions and potential search errors, we believe
the search’s reliability can be arbitrarily increased. This is achieved by repeating the
same search multiple times. In each trial, we compute a “search hash value” for the
eutire search operation and use Zobrist hashing for gae positions based on different
random numbers for each trial. If the same search hash value is obtained across all
trials, the estimated probability of a hash value collision occurring decreases as the
number of trials increases.

Let GG be the graph representing the initial game position. If H is a connected compo-
nent formed by deleting a cut-vertex w from G, H +w denotes the subgraph of G induced
by the vertices in H and w. The win/loss states for the starting position (H + w,w) to
be stored in the hash table are categorized as follows:

e The first player wins, and the vertex where the second player is located on the last
turn is not w.

e The first player wins. and the vertex where the second player is located on the last
turn is w.

e The second plaver wins, and the vertex where the first plaver is located on the last
turn is not w.

e The second plaver wins, and the vertex where the first player is located on the last
turn is w.

Additionally, each hash table element must be capable of storing the following two
types of information:

e Nothing is registered in the element of that hash table.

e The element has a position registered in the hash table, but its win/loss state has
not vet been determined.

Consequently, each hash table element is represented as a 64-bit unsigned integer.
Of these, 61 bits are assigned to the hash value, and the remaining 3 bits are used to
represent auxiliary information, such as the win/loss state.



5 Concluding remarks

Our immediate next step to the goal is to conduct sufficient experiments incorporating
the techniques described in the previous section. If these experiments show the estimated
search space is sufficiently small, the next phase will involve performing an actual minimax
search.

A challenging aspect is determining how to prioritize moves during the first player’s
turn. One approach is to select moves that minimize the number of possible moves for
the second player in the subsequent turn.

We plan to report the results once these proposed experiments are fully implemented.
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