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Abstruct: T D/NETIED 5 8 IRyGRE (symmetric composition algebra) O
all subalgebras and its Lie subalgebras induced from their basis #&E& L 7.
ZLTZO8RILREIE  Lie algebras, Jordan algebras, alternative algebras
and structurable algebras % %€ normal triality algebras & X2 RERDH
ZEENET. INoDIEHLE LT bisymmetric spaces Z#wZt L £ 9.

§0. Introduction (Motivation)

This article is to introduce a new concept called a normal triality algebra. To
describe the concept, first in the case of the complex number C, we denote the
standard product by z x y and the conjugation by Z, respectively, and define
a new product defined by zy = Z*y, here v/—1 is denoted by i. Also, the
notations Trid and Trig are described in the next section. Then, for j = 0,1,2,
here the index j is defined by modulo 3 and with respect the product zy, we
have

2
() Der C={de€e EndC|d= gnﬂ'i, n=0,1,2,--},
Trid C = {(dy,d1,dy) € (End C)* | d; = 6;i, 57_0; =0, and 6; € Re C},
2
and we have Aut C={g€ End C|g= exp(gnm‘),n =0,1,2,---} 2 S5,

Trig C = {(g0, 01, 92) € (End C)3 | g; = exp(ib;), 61 +02+03 =0,0; € Re C}.

Next in a general linear group A = GL(n,F) = {z | det * # 0, = €
Mat(n, F)} with the standard product « x y of the matrix product over a field
F, we introduce g; with g;(a)z = ajjl * T * aj12, and with respect to the new
product 2y = (z * y)~!, then for a = (ay,as,a3) € A% we obtain

gi(a)(zy) = (gj+1(a)z)(g;42(a)y),
where j = 0, 1,2, This g; is denoted by
gj(a) = R(aj11)R(aj42) and R(aj)z = za; = (x+a;)".

On the basis of ([K.1],[K-O.1]), we call a "generalized structurable algebra”
with respect to a nonassociative algebra A equipped with endmorphisms D(z, y)

as follows:
1) D(Z,y) = —D(y,l'),



2) D(zy,z) + D(yz,x) + D(zz,y) = 0, Vz,y,z € A,

3) D(z,y) is a derivation.

Remark. If A = Fe, that is, dimp A = 1, where e is the unit element
of A, then the triality group of A is Trigr A = K4 (Klein’s 4 group), and if
7, v/—1 € F with a conjugation, then Tridr A = {(0,7v/—1,7v/—1)}.

Remark. 53O —ibDH~ OB EAFEEZ: Tits 12X 25 8 D=
KJHEE () 1IZDWTI ([S],[T],[To] and [K.3] 55) S L T 7ZE 0.

Ino Olia%z —OIEFBERRBTUANEEL £7, ) —RER Lo REBGR
LEZETOT, w2 bR VWEEBFEL £T.

81. Normal triality algebra

Let A be an algebra over a field F with ch F' # 2, 3 and the algebra which pos-
sess dj(z,y) € End A for j =0,1,2, Vz,y € A, satisfying d;(y,z) = —d;(z,y),
di(z,y) = R(y)L(x) — R(x)L(y), and da(z,y) = L(y)R(x) — L(x)R(y), where
L(z)y = zy, R(xz)y = yz, furtheremore, " principle of triality”;

(dd)  dj(a,b)(zy) = (dj+1(a, b))y + (dj+2(a, b)y).

We call A then be a regular triality algebra, and d; is called a triality derivation.
Note that a explicit form for dy(x,y) is not specified at all. If A satisfies further

[dj(uﬂv)a dk(x7y)] = dk(dj—k(uﬂv)‘T?y) + dk(x>dj—k(u7v) and

do(fE,y)Z + dO(yu Z)‘T + d0(27$)y = 07

in addition for any j,k = 0,1, 2, then A is called a pre-normal triality algebra.
Next we introduce Q(z,y,2) € End A by

Q(z,y,2) = do(z,yz) + di (2, 2y) + da(y, 22).

We call the pre-normal triality algebra be a normal triality algebra if it
satisfies Q(z,y,2z) = 0 Vz,y, z € A in addition.

