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Abstract

The statistical model is a three-layer neural network with two intermediate units. Near the singular
region where the number of intermediate units changes from 2 to 1, a plateau phenomenon occurs where
learning stagnates[1],[2]. Amari et al. fixed fast-changing parameters and examined the dynamics of slow-
changing parameters [3]. Guo et al. examined five patterns of learning dynamics in the near singular
regions [4]. It is known that the set of parameters that realize the true distribution by Watanabe can be
expressed as a set of zeros of finite polynomials by series expansion of the activation function [5],[6]. We
transform the coordinate system of the polynomial and use Mathematica to obtain the parameter set and
singularity set of the statistical model when the number of hidden units is 2 and the true distribution is
realized with hidden units of 1.

1 Introduction

Definition 1 (True density function, statistical model)

The n independent random variables X" = (X1, Xo, ..., X;,) following a probability density function q(x)
on R are called examples. The probability distribution q(x) for which the example holds is called the
true distribution. The probability density function p(x|0) of § € W C R? is called the statistical model.

Definition 2 (Set of true parameters)
For W C R4, q(z), p(x|0), the true parameter set Wy is defined as follows:

Wo = {0 € W | Forall z, q(x) = p(x(0)}

Definition 3 (Loss Functions)

To estimate the true distribution q(x), we determine the empirical log-loss function L, () as follows:
Lo(0) = Zn:b (X,10)
n\V) === 2 gpAi|t).

When 6 € W, for, S, := —% » logq(X;),let f(x,0) :=log % be the log likelihood ratio function, it
satisfies as follows : L, (0) = L 3" | f(X;,0) + S.

T n



Find the parameter § that minimizes the empirical loss %Z?:l f(X;,6), The method in which the
probability density function p(x|d) is used as the guess result is called the maximum likelihood estimation

method.

Definition 4 (Kullback information)
For the log-likelihood ratio function f(x,0), the generalization loss (Kullback information) K () is ob-
tained as follows:

K(©)i= [ a(o)f@,0)dz.

In particular, the set of true parameters is the set of parameters for which the Kullback information is

zero, and the following holds:

W = {9 ew ‘ /q(x) log pq(g;) do = o}.

Definition 5
When the input X and output Y follow the distribution q(x,y) = q(y|z)q(z), we define the statistical
model as a conditional probability density function p(y|x,8).

Definition 6
For a probability distribution q(x) followed by an input X and a function f(x,6) from R to R with
parameter 6 , consider a random variable Z on R with mean 0 and variance 1, A random variable Y on

R is called a function approximation model is as follows; Y := f(x,0) + Z.

For 6 = (w1, we, w31, w3a) € R*, the model of a three-layer neural network with input € R, output

y € R, and activation function tanh is defined as follows:

f(z,0) := w3y tanh(wi2) + w3z tanh(waz).

Definition 7
The conditional probability p(y|z,8) that the function approximation model Y follows is defined as the
statistical model as follows:

— 2
ol 6) = o= (-5,

If the statistical model realizes the true distribution, the conditional probability q(y|xz) that the output
Y follows is determined as a true distribution as follows:

y- f(a:,eo>|2> |
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o(vle) = ool o) = ——exp

Definition 8
For field k, let f € klxy,29, - ,x4] be a nonzero polynomial. Let the term of f that has the max
monomial order be the leading term and denote it as LT(f).

Definition 9
We fix the monomial order. Let the Grobner basis be the finite subset G = {g1,--- , g} of ideal I that
satisfies the following:

(LT(g1),- -+, LT(g:)) = (LT(I)).



Theorem 10 (Hilbert’s basis theorem)

For an arbitrary ideal I C klxy,xs,--- ,xq], there exists a finitely generated set.

Definition 11
For idealI = (fy, -, fs) C klx1, 22, -+ ,xq4], let the elimination ideal of the l-degree ideal of k[x;iq1,

,xq] be the ideal that satisfies the following:
I :=1nN k[IH_l, cee ,xd].

Theorem 12 (Elimination theorem)
Let I C k[xy, o, - ,x4) be an ideal, and G be a Grébner basis for the lexicographic order. For 0 <1 < d,
the set G| defined below is a Grobner basis of an elimination ideal of | degree:

G =GN k[l‘H_l, s ,LL’d].

2 The set of parameters by which the true density function is
realizable by the statistical mode: The case of H =2 = Hy =1

Let the statistical model be a three-layer neural network with one input unit, H = 1 hidden units, and
one output unit. Let the activation function be defined by the tanh. Additionally, let the true density
function be a three layer neural network with one input unit, Hy = 0 hidden units, and one output unit.

