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abstract Deletion and insertion are interesting and common operations which often appear
in text editing. A language L. C A* closed under the both operations forms a free submonoid
of A*. Its base C' is identical to a strong code, which is a kind of bifix code. The class of
hyper-strong codes is a subclass of strong codes. The star closure C* of a hyper-strong code
C' is closed under scattered deletion and insertion. In the last part of this paper, we show that
intercode is not a maximal code by using completeness of a bifix code.

1 Preliminaries

Let A be a finite nonempty set of letters, called an alphabet and let A* be the free monoid
generated by A under the operation of catenation with the identity called the empty word, de-
noted by 1. We call an element of A* a word over A. The free semigroup A* \ {1} generated
by A is denoted by A*. The catenation of two words « and y is denoted by zy. The length |w
of a word w = ajay .. .a, with a; € A is the number n of occurrences of letters in w. Clearly,
|1| = 0. For a letter a in A, we let |w|, denote the number of occurrences of a in w. We denote
{a € A|zay € L,x,y € A*} by alph(L).

A word u € A* is a prefix(resp. suffix) of a word w € A* if there is a word z € A* such
that w = ux(resp. w = xu). A word u € A* is a factor of a word w € A* if there exist words
x,y € A* such that w = zuy. Then a prefix (a suffix or a factor) u of w is called proper if
w # u.

A subset of A* is called a language over A. A nonempty language C' which is the set of free
generators of some submonoid M of A* is called a code over A. Then C'is called the base of
M and coincides with the minimal set Min(M) = (M \ 1)\ (M \ 1)? of generators of M. This
is equivalent to the condition that wC* N C* # () and C* N C*w # () imply w € C* for any
w € A*. A nonempty language C'is called a prefix (or suffix) code if u, uv € C' (resp.u, vu € C)
implies v = 1. C'is called a bifix code if C' is both a prefix code and a suffix code. A nonempty
language C' is called a hypercode code if ujus . . . Upty i1, UiV ULV . . Up VU, € C implies
v1Vy ... v, = 1. The language A™ = {w € A*||w| = n} with n > 1 is called a full uniform
code over A. A code (resp. prefix code, suffix code, bifix code)C' is called maximal (resp.
prefix-maximal, suffix-maximal, bifix-maximal) if C' U {w} is not a code (resp. prefix code,
suffix code, bifix code) for any w € A* \ C. A nonempty subset of A" is called a uniform code
over A. The symbols C and C are used for a subset and a proper subset respectively.

A language L over A is called reflexive (resp. commutative) if uv € L implies vu € L (resp.
zuvy € L implies zvuy € L). The conjugacy class cl(w) of a word w is the set {vu|w = uv}
and w’ € cl(w) is called a conjugate of w.

Let N be a submonoid of a monoid M. N is right unitary (in M) if u,uv € N impliesv € N.
Left unitary is defined in a symmetric way. The submonoid /N of M is biunitary if it is both left
and right unitary. Especially when M = A*, a submonoid N of A* is right unitary (resp. left




unitary, biunitary) if and only if the minimal set min(N) o (N\ 1)\ (N\ 1)? of generators of
N, namely the base of [V, is a prefix code (resp. a suffix code, a bifix code) ([BP85] p.46).

Let L be a subset of a monoid M, the congruence P, = {(u,v)|for all z,y € M, zuy €
L <= zvy € L} on M is called the principal congruence(or syntactic congruence) of L. We
write ©w = v (Pp) instead of (u,v) € Pr. The monoid M /Py, is called the syntactic monoid of
L, denoted by Syn(L). The morphism ¢, of M onto Syn(L) is called the syntactic morphism
of L. ¢1(w) is often denoted by [w],, or [w]. In particular when M = A*, a language L C A*
is regular if and only if Syn(L) is finite.

2 Strong Codes

A strong code C' is the nonempty base of the identity 17, in the syntactic monoid Syn(L) of
some language L. Then we introduce the definition of strong codes and their properties.

2.1 Strong codes and Hyper-strong codes

At first, we give the definition of strong codes.
DEFINITION 2.1 A code C' C At with C' # () is called a strong code if
(i) zyy€C* = yays € C*
(i) z,yzy2 €C* = yryo € C*

Note that if a code C' satisfies the condition (ii), we can easily check that C* is biunitary
(uwv,u € C* implies v € C* and uv,v € C* implies u € C*). Then, C' is a bifix code. Indeed,
uv,u € C implies v € C* and thus v = 1 because C'is a code. Therefore C' is a prefix code.
Similarily C'is a suffix code.