We denote Trid A = span < d;(x,y),¥ j =0,1,2 > .

The conjugation algebra A*of a normal triality algebra A defined by x*y =
Ty with involution Zy = ¥z satisfying d;(x,y) = ds—;(Z,7) is called a normal
Lie-related triality algebra ([K-O.1][K-0.2]).

Note that if this A* has an unit element, then A* is a structurable algebra
([K.1],[K-O.1]), and putting D = dg + d; + dg, then D is a derivation.

Proposition 1. For a normal triality algebra A , if we define

Y 2
(d]z') :Id+dj+%+--- (well — de fined)

§=expd; = Z
k=0

then we have
&i(zy) = (&17)(§42y)  (global triality)

d .
[E((exp td;)dy (exp td;) M=o = [d;, di] € Trid A,



that is, as a generalization of the derivation of A, this means
dj(zy) = (dj12)y + x(djr2y)  (local triality)

Example. The Jordan and Lie algebras are a normal triality algebra, with
T =z and T = —xz, respectively. The case of Lie algebra with the product [z, y]
is dj(z,y) = L([z,y]),j = 0, 1,2. This triality derivation is the inner derivation.

Example. For the matrix algebra, an alternative algebra and a struc-
turable algebra (A, z x y) with involution, the conjugation algebra is a normal
triality algebra, because = * y = Ty and so x* y = xy. Here a definition of the
structurable algebra is defined by a ternary product (triple system)as follows;

<wyz>=(xxY)rz+ (257w — (247T) xy
and it is a (-1,1)Freudenthal-Kantor triple system ([K.1],[K-O.1],[K-O.4]).
§2. Symmetric composition algebra

Z ®FETIE normal triality algebra ([K-O.1],[K-0.2],[K-0.3]) o HEI {7252
#T & % symmetric composition algebra (ZDWTHFEL £9. Mk, / —~b
EZEED Gell-Mann(quark theory DRIIHE) DHALITE B 72720 8 IRTTAREL
(pseudo octonion) 2 &L < z,y > & K> T DRBCR ([O],[K.3]) 2FEAET.

§2.1. Definitions and Results

Let A be an algebra with symmetric bilinear nondegenerate form < | > over
the field F' of characteristic # 2. Suppose that we have

() =z(yz) = (zy)z =< zfz >y, Vo,yeA
Then A is known as a symmetric composition algebra (SCA), since it satisfies
(1) < aylzy >=< z|lx >< yly > and < zylz >=< z|yz >, Va,y,z € A.

Remark. Note that (f) <=7y (fl), that is, this means that the relation of
composition law ||zy|| = ||z||||y]| is equivalent to < zy|zy >=< z|x >< yly >,
because < x|z >= ||z||%.

For symmetric composition algebra, we have two Propositions as follows.

Proposition 2.1([0],[K.3]). Any symmetric composition algebra over a
field of ch F # 2, 3 is limited to be either

(a) a para-Hurwitz algebra, or

(b) an eight dimensional pseudo octonion algebra,
where the para-Hurwitz algebra is the conjugation algebra of Hurwitz algebra
(i.e., R, C, H (quaternion), O (octonion) if ch F =0), and the pseudo octo-
nion algebra is induced from Gell-Mann’s any traceless 3 x 3 matriz ([G],[K.3]).

Proposition 2.2([K-0.2],[K.3]). Any symmetric algebra A is a normal tri-
ality algebra. In particular, we have relations; di(x,y) = R(y)L(z) — R(x)L(y),
do(z,y) = L(y)R(z) — L(@)R(y) and do(z,y)z = 2([L(x), L(y)] — Rlr,y))} =
< z,z > y— < y,z > x}, furthermore, < d;(x,y) >span™= D4, and the local
triality relation (W@) that is, d;(zy) = (dj+12)y + x(dj+2y), j=0,1,2.



Note that the ”"principle of triality” due to Tits is a special case of this
proposition. These imply that there is a generalization of the derivation.

For a generalization of the symmetric composition algebra, without assuming
the nondegenerate property of < x|y >, it is said to be a generalized symmetric
composition algebra, we denote by GSCA.

