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Abstract. In this paper we investigate the problem of whether or not the infinite full

transformation semigroups are amalgamation bases for all semigroups.

1 Subsemigroups of the infinite full transformation
semigroups

Let 7" denote the full transformation semigroup on a set X with composition being
from left to right.

Let Sx be the symmetric group on the set X, which is the maximal subgroup of Z¢”
containing the identity element 1x. Let Rx = {e, | * € X}, where (a)e, = x for any
a € X. Then Ry is a right zero semigeroup and Sx is the symmetirc group on Rx by
multiplying the elements of Rx by the elemets of Sx on the right. On the other hand,
ge, = e, hold for all g € Sy and x € X. Let Ux = Sx U Rx. Then Uy is a subsemigroup
of T¢.

We define

Ie ={f e TX" | IxfI <&} and De = {f € TX" | [x [ = &}

Let £’ be the smallest cardinal number exceeding . Then I = I U Dy.

Then I = Iix) D - D Iy, D -+ D I, D -+ D I, D I is a chain of ideals of
TP(X,) and

Iy, = U I, is a maximal ideal of F".
1<n<Rg

All the #-classes of F¢" are I,,.1 — I, (1 <n <) or T¢¥ — Iy,, where the Green’s
Liresp. R, J, H|- relations are denoted by Z[resp. Z, ¢, ).

Let S be a semigroup with zero 0, and a,b € S. The set {s € S | sa = 0} is called
the left annihilator of a in S and is denoted by Ann;(a). In this case, we say that S
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satisfies the condition Ann; if ann;(a) = anny(b) implies aZb. The right annihilator and
the condition Ann, are defined by left-right duality.
We shall prove firstly

Lemma 1. Keep the notation as above. Then each factor semigroup I;/1; 1 (i > 1)is
a completely 0-simple semigroup satisfying the conditions

(1.1) : If s 24 t for s,t € I; — I; 1, then there exist s* € V(s),t* € V(t) such that
ss*tt*s € I,y

and

(1.2) : If s 2o t for s,t € I; — I; 1, then there exist s* € V(s),t* € V(t) such that
st*ts*s € I;,_4.

Proof. It is easy to see that I;/I;_; a completely O-simple semigroup.

(1.1) : Let s,t € I; — I;_1. The condition that ¢t 4 s is equivalent to that (s,t) & Z.
In this case, wy # m; where 7, = {(z,y) € X X X | (x)s = (y)s}. Then it does not happen
that each m,-class is contained in a m;-class, otherwise each 7,-class is equal to a m;-class.
So, there exists at least one m,-class which properly intersects two m;-class. Hence there
exist z,y € X such that (z)s = (y)s, but (x)t # (y)t. Chose t* € I; with (x)tt* = x and
(y)tt* = y and |(X)(tt*s)| < i. Hence ss*tt*s € I;_1. (Similarly, it is possible to choose
s*,t* € I; with tt*ss*t € I;_1 )

(1.2) : Let s,t € I, with (s,t) € Z. Then (X)s # (X)t and so, there exists v € X
with (z)s € (X)t. Let y € X with (y)s # (X)s. If (y)s = (2)t for some z € X, then
((y)s)t* = ((x)s)t* = z. Thus, |(X)st*| < i and hence st*ts*s € I;_;. On the other hand,
if (y)s & (X)t, then ((y)s)t* = ((z)s)t* = x(it is possible to choose an arbitarary element
of X). Hence st*ts*s € I;. (Similarly, it is possible to chose s* t* € I, with ts*st*t € I,
) O

Remark 1. Let S be a completely 0-simple semigroup.

(1.1) [resp. (1.2)] holds if and only if S satisfies the condition Ann; [resp. Ann,].

Proof (=) : If (s,t) € %, then by (1.1) there exist s* € V(s),t* € V(t) such that
ss*tt*s = 0. If ss*tt* = 0, then ss*s = s, and anny(s) # ann(t). on the other hand, if
ss*tt* # 0, then anny(s) # anny(t).

(<) @ If (s,t) &€ R, then by Anny, ann(s) # anny(t). Suppose that there is u €
anny(s), but u & ann,(t). Then taut = ¢ for some a € S, since tSut — {0} is a #-class
containing t. Hence (au)t(au) € V(t) and ss*t((au)t(au))s = 0. Suppose that there is
u € anny(t), but u & anny(s). Then sbus = s for some b € S, since sSus — {0} is a

J¢-class containing s. Hence (au)s(au) € V(s) and s((au)s(au))tt*s = 0. We are done.



By left-right duality of thr above argument, the equivalence of the conditions (1.2) and
Ann, is proved. O

For undefined terms of semigroup theory, refer to [2] and [6].