DEFINITION 2.2 [Ca092] Letxy,...,Tp, Y1, Yn, Yns1 € A*. Then, C C AT is called
an n-strong code if

(i) T Ty Y1 - YnYna1 € C* = YIT] -+ YnTpYns1 € C*
(ii) T oo T, Y1T1 -+ - YnTrYni1 € CF = Y1+ YnYns1 € C*

Moreover, C'is a hyper-strong code if C' is an n-strong code for all n > 0.

A strong code C' is described as the base of the identity Pr-class 1;, = {w € A*|w =
1(Pp)} # {1} of the syntactic monoids Syn(L) of some language L.

PROPOSITION 2.1 [HJ91] LetL C A*. Then C' = (15 \ 1)\ (11 \ 1)? is a strong code if
it is not empty. Conversely, if C' C A* is a strong code, then there exists a language L C A*
such that 1, = C*.

A relation p on the free submonoid C* of A* is defined as follows:
upv if and only if there exist m € C x1, x5 € A* such that u = x129 and v = xymas.

Let p the reflexive and transitive closure of p.

DEFINITION 2.3 [Zha87] Let C be a strong code over A. The root of C' is the set:

R(C)={ce CtNe¢, € CT(c1pc) — ¢ = c}.



PROPOSITION 2.2 [Zha87] Let C be a strong code over A. The followings are equivalent:
(1) C'is a group code.

(2) Syn(C*) is a group (and then C* is a Po«-class).

(3) C* is reflexive;

(4) R(C) is reflexive.

(5) C is a maximal code.

(6) C'is a prefix-maximal (or suffix-maximal) code.

(7) C N aA* # () forVa € A,

(8) C' N A*a # () for Va € A;

PROPOSITION 2.3 [H.J91] Let C be a strong code over A. Then C' is finite if and only if
(' is a full uniform code over A, i.e. C' = A™ for some n.

This proposition means that a finite strong code is a maximal code.

PROPOSITION 2.4 [Lon96] Let C be a code over A = alph(C'). The conditions (1)~(5)
are equivalent:

(1) C'is a maximal hyper-strong code over A;

(2) C* is commutative;

(3) C* is a Pg«-class, and Syn(C™) is an Abelean group.

(4) R(C) is hypercode.

(5) R(C) is commutative.

EXAMPLE 2.1 (1) A™(a full uniform code) is a finite maximal (hyper-)strong code.
Syn(A™) is the cyclic group (x|z™ = 1) of order n
with ¢ 4n+(a) = x for Va € A.
(2) C7 = {a} U ba*b is a regular maximal (hyper-)strong code.
Syn(C1*) is also the cyclic group (z|xz? = 1) of order 2
with ¢C1*(a) =1, ¢C1*<b) = Z.
(3) 'y = ba*b is a regular strong code which is not maximal.
Syn(Cy*) = {[1],[a], [b], [ab], [ba]} is a monoid but not a group
with ¢c,-(a) = [a], poy=(b) = [b].
Note that [a]? = [a], [b]? = [1], [ab]® = [ba]? = [a], [ba][b] = [b][ab] = [1].

EXAMPLE 2.2 (semi-Dyck languages) Let A= {(;|1 <i <r}and A={;|1<i<r}
be disjoint alphabets. The semi-Dyck languge D.* on A U A is generated by a context-free
grammar with the rules:

S — (iS)iS,S — 1.

For example (1)1 and (1(1)1)1(1)1 are in D"

(1) The base D.. = min(D.") is a strong code, not maximal, not a hyper-strong, especially D/
is only a hyper-strong code.

(2) The root R(D)) = {(;); |1 <i <r}.

(3) D!* is a simple language.

(4) Syn(D4") is the bicycle monoid generated by the tranformation x and y on the set of natural
numbers below(Figure.2.1).
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Figure 1. bicyclemonoid
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T = strong codes which are not maximal.

Figure 2. Classification of strong codes

EXAMPLE 2.3 (Dyck languages) Let A = {(;|1 <4 <r}and A= {);|1 <i <r}be
disjoint alphabets. The Dyck language D," on A U A is generated by a context-free grammar
with the rules:

(1) The base D, = min(D,”) is a maxial strong code, especially D; is only a hyper-strong
code.

(2) The root R(Dr) = {(1)“ )z(z‘l S ) S T}.

(3) D, is a simple language.

(4) Syn(D,) is a free group F'(A). Especially Syn(D;") is only an Abelean group (Z, +).