Example ([K.2],[K.4]). Examples of GSCA over a field Z,, (finite field) are
Z,\/4), Z,[\/q, V7] (qr =1 mod p), Zpli, j, k], and Z,e1, ez, - - -, ez].

§2.2. Multiplication tables

SCA D 8 R DFLEIZE T % Heffizk ( para and pseudo octonion algebras
) FENTNIROKRTEHZ SN (KA]), Wiz =" 2565, y =)y DL E
< w|y >= Ej T;iY; ’Cﬁ%éé’bi’é‘, 772U < €i|€j >= (51',]‘ (7 03Xy h—n 5)

(*) para octonion DHJE: e, - ,er DEDHI, ejes = —e3,ere; = —eg,eger = —eq.

para case e1 es es eq es eg er
el -1 —es e —es eyq —er €6
e2 es —1 —eq eg —er —ey es
es —e2 el —1 —er —eg es eq
eq es —eg er —1 —e1 e —e3
es —ey er eg el —1 —e3 —e2
e6 er eq —es —e2 es —1 —e1
er —eg —es —ey es eo el —1

where eg(= 1) is the unit element, and omit from the multiplicative table, also
since Vz, egr = T, eg is said to be a para-unit. | DF L para octonion D
conjugation algebra %% octonion (Cayley number) T#H2 Z & %ZRUTWET.
Note that the product [ej,ex] := ejer, — exej, (4, kK = 1,---,7) makes a
Malcev algebra with seven dimension ([O]). Indeed, (e;e;)e; = e; in SCA.

(xx) pseudo octonion DIHEJE: e, -, es OHEDHY, eres = e3, eger = e1, eses = —es.
pseudo case el €2 €3 €4
3 1
e1 es e3 —e2 eg+ Ley
1 3
e2 —e3 es e1 566 — §e7
3 1
€3 €2 —e1 es %64 + 5es
V3, _1 Ll _ B8 V3, _1 V3., _1
e4 57 e6 \/267 }56 et 5 ed \/265 5 e3 }es
€5 %66 + 7367 7366 —\/%67 %64 + 7365 —\1}53 - 7368
3 1 1 3 3 1 3 1
e Pea T3 atwe —Peq+ fer g ge
1 3 3 1 1 3 1 3
er 5e4 +-57e5  —-5eq4+ j5e5  —5e6 — “5€r —561—\7[82
1
es e1 e2 e3 —Ses+ Lles
pseudo case es €6 er es
1 3 3 1 1 3
el —}66-1-%67 Beg+les  —leat Les e1
3 1 1 3 1
e2 S5 e + 5er —5644—%65 —%64 — 565 €2
@ | darBa Ba-ta do-La
1 V3 V3 1 le, V3 1o, V38
€4 3/633 +5es 5 €1 +\3§2 3? 5 €2 }64 3 €5
1 1 1 1
es s —fes —ze1tFe  Fetje Slea—ges
3 1 1 3 3 1 3 1
€7 %61—562 583—§68 —%e —3¢8 %66—567
3 1 1 3 3 1




Here for the pseudo case, assume that V3 eF.

B para octonion % O, pseudo octonion (or Okubo algebra) % O, £F<.

Remark. Note that Der O = G5 and Der O, = A,, furthermore with
respect to the product [z,y] = zy — yz, (O, [x,y]) is said to be a Malcev admis-
sible algebra. Also, (Oy, [x,y]) is said to be a Lie admissible algebra, and the
structure is an isomorphism to As (eight dimensional Lie algebra). These (the
cases of para and pseudo) have an application to mathematical physics ([O]).

§2.3. Linear dependency of triality derivations d;(z,y), j =0,1,2

Z DTl symmetric composition algebra @  triality derivation @ d; (z,y)
IZ&D D do(z,y) and do(z,y) P LIRFEGTRIND I L 2N E T,

8 IRITLAREUD para octonion % O, pseudo octonion % O, DFLFTTKL, [FAkk
IZ 4 IRILD para quaternion, pseudo quaternion HEFEI N E T, O % (a)type,
O, % (b)type &IEZ.  F7z b) type is called a Okubo algebra.