Lemma 2. Let U be the semigroup Sxy U Ryx. Then

(1) The restriction of a right congruence on U to Ry is either the identity relation
1r, or Universal relation Rx x Rx.

(2) For any right U-set M, either M Rx is disjoint union of Rx-sets which are isomor-
phic to the Ry-set Rx or |[M Rx| = 1.

Proof. (1) : The result follows from a fact that for any pair of different elements (a, b)
and any pair of different elements (¢,d) (a,b,c,d € Ry), there exists « € Gx such that

ac = c and ba = d.
(2) : This is an easy consequence of (1). O

We prove firstly the following.

Lemma 3. The semigroup Ux = Sx U Rx has the reresentation property.

Proof. By Theorem 2.1 of [11], we suppose that there exist a right Ux-set M, a
left Ux-set N containing Uy as a Ux-subsets and m,m’ € M such that m® 1 =m' ® 1
in N ®y N. Then by Lemma 1.2 of [1], there exist my,--- ,m, € M, ya, -+ ,y, € N,

S1y°°* 4 Sp, t1,...,t, € Ux such that
m  =mySs;, S1 =iy
mily = MaS2, SaY2 = lay3
(1)
mn—ltn—l = MnpSn, SnYn = tn
Topln = 2.

The set of equations (1) is called a scheme of length n over M and N joining (m,1) to
(m/, 1).

Then we shall show that m = m’ in X.

Case 1 : there exists 2 < i < nwith s; € Sy. Thens; 1y 1(=t 1%) = ti 15; ‘tivis1 =,
ni_lti_lsi_lti(: misisi_lti = misisi_lti) = m,;,18;+1 and so the scheme is shorten.

Case 2 : there exists 1 <i <n—1with¢; € Sx. Then m; 1t; 1(= mys; = mit,»tl-_ls,») =
Mi1Sip1t; 'Siy Sivit; 'siyi(= Sipit; Y1 = Siv1¥ir1) = tis1Yire and so the scheme is
shorten.

Case 3 : s; € Sx. Then t; € Sy. By the result of Case 2, the scheme is shorten.
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Case 4 : t, € Sx. By the result of Case 1, the scheme is shorten.

Now we can assume that all of s;,¢; (1 < i < n) belong to Rx. If t; = s5, then
m(= mys; = my(ti151) = (M2S2)s1) = Masy, s1(= tiys = Say2) = tays, Maty = mgts and
then the scheme is shorten.

So we can assume that t; # so. By Lemma 5(2), we have |[M Rx| = 1. Consequently,

m=mys; = mity = Moty = +++ = My_1tp_1 = MpS, = Myt, = m'. We conclude that Uy

has the representation extension property. [

Theorem 4. The semigroup Ux = Sx U Ix is an amalgamation base for semigroups.

Proof. It is well-known that Ry is left absolutely flat. (See [1].) Also, it is easy
to see that all factor semigroups Ux /My, -+, L,41/1,, -+ , 1o/ Rx satisfy the cinditions
(1.1) and (1.2) in the sense of [13]. By Theorem 1 of [13], Ux is left absolutely flat. By
Proposition 1.1 of [1] Ux has the free representation extension property in the sense of
[3].

Next we use induction on the index k of I, to prove that Sx U I has the presentation
extension prperty. Let Uy = Sx U I;. By lemma 3, the case p = 1 is done. We assume
that the theorem holds in the case k = p.

By Theorem 2.1 of [11], we suppose that there exist a right U, i-set X, a left U, ;-set
M containing Uy, as a [,;1-subsets and x,2" € X such that z # 2’ in X and x ® 1 =

r'®1in X®y,,, Y. Then by Lemma 1.2 of [1], there exist x1,--- , 2, € X, yg,--- ,yn € Y,

51,y 8n, t1,...,tyn € Upy1 such that
r =x181, St =liye
T1ty = T2S2, SaYys = tay3
(2)
xn—ltn—l = TnSn, SnYn == tn
Tpln, =o'

The set of equations (1) is called a scheme of length n over X and Y joining (z,1) to
(', 1).

If s, € Sx or t; € Sx, then as the cases (1) and (2) in the proof of Theorem 3, the
scheme (2) is transformed to a scheme in whitch any element of Sx does not appear.

all of the s;,%; are elements of I,,;; and some of s;,t; which belong to 1,41 — I,,.

To obtain that x = 2’ in X, we shall show to reduce the number of s;,t; which belong
to I,+1 — I, to the case that all of the s;,; belong to I,,.

