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Abstract

In this note, we present a clear and dynamic proof of Hilbert’s Nullstel-
lensatz involving Grébner basis computations. The so-called weak form
of the theorem easily implies the full statement, and we prove a result
concerning generators of maximal ideals, which is equivalent to the weak
form, using Grobner bases.

1 Grobner basis.

Let R = K[X1, Xa, ..., X,] be a polynomial ring over a field K with n variables,
and let M = M (X1, Xs,...,X,) denote the set of all monomials in R. We fix a
term order > that is, a total order on M which is compatible with multiplication

and is a well-order.
For f € R, we denote by 1t(f), lc(f) and Im(f) the leading term, leading
coefficient and leading monomial of f, respectively. We have

1t(f) = le(f) - Im(f), f=1t(f) +rt(f),

where the rt(f) is the sum of the remaining terms of f.

Let g = u + rt(g) be a monic polynomial, the is, lc(g) = 1, with u € M.
If f € R contains a term av with @ € K,v € M, such that u|v, that is, v =
uw for some w € M, then f is reduced to

fi = f —awg = (f — av) — aw - rt(g).

In this situation, we write
f —)g fl-

Let G be a set of monic polynomials of R. We write

f —a fla
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if f —4 f1 for some g € G. Fuethermore, we write
f=6F

if there exists a sequence

f_>91 fl g2 " gn fn:f

with g1,92,...,9n € G.

We say that f € R is irreducible with respect to G, if no g € G can be
applied to reduce f. An irreducible f € R is called a normal form of f with
respect to G, if f =5 f.

Proposition 1.1. Any reduction sequence f —¢ fi —¢ fa = - evenlually
teminates and yields a normal form f of f, that is, f = f, for some n.

Let I(G) denote the ideal of R generated by G. We say that G is a Grobner
basis of I if f —7 0 for every f e I.

Theorem 1.2. Suppose that G is a Grobner basis of I(G). Then

(1) For every f € R, there exists the unique normal from f of f with respect
to G.
(2) For any f,g € R, f =g (mod I) if and only if f =g (in R).

A Grobner basis G is said to be reduced if every g € G is irreducible with
respect to G \ {g}.

Theorem 1.3. For any given term order, every ideal I of R admits a unique
finite reduced Grébner basis.

2 Hilbert’s Nullstellensats

From now on, K is an algebraically closed field. Let I be an ideal of R =
K[X1,Xs,...,X,] and let v/T denote the radical of I, that is,

VI ={feR|f el for some e > 0}.

For a point p = (21, x2,...,2,) € K™, f(p) = f(z1,22, -+ ,2,) is an element of
K. Let V(I) be the algebraic set defined by I, that is,

V(I)={pe K" |f(p)=0forall fel}.
Conversely, for a subset V' C K", define an ideal I(V') by
IV)={feR|f(p)=0foralpeV}.

Clearly, we have
I CI(V(I)).



Theorem 2.1. (Hilbert’s Nullstellensatz). It holds that

I(V(I)) = V1,

In other words,
f(p)=0 forallpe V(I) < f¢ eI for some e > 0.
This theorem follows relatively easily from its weak form.
Theorem 2.2. If I # R, then V(I) # 0.
This weak form is a straight consequence of

Lemma 2.3. Fvery maximal ideal of R is generated by {X1—ay, Xo—ao, ..., X, —
an} with a1, a9,...,a, € K.

Indeed, the ideal T is containsed in a maximal ideal J = {X; — a1, Xs —
as, ..., Xn —an}, and hence

p=(a,a1,...,an) € V(J) CV(I),
showing that V(I) # 0.

3 Proof of Lemma

We give a proof of Lemma 2.3 using Grobner basis.

Let I be a maximal ideal of R, and let ¢ : R — R/I be the canonical
homomorphism. Then, R/I is a field containing K, and ¢ is a K-algebra ho-
momorphism.

If every a; = ¢(X;) is algebraic over K, then a; € K because K is alge-
braically closed. In this case, X; —a; € I, so [ is generated by X3 —aq,..., X, —
an, and we are done. Thus, we may suppose that a; is transcendental over K.

Let > be a term order with X; < Xo < --- < X,,, and let

G = {9(1)79(2)7 o 7g(m)}

be the reduced Grobnerbasis of I with respect to >. Each ¢(¥) can be written
in the form

g9 = 10 = ) = = [
where fl(i), féi), e, ,(,iz € K[X;] are monic polynomials, and ugi) > uéz) > >
uﬁ,? are monomials in M; = M (X5, X3,...,X,,). Because a; is transcendental

over K, we see that ugi) # 1 for every i; otherwise we would have g(9(a;) =
fli)(al) = 0 for some i.

Now let p € K[X;] be an irreducible polynomial that does not devide any
fli) (i=1,2,...,m). Let ¢ € R be the inverse of p modulo I, that is,

pq =1 (mod I).



If ¢ contains a term chvugi) (c€ K,e € N,v € M), then multiplying by fl(l),

we can apply a deduction
eX f{vuf? —g) X7 (/5 vus” o fRvul).

Hence, by choosing a sufficiently large enough integer e;, the product ( fl(i))eiq is
reduced to a polynomial in whith no term contains ugi). So, taking a much more
large integer e, and letting f = (f; )f2 ,,2) , we see that fq is reduced to
a polynomial h € R in which no term contains any ugi) (i=1,2,...,m). We have

f=fap=hp (mod I).

Since the both sides are irreducible under G, Theorem 1.2, (2) implies that f
and hp are equal in R, that is, f = hp. Because p was chosen not to devide f,
this is a contradiction.

Q.E.D.
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