di(z,y), da(z,y), do(x,y) DEAFRIZDWTI da(es, er) and do(e;, ex) B
di(e;, e) D—IXfGEE TERAIGBEEZRLET. Va,y € O, (pseudo octonion) D &
DIET&H Y normal triality algebra ([d1(a,b),d2(c,d)] €< di(e;, €j) >span) DV
B XY Lie algeba Dy with 28 dim Z/EK L £3. - T da(z,y) B 28 RILD
End O, DG TET DT dy(x,y) DIEED 1 IKFEGIT LV RRATRETT. ZLT
normal triality algebra 22D T  do(z,yz) + di(y, 2x) + da(z, 2y) = 0 DE Y L
B, ZORK D, doe;, exes) + di(er, ege;) + daes, eier) =0 72D TRE LY
1<k<3%oiXeres =eger =ep and 4 < k < 77 51F epes + eser, = —ey,
€geg — —€3 cl: D do(ei, (:‘k) &i d/o(ei, €8€L +€k68) ’C?E‘é?hf ZZ’L%Ci dl (ei, ej) D
—IFEATERRARETYT, 20 da(z,y), do(x,y) D di(es,e5) TREXT.
para case of (a): eg DIRD YT eg & FHWIIXFARRIZEIELTTHE TS D THIK.

ULzFedHdEROEHEIREET.

Proposition 2.3. Let A be any eight dimensional symmetric composition

algebra. For (dy,dy,ds) € Trid A, then we have
do(z,y),d1(z,y),d2(z,y) are linearly dependent in End A.
That is, do(e;,er) and do(e;,er) are represented by the linear combinations
of di(ej,ex), and dim < dj(z,y)|lz,y € A >gpan= 28 (j=0,1,2), these im-
ply, < dj(x,y) >span™= D4 (28 dimensional simple Lie algebra) and satisfies
< dj(z,y)ulv > + < uldj(z,y)v >= 0. Furthermore, < d;(x,y) >span S an
ideal of Trid A.

Remark. If A is a normal triality algebra satisfying AA = A and involu-
tive, then, do(xz,y) is unique determined by dyi(x,y), dao(z,y), V z,y € A.

§3. All subalgebras of symmetric composition algebra

§3.1. All subalgebras of symmetric composition algebras

Z DHITIE Symmetric composition algebra A over a field F with dimp A = 8
D trivial TR subalgebra B %543 5, 52 para case % B and pseudo
case & B, EXJILTHL. ZDOR,1<dim B<T7, and 1< dim B, <77T®b
D, FRERLODIROFERDE VLD, I TIRHEHEREETERLTVWET.

Proposition 3.1. Let A be a symmetric composition algebra over a field
F. Then there is not a subalgebra of A with dimension 3, 5, 6 and 7.