Case 1: sy € I,11 — I,. Then by Ann; we have t; € 1,11 — I, and 5;%1;.
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Sucase 1.1 : 11,89 € I,41 — I, and t;.Zs,. Then by Ann; we have t, € I,1; — I,
and soZty. Hence © = x151 = x1t1t5s1 = (2282)t]s1, Satisy = Sotitiys = Sotiti(s589)ys =
Sotttys5(taya), Ta(salit1shty) = wa(sa84ts) = xals. The scheme is shorten.

Sucase 1.2 : t1,59 € Ip11 — I, and (t1,52) € Z. Then by Ann, thre exists u € I,4
such that tyu = t; but squ € I, (resp. sou = so but tyu € I,). Then x = 2151 = 211175
= wityu(tis1) = ziti((sau)"(s2u))(t7s1), t1((s2u)(s2u))(Fs1) = t1((s2u)" (s2u))E7 (Erya),
1ty ((seu)*(s12u))t5ts = 1 (tiu)((sew)*(sew))tity = xo(sou)tity = x1(tiu))tity = x1(t1t]ty)
= T1t1 = T2S3.

This case is reduced to the case that s; € I,,.

By doing the same argument from the other end of the scheme (2), it suffices to deal
the case that ¢, € I,,.

Hereater, we can assume that s; € I, and ¢,, € I,,.

Case 2: there exists 1 < ¢ < n —1such that s, € I, t; € I,.1 — I, and 5,41 € I,.
Then

siyi(= tiyir1) = (Git7 sisiti)yira,

wi(tit; sisits) (= (Tip1Siv1) (£ 8i87t:)) = iq1(Siqatysisiti),
(siv1tisisiti)yir1 = (Sipatiti)Yira,
Tig1(Simatit)(= xit;) = Tiy1Sim1

Hence this case is reduced to the case that ¢; € I,, although scheme gets longer. We

are done.
Case 3: there exists 1 < ¢ < n — 1 such that t; € I,, ;11 € I,41 — I, and t;41 € I,.

Then

Titi(= Tiy18iv1) = Tip1(Sivati tisi g 8i1),
(si+1titisii1Siv)Yir1 (= (Simtitisin) (SiYi1)) = (Simalitisiativ)Yive,
Tip1 (siatitisitivn) (= (i) (G tisitivn)) = T (Sia sy tio),
(841871 tiv1)Yiv2 = tig1Vigo

We are done.
Case 4: there exists 1 <¢ <n —1such that s; € I, t;,8,41 € Lyy1 — 1. It t; > 541,

then

siyi = (Lt sisiti)yiv1,  @i(titisisity) = xipa1(Sipat; sis;ti),
(Sip1ti5i8it)Yir1 (= Siv1 (E7:)Yir1) = Siv1¥ig1 (since t; > o 5i41)) = tiy1Yigo

Hence this case is reduced to the case that ¢;, ;41 € 1.
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If t; 2. sit1, then by(1.2), there exist ¢}, s}, € I,41 — I, such that s;11;t;57, 5,41 €
I,. So by applying the argument of Case 2 to the equantions : s;y; = tyir1, Titi(=

* _ / / _ * * - .
Tig1(8i1t i8] 15i41)) = Tig15;,, where )| = s;117t;57, 1541, We get equations :
* *
siYi(= tiyier) = (Gil7$i570:)Yivn,

zi(tit; sisiti) (= (Tira8i0) (7 sisiti) = T (sit] sisiti),
(3;+1t:5z‘5:tz‘>yz‘+1 = (5;+1tftz‘)yz‘+1a

Tir1 (S lili) (= Tits = Ti18i4y) = Tit1Sivn

Hence this case is reduced to the case that ¢; € I,. We are done.
Case 5 : there exists 1 < ¢ < n — 1 such that t; € I,, siy1,tis1 € Loy — 1. If
Si41 =2 lit1, then
Titi = Tiv1(Sivti tisi 1 5i1),
(sit1titis18iv1)Yir1 = (Sipatitisiy tiv1)Yire,
T (simtitisi tin) (= (vits) (Gtisiy i tin)) = Tipi(Siv18itiv)

= Tyt (since si1 > tiv1))) = TipoSivo.

Hence this case is reduced to the case that s;1;,t;11 € I,.