The following corollary and proposition give a necessary condition and a sufficient condition
that a strong code has a finite root, respectively.

COROLLARY 2.1 [Zha87] Let C be a strong code over A. If the root R(C) is finite, then
C™ is context-free.

PROPOSITION 2.5 [Zha87] Let C' be a strong code over A. If C is regular, then the root
R(C) is finite.

Zhang conjectured that a strong code has a finite root if and only if it is a simple language.
Whereas Harging-Smith[HS83] proved the following theorem in 1973. In the theorem, Let
7 = (X; R) be a finitely generated presentation of a group G, and A = X U X ! be the set of
generators and their inverses. The word problem WP (7) of  is the set of all words on A which
are equal to the identity. The reduced word problem WP () of 7 is the set WP () \ WP (1) A*.
The set W() of irreducible words is the set WP(m) \ ATWP(m)A*



DEFINITION 2.4 A context-free grammar G = (V, %, P, S) in Greibach normal form is said
to be a simple grammar ifforall A€V — ¥, a € ¥,and o, 5 € V*,

A — aa, and A — afimlpy a = .

A simple language is a language generated by a simple grammar.

THEOREM 2.1 [HS83] The reduced word problem WPy (7) of a finitely generated group
presentation 7 is a simple language if and only if the set W () of irreducible words is finite.

2.2 Imnsertion and Deletion

Let L be a language over A. A language L is called ins-closed if © = ujus € Landv € L
imply ujvus € L. A language L is called del-closed if © = wjvuy € L and v € L imply
urug € L [IKT97].

Let L be a del-closed language. Then, Since L is biunitary, the minimal set C' = min(L) of
generators of L is a bifix code and L = C*.

Let L be an ins-closed language. Then, 1 € L and L? C L implies Since L is a submonoid
of A*.

PROPOSITION 2.6 Let L # () be an ins-closed and del-closed language over A. Then
L = C* for some strong code C.

Proof) As we stated above, L is a submonoid of A* and its minimal set C' of generators is a
(bifix) code. C satisfies the conditions of a strong code.

3 Intercodes

In the last section, we show that any intercode of index m is not maximal. At first, we give
the definition of an intercodes of index m.

DEFINITION 3.1 [YuO5] A language C over A is called an intercode of index m (> 1) if
C™ TN ATC™AT =), y

EXAMPLE 3.1 (1) I; = ba™b is an intercode of index 1(infix and not maximal).

(2) I = {ba,cbad} is an intercode of index 2 but is not an intercode of index 1(bifix, not
maximal).

(3) Iz = {ba,ba® - ;ba™ ! cbaba®---ba™ *d} is an intercode of index m but is not an
intercode of index k with £ < m (bifix, not maximal).

PROPOSITION 3.1 (1) An intercode C of index m (> 1) is a bifix code and thin.
(2) A full uniform code is not an intercode of index m for any m > 1.

‘(D) fuur € C C AT,z € A*, then u™ € C™, wu™xr € C™F!, and thus z = 1.
C' is a prefix code. Similarily C' is a suffix code and thus a bifix code. For any u € C,
C' N A*u™+2 A* = (). Therefore, C'is thin. (2) Since (A")™ ™" N AT(A")™ At # (), A is not a
full uniform code.
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PROPOSITION 3.2 [BPRI10] If X and Y are prefix codes(resp. prefix-maximal codes, suffix-
maximal codes), then XY is a prefix code(resp. prefix-maximal code, suffix-maximal).

PROPOSITION 3.3 [BPR10] Let X be a thin subset of A", The following conditions are
equivalent:

(1) X is a maximal code and bifix.

(i1) X is a bifix-maximal code.

(iii) X is a prefix-maximal code and a suffix-maxial code.

COROLLARY 3.1 If C is a bifix-maximal code, then C™ is a bifix-maximal code.

PROPOSITION 3.4 [Lal79], p.235 If C' is a complete bifix code over in A*, and if C' # A"
for all n > 1, then there exists ¢ € C' such thatc € ATCA™.

PROPOSITION 3.5 For any positive integer m, no intercode of index m is a maximal code.

") Let C' be an intercode of index m. Suppose that C' is a maximal code. Then by Corollary
3.1, C™ is a bifix-maximal code. Since C is an intercode of index m, C™ N ATC™AT = ().
By Proposition 3.4, C"™ and thus C' must be full uniform codes but this is a contradiction to
Proposition3.1. Therefore C' is not maximal.
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