FBX (1) para type (a): dim B=1D& & B2 Feg, eg (FHAMITLTT.
dim B =2 D& B Il¥<epej >span, and e; 1E (1 < j <7) D—2D
T, A8 7 PR, BIRR F PNEBDE G E para complex number TH 0
Introduction DEFHERLD new product D& (example) and ef = —eg TY.
dim B=4®D&& B l¥<eg e, e,e€3 >span, < €0,€1,€4,€5 >span,
< eg, €1, €6, €7 >spanu < €p, €2, €5, €7 >span7 < €9, €2, €4, €6 >spanu
< ep, €3, €4,€7 >span, (< €0, €3, €5,€6 >span, =AVOIE a para quaternion algebra
(the conjugation algebra of quaternion number) & FEIEI 5 [FIELZR 7 fASFERER
rofEonxd.
(88) pseudo type (b): dim B, =1 ® & & B, = Feg, where (—eg)(—eg) = —es.
dim Bp =20k & < €1,€8 >spans< €2,€8 Zspan,< €3;€8 >spans AT 7 3 %0
NRMER L VRSN KT (called a pseudocomplexnumber).
dim B, =4 DX & 2 IRILD subalgebra < e3, s >span 2 HFD,
< €1,€2,€3,€8 >span,< €4,€5,€3,€8 >span, < €6,€7,€3,€8 >span, DFETLZL 3 H
MES5NE T (called pseudo quaternion by the author’s naming).[]
§3.2. All Lie subalgebras induced from symmetric composition
algebras
para case (a) D& ElE O I [z,y] = 2y —yz DFET Lie T7% < ,Malcev
algebra (2720 £TOTH E D EIRL VDS UNEFAD TH OMRTBRET.
Proposition 3.2. Let A be a pseudo octonion algebra (or Okubo algebra)
and for the Lie admissible algebra (A, [z,y]), then we have, there is not a Lie
subalgebra with dimension 5,6,7. That is, there only exist 1,3,4 dimension.
B, dim (B, [, |) =1D& & B, X Fes.
dim (By,[, ]) =2 DEERMEKRLID B, 1T < e1,e8 >span,< €2, €8 >spans
< ez, €8 >span, WOERIND 2IRITD abel Lie subalgebra of (0,,[, |) TY.
dim (Bp,[,]) =3 D& & B, 13 < er,e2,63 >span, < €1,€4,€7 >spans
< e1,€s5,€6 >spanu < €2,¢€4, €6 >spanu < e2,€5,€7 >span7 < €3,¢€4,€5 >span7
< e3,€6,€7 >span, WOERIND THIO 3 KICD Lie subalgebra of (O, , ])
TY, 2L TENSIE Az, y, 2) =< z,y,2|[z,y] = 2, [y, 2] = x,[2,2] = Y >span
RAHENEL D EZEIND JIRTD Lie algebra & [AHTT .
dim (Bp,[,]) =4 D& & B, 13 < ep,ea €368 >span, < €3,€4,€5,€8 >span,
< €3, €6, €7,€8 >span, 3 HD 4 IXKIGD Lie subalgebra of (0,,[, ]) WEIEL £7.
< €1,€32,€3,€8 >span D& %0)(75\, [68,61] = [68,62] = [68,63] =0, 7’:‘:75)%, es M
center TH Y, FNIX Feg ® Az,y,2) LA TYT.O
Remark. (b)pseudo case: (Op,[, ]) =~ As. We create the Lie subalgebras.
(a)para case: (Lie algebra Z{E5 & &) dim (B,[,]) =1 D& &3 Fey T
I.odim (B,[, ]) =2 DEEE <ep, e >span, € 1F (1 <i<T7) DENNPTY.
dim (B,[,]) =4 D& EE < eg,e1,e2,€3 >span, < €0,€1,€4,€5 >span,
< eg, €1, €6, €7 >span; < €p, €2, €4, €6 >span7 < €g, €2, €5, €7 >span;
< €0, €3,€4,€7 >span, < €0,€3,€5,€6 >span, DHED 7D Lie algebra T .
Feo @ A(z,y,2) ERIBITY. 75 eo is the center, since [eg , e;] = 0.
dim (B,[,])=3D&&E LDARTDHET ey 2RV HDAES THOD
Lie algebra T A(z,y,z) LFBTY. (O,[, ]) i& Lie algebra ZE5 7\,
A Cayley algebra is the conjugation algebra of a para-Hurwitz algebra with
eight dimension ([O],[K-0.2]). % U T 8 IRIGDO R D—FETdH % Cayley 1%
BIZDOWTIKE. Artin IZX 2IROEHEDPF SN TWET ([S]).



Proposition 3.3. The subalgebra generated by any two elements of alter-
native algebra A is associative.

FZBR para Hurwitz algebra O @ conjugation algebra & Hurwitz algebra T
»Y, Hurwitz algebra O —F®D Cayley algebra (& alternative algebra T
H5Z XY, Proposition 3.3 %\ T type(a) D conjugation algebra 7%,
DFD  S8IRILD Cayley algebra »° ZOMEZHELET. LhrLads,
pseudo algebra O, DHEIFEMEL LD (e1e1)es = ez # ei(e1e2) = —e2 and
(ese5)es = —eq # eqleses) = eq, FEM B Artin’s theorem % jiff7z X 72 W REK
R T9. HIZ para octonion | para unit ZKiH £ 9%, pseudo octonion 1%
unit(BA7I0) B para unit HFFH FHA. DF D, symmetric composition algebra
IZHWT (a) type (para case) and (b) type (pseudo case ) DRERTiE MEEA
R0 Ed. ULPLRAUMEEZRAET 2H5ESFMELET. IREITHAL 9.