If s;41 2% tiv1, then by(1.1), there exist s}, ,t%,, € I,41 — I, such that
tiv1ty 1Si+15;1tiv1 € I,. So by applying the argument of Case 3 to the equentions : x;t; =
Tit18it1, Siv1¥ir1 (= (iptl 1 Si1Sitiv: Yive) = i Vive, where £ = i1 t7 50157t
Then

Titi(= Ti418i41) = i1 (Sipatitisi 1 Sit1),
(sivatitisy18ie)Yin1 (= (sipatitisi ) (Siv1vin1)) = (siatitisiati ) Yise,
Ti1 (Si1t{tisiatinn) (= (@it (G tisT i) = Tira (Siv185ti),
(Sip187 1t 1) Yir2 (= Sita¥iv2) = Lig1Yiso

Hence this case is reduced to the case that s,;; € I,. We are done.
Consequently, by repeatedly making use of cases 2 through 5, we can reduce all cases
to the case that all of s;,¢; belong to I, since s1,t, € I,. Therefore, it follows from the

induction assumption that x = 2/. Hence Uy has the representation extension property.
O



Remark 2. Also, the author found out an incorrect part in the proof of lemma 2.3
of [14]. The proof of Lemma 4 gives an correct proof of Lemma 2.4 of [14] so as to prove

Theorem 1.5 (the main theorm) of [14] correctly.

Remark 3. In the Theorem 1 of the paper “Absolute Flatness of Regular Semigroups
With a Finite Height Function” Semigroup Forum Vol. 52 (1996) 133-140, we found two
parts to be corrected :

1. on page 135, line 5th from the bottom to the bottom :

If t; 2. sit1, then by(1.2), there exist ¢}, s}, € I,41 — I, such that s;11;t;57, 5,41 €
I,. So by applying the argument of Case 2 to the equentions : s;y; = tyir1, Titi(=

* * _ / / _ * * : .
Tip1(Sipat i) 18i41)) = ®iy155,, Where s; | = s;4187t;57, 1 Si11, we get equations :
* X
$iYi(= tiyir1) = (GLil7 sisiti)yira,
* * / * * / k *
i(tity si87 1) (= (Tizasi ) (8 sisiti)) = wia (si417 8087 1),

(siatisisiti)yicn = (Sipatits)Yiv1s

Tip1(Siatit) (= Titi = Tig184,) = Tiasin
and
ity sisiti) = p(sit; sisisiti) = p(siptits) = 0.

Hence this case is reduced to the case that t; € I. By inductive assumption, the result

follows.
2. on page 136, line 8th to lin 13th :

If s;41 Z2% tiv1, then by(1.1), there exist s}, ,,t5 | € I,41—1I, such that t; 1t} ;5,415 tiy1 €
I,. So by applying the argument of Case 3 to the equentions : z;t; = T;118i+1, Sit1Yit1(=
tip1tf 1 Siv157 1 tiv1)Yive) = ti 1 Yive, Where tj | =t 11}, 154187 Liv1.
Then
Titi(= Ti418i41) = Tig1(Sipatitisi 1 Sit1),

(siv1titisii18iv)Yiri (= (Siatitisi ) (in1Yir1)) = (Si+1tfti5?+1t;+1)yi+2,
Tir1(Simtitisitin)(= (@it (GGtisiatin)) = Tan(sisinting,
(8¢+18f+1t§+1)y¢+2(= t;+1yz‘+2) = tiv1Yiv2

and
p(sir1titiss g sivt) = plsinrtitisy liyy) = psisiatig) = 0.
Hence this case is reduced to the case that s;;; € I. By inductive assumption, the

result follows.



2 Amalgamation bases and the infinite full transfor-
mation semigroups

A semigroup U is called an amalgamation base for finite semigroups if every amalgam
[S,T; U] of semigroups S, T with U as a core is embedded in a semigroup. In [11], it was
proved that that the finite full transformatuon semigroups are amalgamation bases for

semigroups.

In order to prove that the infinite full transformation semigroups are amalgamation
bases, we will extend the lemmas for the proof that the finite full transformation semi-
groupsis are amalgamation bases in [14] from finite semigroups to infinite semigroups.

Actually, we can use a infinite version of Result in [14] as a criterion of amalgamation

bases for semigroups.

Let Jx denote the full transformation semigroup on a set X with composition being
from right to left.

Let S be a semigroup. Then a left [resp. right] S-set is a set with an associative
operation of S on the left [resp. right]. A left [resp. right] S-set X is faithful if for distinct
s,t € S, there exists x € X with sz # tx. Thus, given a faithful left [resp. right] S-set

X, we obtain a canonical embedding of S into Zx and vice-versa.

The following result can give characterizations of amalgamation bases for semigroups

Criterion(Lemma 1 and its corollary of [6]). Let U be a semigroup. Then the following
are equivalent :

(1) U is an amalgamation base for semigroups ;

(2) For any two embeddings ¢1, ¢ of U into the full transformation semigroup T,
there exist a set' Y and two embeddings 01,05 : Ix — T (Y) such that Y contains X as
a subset and 01¢1 and da¢po coincide on U,

(3) For any semigroups S, T, any faithful left [ right] S-set X and any faithful left |
right] T-set Y, there exist a faithful left | right] S-set X' O X and a faithful left | right]
T-setY' DY such that the U-sets X', Y are U-isomorphic to each other.

Let Jx denote the full transformation semigroup on a set X with composition being

from right to left.

The following Lemma 5 and Lemma 6 are infinite case versions of Lemma 2 and Lemma

4 of [15], respectively.



Lemma 5. (Compare Lemma 2 of of [15]) Let U be a regular semigroup whose -
classes form a chain. Suppose that there is a chain of ideals U = 1, O I, O --- D I,
such that I, is a right zero semigroup and each I;/1; 1 is a completely 0-simple semigroup.
Asssume that each I;/1;1 satisfies the condition Ann, (1 < i < n —1). Let ¢1, ¢o be
embeddings of U into the full transformation semigroup Ty such that |Y V| = |Y @), where
Yy = (U ¢1(u) (X)) and Y?) = (U da(u)(X)). Then any U-isomorphism between the

uelU uelU

right U-set Tx$1(U) and the right U-set Txpo(U) extends a U-isomorphism from the
right ¢1(U)-set Tx to the right ¢o(U)-set Tx.

Proof. Suppose that there exists a U-isomorphism 6 from the right U-set Jx¢1(U)
to the right U-set Ix¢a(U). Let f € Map(Y™, X). Then there exists uniquely f’ €
Map(Y®, X) such that 0(f¢,(e)) = f'¢s(e) for all e € Eyy. In fact, we define a mapping
'€ Map(Y® X)) by f'(z) = 0(for(e))(x) if x € ¢a(e)(X) for some e € Ey, where Ey
denotes the set of all idempotents of U.

For z € U @2(€)(X)), there exists an idempotent e, € Fy such that ¢q(e;)(x) = x,
ecEy

and hRye, for any h € Ey with ¢o(h)xr = x and e h = h, since every descending chain
of Zy-classes of U is finitely stops. Then we shall prove that he, = e he, for all h € Ey
with ¢9(h)(z) = x. For, firstly by the property of e, we have e he, (e he,)*e, Rye,, since
¢o(ezhes)(x) = (x). So e he,Rye,. Hence he,Jye,. Since I, is a right zero semigroup,
if (hey,e.) € Ry, then e, he, € I; — I; 1 for some 2 < ¢ < n. By the condition Ann, on
the factor semigroup I;/1;_1, it follows that there exist an element u € I; such that either
(1) uhe, = he,, but (ue,, e;) & Jy or (2) ue, = e, but (uhe,, he,) € Jy. In the case (1),
Go(u)(x)(x) = da(u)(P2(hea)(x)) = Pa(uhes)(z) = do(her)(x) = 2. So ga(eques)(x)= x
and hence ¢o((e ue,) (e ue,)*)(x)= x. Since (e ue,)(e,ue,)* is an idempotent, it follows
from the property of e, that (e ue;)(e ue,)*Rye,, which contradicts that (ue,,e,) &
Ju. In the case (2), ¢2(u)(z) = da(u)(Pa(er)(x) = Po(ue,)(xr) = Pa(er)(x) = z. So
¢o(ezuhe,)(r)= = and hence ¢o((e uhe,) (e uhe,)*)(x)= x. By the property of e, that
(equhe,) (e uhe,)*Rye,, which contradicts that (uhe,,e,) & Ju.

Thus it must hold that he, = e he, for all h € Ey with ¢y(h)(x) = x.

If z € ¢2(h)(X), where h € Ey, then ¢o(h)(z) = = and hence, 0(f¢1(h))(z) =

0(for1(h))(pa(ex)(w)) = O(fpr(h)di(er))(x) = O(fpr(her))(w) = O(fdi(eshes)) () =

0(fd1(ex))(P2(hes) () = O(f1(ea)) ().
Moreover, if x € ¢o(h)xNe2(h') (), where h, ' € Ey, then 0(fo1(h))(z) = 0(fo1(ex))(x) =



0(fdr(h')) ().

Thus f’ is well-defined and unique. So we obtain a bijection ¢ : Map(Y ™V, X) —
Map(Y® X) with £(f) = f.