§3.3. Miscellaneous results

Z DEITW L DA D symmetric composition algebras ([K-0.2], [K-0.3], [K.3])
IZDWT DFER%ZIB AR EF. That is, para and Okubo algebra cases T .

Let ¥ = {a = (al,ag,ag) S A3|ajaj+1 = Gjy2, < Qj,05 >= 1,V =0, 1,2},
and put oj(a) = R(aj+1)R(ajt2), 0j(a) = L(aj+2)L(a;+1). Also we set G :=<
oj(a)d;(b) and 6;(a)o;(b)[V a, b € £ >,4ep,. Then we have the following.

Proposition 3.4([K-0.3]). Let A be a symmetric composition algebra. Then

oj(a)(zy) = (0j11(a)z)(oj42(a)(y)), 0;(a)(zy) = (0;11(a)z)(0j42(a)y),
<ojla)z,y >=<x,0;(a)y >,

and furthermore, G is a invariant subgroup of Trig A.

A DY symmetric composition algebra with dim A =2 O%H, Aut A= S3
if /3 € F, Trig A is a infinite group if F is infinite.

A be a symmetric composition algebra. The two cases of para and pseudo
have a subalgebra B =< e, f >,qn of A eqipped with e, f € A satisfying

ece=e,ff=—eef=fe=—f,<ee>=<f,f>=1,<e, f>=<f,e>=0.

The case of para is e = eg and f = one of e; (1 < j <7), the case of pseudo is
e=—egand f = oneof ey, es, e3. Any x,y € B satisfies the quadratic relation;
xy=yr=—<ex>y—<ey>x+ d<ex><ey>—<uxy>)e Hence
this subalgebra B is a quadratic algebra with the para-unit element.

84. Magic square tables and bisymmetric spaces

84.1. Magic square table of Lie algebras

Following ([K-0.2],[K.4],[K.5] and references of therein), triple systems or
normal triality algebras A (ZFf{f L 7z five graded exceptional Lie algebras L(A)
BT L. Mg, HIMK P3RS0 ORBEAKE 5.

I) A=0® 0 DG (tensor product case , and dim g_o = dim go = 14)
A=A ® As, dim Ay, dim Ay RBFE5EZHVS L, TNE N construct T3
Lie algebra (&4 FDORRIZZA D, 2L T A =0 ® O @ subalgebras $&%9 5.

L(A) = g_209-1®90®91®92 = Es, g_2®go®g2 = Dg, go = D7®gl(1), A= g_1



dimAy\dimA; | 1 2 4 8

1 Ay Ao Cs Fy
2 Ay Ay@ Ay A5 Eg
4 Cs As Dg FEr
8 F, E; B, FEx

Eg % extended Dynkin diagram T3 & g 1 @ g1 = L(A)/(9—2 @ go D g2) =
FEs/Dg 13 128 ¥RI0 D X FRZER];
®—o0—o0—o0—o0—o0—o0—]0], [o] omitted = Ds, and ® is highest root.

[e]

) A= ( % ; ) D& (balanced case, and dim g_o = dim gy = 1)
L(A) = Es, g2®go® g2 = Er & Ay, go = Er & gl(1),A=g-1.
ZZT H3(0) —» Hs(A)(= B) B2 TICESHZS. 7L A 13 Hurwitz

algebras over F. £ LT V<a a>€<g ﬁ)zA E$ B dimB T
)

b 5
J&5 LT, £® Lie algebra 1L NDFRIZ ESE
dmB |1 6 9 15 27

dimA | 4 14 20 32 56
dimL(A) | 14 52 78 133 248
L(A) |G, F, Es E: FEg

Z DHFE D construct X7z Fy % extended Dynkin diagram TRT & g_1 Dgy =
©—[o]-o—0o—o0—0—o0—o, [c]omitted = A; & E7, ® is highest root.

o)

Remark. 56 {XJt®D balanced 7% A I35 #)IZ F.Hreudenthal {2 & %
metasymmetric geometry OFFLIZELIV, normal triality algebra or triple system
12 & 0 BT ST RE R AREUHY 72 structure % £ 5, generalized Zorn’s vector
matrix &FHEN TV T ([K-0.2],[K-0.3]).