If t = fé1(u), where uw € U, f € Jx, then t = t|ywy¢1(u*u). Conversely, for g €
Map(YM, X) and e € Ey, we have go1(e) € Tx¢1(U). Then

Ix1(U) = {goi(e) | g € Map(Y(l),X), e€ by} (3)

Also,

Txa(U) = {g'da(e) | ¢ € Map(Y?, X), e € Ey} (4)

Now we have

O(fer(u)) = &(f)p2(u) (5)

Actually, (£(f)¢2(u))(x) = E(F)(P2(uu)(@a(u)(2)) = O(fdr(uur))(d2(u)(x)) =
0(f 1 (uu”) 1 (u))(x) = O(fdr(u)) ().
For any f € Map(Y ™M, X), let VV(f) be the set

{h|x_ya) € Map(X — y( X) | he Ix — Ixh(U)and hlya) = f}.
Also, for any f' € Map(Y®, X), let V(f’) be the set
{W|x_yo € Map(X = Y@ X)) | W € Tx — Tx¢po(U) and |y = f'}.

Hence VW (f)= Map(X — YW, X) —{h|x_ya) | h € Tx¢1(U) and hlya) = f} and

VE(f)= Map(X —=Y®, X) —{l/|x_yeo | I € Tx¢s(U) and I'|ye) = f'}

We shall show that |V(1)( f) = [VA(f)| for each f € Map(YV, X).

For f € Map(YV, X) and f' = £(f), we obtain that

for any e € Ey, f = fou(e)lyw if only if f© = 0(foi(e))ly@. Actually, if f =
foi(e)|y for some e € By then forany z € Y®), f/(2) = 0(fp1())(z) (x € ¢o(e')(X), €' €
Ey) =0((foi(e))d1(e)(x) = 0((fo1(e))(@2(€')(x)) = O(fo1(e)) (). Hence f* = O(f¢1(e))ly -

The converse is true.
Next it follows from (5) that

for any e, e’ € Ey, foi(e) = fou(€) if and only if f'¢a(e) = f'pa(e’). (6)
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Consequently, by (3), (4), (6) and 6, we have
{hlx_yw | h € Txd1(U) and hlyoy = fH = [{N|x_ye [ € Tx2(U) and I'|ye) = f'}].
Hence [V (f) = |[V@(f)] for each f € Map(Y ™, X).

So, for each f € Map(Y M, X), there esixts a bijection Z : VA (f) — VA (£(f)).

Next, when each h € Jx is written as the form (hlyq), h|x_y)), we have
TIx — Ix1(U) if and only if h|y_yo € VI (h]yw).
also, when each h € Jx is written as the form (h|y@), h|x_y@ ), we have

TIx — Txdo(U) if and only if h|x_ye € VO (hlye).

Therefore,

Ix—TxnU) = |J A xvOwy)

feMap(y ™) X)

and so,

TIx—Txen(U)=  |J D=V

feMap(y (V) X)

Thus we define a bijection © : Ix — Jx by 6 and gluing £ and Z; as follows : .
For h € Jx,

0(h) if h € Ixp1(U)
O(h) = {
(&(hlv)

>Eh\y1 (h|X—Y1)) if he Ix — 9X¢1(U)

Then if h € Tx¢1(U) and u € U, then ©(hoi(u)) = 0(ho1(u)) = 0(h)da(u) = O(h)p2(u).

For x € X, u € U, (h1(u))x = ((hlyw,h|lx_ya)oi1(u))x and hence heoi(u) =
hlya @1 (u).

It he Ix — Tx¢1(U). then O(h)g2(u) = (§(hlvi), Enpy, (hlx—vi))d2(u) = E(hly)¢2(u)
= 0(hly,01(u)) = 0(h¢1(u)) = O(he1(u)).

Therefore, © is a U-isomorphism of the right ¢;(U)-set Jx to the right ¢o(U)-set Tx.

The lemma is proved. [

Let G be a group and X a G-set. Then X is a disjoint union of cyclic left G-set Gz;
(i € I). Each left G-set Gz; is isomorhic to a left G-set G/H = {gH|g € G}, where H is
a subgroup of G.
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For subgroups H, F' of G, left G-sets G/H and G/F are G-isomorphic to each other

if and only if thre exists g € G with F = g 'Hg.
If there exist a G-isomorphism ¢ of left G-sets G/H to G/F, then letting ¢(H)=
F (a € G), we have h(aF') = haF for all h € H since h¢o(H) = ¢(hH) = ¢(H), So

HaF = aF and hence a 'Ha = F.
Conversely, the mapping ¢ of a left G-set G/H to a left G-set G/a"*Ha with ¢(gH)

= ga(a~'Ha) = gHa is a G-isomorphism between them. For a subgroup H of G, if a left
G-set A is isomorhc to the left G-set G/H, then A is called to be of type H. Then the

type is uniquely determined up to conjugacy.

Lemma 6. (Compare Lemma 4 of of [15] ) Let G be a group with an identity element

e and I a reqular semigroup. Let U be a reqular semigroup semigroup which is a disjoint
union of G and I and I is an ideal of U.

Suppose that there are embeddings ¢1, ¢ of U into a semigroup S such that the re-
strictions to I U {e} of ¢1 and ¢y are equal. Then there exist a set Y and embeddings
& Ix = T(Y) and & : Tx — T (Y) such that 01|y = &a¢a|u.

Proof Since groups are amalgamation bases, it follows from Theorem 1 of [8] that
there exist a set X’ and an embedding ¢ of Zy into 7 (X') such that there exists ¢ €
T (X') such that ¢(¢p1(g))c ' = @da(g) for all g € G. Let ¢, = ¢p¢; (i =1,2). So we may
assume that cc™! = c7lc = ¢ (e)(= ¢h(e)) and ¢ = ¢/ (e)c = cd(e) and ¢! = ¢ (e)c™! =
¢l (e).

Firstly, we observe that ¢} (e)(X’) is both a ¢} (G)-set and a ¢4(G)-set. Also it holds
that c@)(g) = ¢5(g)c. So ¢ induce a homomorphism of a ¢’'e(X’). Specially, ¢(¢}(G)z) =

o5(G)e(z) for all z € ¢ (e)(X).

Let Z; = <U ¢y (u)(X') ) and Z; = (U ¢ (u )

uel uel

Note that ¢} (g U oy (u U 1 (u ) for all g € G, since gI C I. Hence

uel uel
#1(9)(Zs) = Zy and ¢/ (g)(Z1) = Z; for all g € G. Similarly, we have ¢4(g)(Z2) = Z» and
o5(9)(Z1) = Zy for all g € G.

Set Zyy ={x € Zy|clx) € Z1}, Zio={x € Z | c(x) € Zs}, Zoy ={x € Zy | c(z) €
Zh}, Zoy = {x € Zy | c(x) € Zy}. Then Zy = Zy1 + Z1o = ¢(Z11) + ¢(Za1) and Zy =
Zo1 + Zog=c(Z19) + ¢(Zaa), where + denotes disjoint union. Note that | Zis| = | Za].

Further, we have ¢ (G)(Z12) = Z12 and ¢4(G)(c(Z12)) = ¢(Z12). Actually, for z € Z;5

12



and g € G, c(d1(9)(2)) = ci(g)((c7'e)(2)) = (cdi(g)c™)(c(2)) = dh(g)(c(2)) € Zo.
Then ¢)(g)(z) € Zia, since ¢)(g)(z) € Z;. Hence ¢)(G)(Z12) = Z12. Consequently,
P5(G)(c(Z12)) = c($1(G) Z12) = c(Z12).

In the same way as above, we obtain that ¢)(G)(Z21) = Zo1 and ¢4(G)(c(Za1)) =
c(Za).

" Here we shall prove that there exists a bijection o« € 7 (X') such that ¢}(e)a =
agl(e), ad)(g) = ¢h(g)a for all g € G and « is an identity mapping of X' — 7.

To do so, let z € Z15. Then if ¢|(G)z is isomorphic to ¢} (G)/¢)(H) as ¢} (G)-set,
then ¢4(G)c(z) is isomorphic to ¢4(G)/ph(H) as as ¢4(G)-sets. On the other hand, let
z € Zo. Then if ¢} (G)z is isomorphic to ¢ (G)/¢P\(H) as ¢} (G)-set, then ¢4(G)c(z) is
isomorphic to ¢4(G)/dy(H) as ¢,(G)-sets.

For a subgroup H of G and z € ¢/ (e)(X), if ¢|(G)z is of ¢ (H) type, then c(¢)(G)z)
= ¢5(G)c(z) is of ¢5(H) type.

Let ~ be the cardinal number of the set of ¢} (G)-sets of tye of ¢} (H) in Z;; and 7 the
cardinal number of the set of ¢,(G)-sets of type of ¢4(H) in ¢(Za). Then the cardinal
number of the set of ¢ (G)-sets of type of ¢} (H) in C(Z13) is equal to k. Also, the cardinal
number of the set of ¢} (G)-sets of type of ¢ (H) in Zi5 is equal to 7. Since the operations
of ¢1(G) and ¢4(G) on Zy are the same and Zy = Zoy + Zog=c(Z12) +¢(Z22), it follows that
r = 7. Therefore it follows that there exists a bijective homomorhism t of the ¢} (G)-set
Zh2 to the ¢4 (G)-set c(Zo1) with ¢ (g) = ¢4(g)t for all g € G. On the other hand, ¢ is a
homomorphism of the ¢ (G)-set Z1; to ¢4(G)-set ¢(Z1y).