84.2. Bisymmetric spaces associated with exceptional Lie algebras

U —BEOEZMIN ) —REE XIS 5 BIfR & FIRR IS FR2E M D223 ) —
ZHRARETHADTIITIFZHRTEZRLUET. D D Bisymmetric space
DEFHIFIKD & 572 (B,, Bg, B, Bs) @ Lie triple system D pair T

(I) dim Bs/dim B, = dim B, /dim Bg = dim Bg/dim B, =2, and
B, < Bg < B, < Bs
as Lie triple subsystem’s series of the Lie triple system g_; @ g1 of 5-graded
Lie algebra g = L(A) = g_2 ® g—_1 ® go ® g1 ® g2 associated the normal triality
algebra A =gy and Der (g1 © g1) = g2 ® go © ga-

BT, §4.1 THRARZAERZHWT (1) type DIEH, XD & 5 7% bisymmetric

spaces O series DMFONET. N % Type (I) D Bisymmetric spaces & I3,

(V) Fu/By < Eg/(Ds © gl(1)) < E7/(Ds & A1) < Es/Ds



and the dimensin of bisymmetric spaces of type (I);
16, 32, 64, 128  respectively.

extended Dynkin diagram (&FRZ2f) D E;, Eg, Fy lEPA FORRIZR D 575
o—o]-o—o0—0—0-®, [o]omitted = Dg @ Ay, and ® is highest root.
|

e}

[c] —o—o—o—[c] [o]omitted = D5 ® gl(1), and ® is highest root.

[e]

|
®

©® —o—o=>o0—[o] [o]omitted = By, and ® is highest root.
(IT) type D&% (balanced case) B [FIBRDFER VMM AJEETT. LA L
(II) (dim Bs +16)/dim B, = (dim B, + 16)/dim By =
(dim Bg +16)/dim B, =2, and B, < Bg < B, < Bs
LEFTSH. £ LT Type(Il) ® Bisymmetric space LIERZ IZL X7 .

(@@) F4/(C3 &) Al) < EG/(A5 &} Al) < E7/(D6 D Al) < Eg/(E7 & Al)
and the dimension of bisymmetric spaces of type (II) ;
28, 40, 64, 112 respectively.

type (IT) @ extended Dynkin diagram CSFRZER]) O E;, Eg, Fy D56
o—o—o0—o0—o0—[0o]—-®, [o]omitted = D¢ & A;, and ® is highest root.
|
0]
o—o—o0—o—o, [o]omitted = A5 ® Ay, and @ is highest root.
|

|
®

©® —[o]-0o=>o0— o, [o]omitted = C5® A;. and ® is highest root.

Here A4, A5, By, C3, D5, and Dg mean classical simple Lie algebras.
Remark. Type (II) iIZBWTD L(A)/go & L THNS vector spaces D series;

Fy/(C3 @ gl(1)) < Eg/(As © gl(1)) < Er/(Ds ® gl(1)) < Eg/(E7 @ gl(1))

(dim Bs+18)/dim B, = (dim B, +18)/dim Bg = (dim Bg+18)/dim B, = 2,
and B, < Bg < B, < Bjs % bivector space & U T » 2 MDOREBHEE AT
(bireductive homogeneous spaces) and their dimensions are 30, 42, 66, 114,
respectively, normal triality DHEIREESR & U T D algebraic structure 23F{E L T
WHLEZTVET. - SROWFRRED D TY.



Concluding Remark. One of our fundamntal philosophy is to study the
construction of 5-graded Lie (super)algebras ¢ = g_2 ® g—1 ® go ® g1 D g,
satisfying [g;, g;] C g;+;without using root systems and Cartan matrix.

EHEDOREDH (K.5]) BEERE T WE T Springer & 0 RS 72 Z D
A (EBEL R ) 13RS IR B DT OIFEBI % H1 % 72010 2RI 1D &
EZETOTHIEDD S HIFTSR NIV, £-EHDHEAR L RN 2
D7z SiGE & HARGEDRIL L 72#isTa ) £ L7, THALS I,
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