We define a bijection « of X’ by defining as follows :

For any =z € X',

C(I) if v € Z11
alz) =< tx) ifzxeZp
T ifee X' -2,

Then it is easy to see that ¢ (e)a = a¢|(e) and

¢ (v) = agy(u) = a '¢)(u) forall uel -----. (%)

Since for all g € G, c¢'(g) = ¢5(g)c and t¢(g) = ¢5(g)t on Zy, it holds that

Py(g)or = adi(g) foralge G ------ (*x)
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Now we define a map ¢ : U — 7 (X') by ¢4(u) = a~ ¢y (u)c. Then for any u, v’ € U,
Py(un') = a'gy(un)a = a (G (u)gy(u))a = o (Ph(u)(aa @y (u'))a = d5(u)dh(w).

Then ¢4 is a homomorphism. Obviously, ¢} is injective. Also, by (%) we have

d5(u) = ¢ (u)a forall wel ------ (¢ % %)

and by (x*) we have

d5(g9) = ¢1(g) forall ueG ------ (% % *x)

Now we define a map 0 : T (X") (U) — T (X')¢4(U) as follows :
For any f € T(X")(U),

" { foif fe Z(XNh(U) - T(X)ei (1)
o0(f) =
fa if fe T(X)e\(I)

Then it is obvious that 6 is an bijection.

We shall prove that 6 is a U-homomorphism from the right ¢} (U)-set .7 (X’)¢}(U) to
the right ¢4(U)-set 7 (X")p3(U).

Case 1: we I and f € T(X)64(I). Then 6(F¢(u)) = (fo,(w)a = (fé,(w)a =
flagi(u))a (by (x)) = (fa) (¢ (u)a) = O(f)¢5(u) (by (x* *)).

Case2:ueland fe T(X)|(U)— T (X" (1).

Then 0(£6 () = (f6 () = F(64(wa) = O(F)dh(w).

Case 3: u € G and f € J(X')¢\(I). Then f = f'¢j(a) where f' € T(X'),
a € 1. Hence 0(f¢1(u)) = (f¢)(u))o = ((f ¢ (a))r(u))or = (f'ér(au))o = (f'¢5(au))a
= (f'dh(a)dh(u))a = ((f'¢h(a))@h(u))a = fdh(u))or = (f(1xdh(u))a = (f(aa™")dh(u))a
= (fa)(a ' dh(u)a) = (fa)¢i(u) = = O(f ) 5(u) (by (% %x)).

Case 4 : w € G and f € T(X)¢(U) = T (X (). Then 0(f¢1(u)) = for(u) =
0(f)¢5(u).

By Lemma 5, there exist a set Y’ and two embeddings 0,0, : 7 (X’') — 7 (Y’) such
that Y’ contains X’ as a subset and & ¢; and & ¢3 coincide on U. [

Remark 4. The proof of Lemma 6 is a simplified form of Lemma 4 of [15].

Remark 5. Lemma 3 of of [15] from finite cases to infinite cases is not obtained yet.

Neither an extension of Lemma 5 of [15] is obtained.
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Actually, let U be a finite regular semigroup which is a disjoint union of 1-idempotent
semigroup {e} and I such that I is an ideal of U and I = Iel. Suppose that there exist
two embeddings ¢1, @5 of a finite semigroup U = e U I into the finite full transformation
semigroup .7 (X) with ¢1|; = ¢2|;. Then we shall show that |¢1(e)(X)| > |o1(u)(X)]
for all w € U. Suppose that there is some u € U with |¢1(e)(X)| = |¢1(u)(X)|.
By I = Iel, we have u = aeb, wherer a,b € I. Then |¢1(e)(X)| = |p1(ae)(X)| or
|p1(e)(X)| = |p1(eb)(X)|. We know that es € V(ae) for s € V(ae) [resp. se € V(eb) for
s € V(eb)]. Then esae [resp. ebse] is an idempotent and e > esae [resp. e > ebse]. It is a
contradiction, since any _#Z-class of .7 (X) with an adjoined zero element becomes a com-
pletely 0-simple semigroup. Hence there exists an ideal J of .7 (X)) which contains ¢; (1),
but neither ¢(e) nor ¢s(e). Consequently as shown in Lemma 9 of [6], we may assume
that ¢1(e) and ¢a(e) belong to a _#Z-class of .7 (X). However, Z-class of the infinite full

transformation semigroups contain infinite chain of idempotents is not completely simple.
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