The f(x,w) and true distribution are defined as follows:

q(x)
Vor

Figurel shows the case where the true distribution is realized with Hy = 1.

|y — etanh(fx)|*
_ 5 )

f(z,w) = w3y tanh(wx) + w2 tanh(wez), q(z,y) = exp(

W3 Wao

Figure 1: H=2= Hy =1

2.1 Set of parameters for which a true density function is realizable

We consider the analytic set of parameters by which the true density function is realizable by the

statistical model.

Wo := {0 € RYp(z,y|0) = q(z,y) } = {6 € R ws; tanh(wz) 4+ wss tanh(woz) = etanh(fx)}.



Using Taylor expansion of tanh, we defined as follows:

L 2k+1 2k+1 2k+1
gr (w31, wi, w2, wa, e, f) == wz w] + ws2wy —ef .

The defining equation is represented as follows: (B, denotes the Bernoulli numbers. )

0 22k+2(22k+2 ~1) 2k+1

By ow
2k 1 2)!

gk(w31,w1,w32,w2, 67f)'
k=0

{x?k+1}is linearly independent, Wy is a common zero point defined by infinite polynomials.

Wy = {9€R4|gozgl ::0}
If Iy = (90,91,92, -+ , gr) then, The nondecreasing sequence of ideals Iy C I; C Iz C I3 C ---stops and
the following holds [5].

V() ={0eRYgp=g1="=gp=0}

={0¢e R4|w31w1 + w3owe —ef = w31w§ + w32w§ —ef? = wglwi’ + w32w§ —ef® = 0}.

2.2 Computation of algebraic sets

The coordinate transformation from the parameters 6 = (wy, ws, w1, w3z) to the new parameters
&= (a, b, v, w) is defined as follows [1].
W31 — W32 W31 W1 + Wa2W2

a=wy—wy, b= , U= , W= w31 + wsz.
w31 + W32 w31 + W32

The inverse transformation is expressed as

1 1 1 1
w; =v+ §a(b —1), wa=v+ §a(b—|— 1), ws = §w(1 +b), wse = §w(1 —b).

Using Mathematica, a simplified transformation from the coordinate system 6 = (w1, we, w31, wss2) to

¢ = (a, b, v, w) yields the following output.

J1 = warw1 + wzawe —ef =vw —ef,
fo= wglwi’ + w32w§’ —ef? = ;1110 (a3 (b — b3) — 3a? (b2 — 1) v+ 4113) —ef3,

f3 = warw] + wsawi —ef® = 3 ((b +Dw (3a(b—1) + 0)5 + (1 =bw(sad+1)+ 0)5 - 2ef5) .
We then input the following to calculate the Grobner basis of the ideal eliminated v, w:

GroebnerBasis[{f1, f2, £3}, {a,b,v,w,e,f}, {v,w}, MonomialOrder -> Lexicographic].

This can be factored as follows:

a*(=1+b)(1 +be(a—2f)*(a— f)f(a+ f)la+2f)%

Thusa =0 orb= 41 ora = +f ora = £2f.



2.2.1 Parameter representation of algebraic set (1)

(1) When a = 0,b = +1, using Mathematica, a simplified transformation from the coordinate system

0 = (w1, wa, w31, w3z) to & = (a, b, v, w) yields the following output.

fi =vw —ef, fo =v3w —ef3, f3 = v°w —ef>.
We then input the following to calculate the Grébner basis of the ideal eliminated w:
GroebnerBasis[{f2, £3}, {v,w,e,f}, {w}, MonomialOrder -> Lexicographic].

This can be factored as follows: —ef3(f — v)(f +v).

Then the following holds: f —v =0 or f +v =0.Thus v = £ f.
When v = £, the following holds: fo = f3(w Fe), f3 = f>(w F e).

Thus w = +e. This solution holds f; = 0.
Therefore, the set of parameters that realize the true distribution is expressed as follows:

(Oa b7 :l:fv :|:€), (CL, 17 :l:fv :I:e)v (CL, _17 :l:fa :|:6)

2.2.2 Parameter representation of algebraic set (2)

(2) When a = +f, using Mathematica, a simplified transformation from the coordinate system 6 =

(w1, wa, w31, wsa) to & = (a, b, v, w) yields the following output.
fi=vw —ef,
f2 = 3w (F0° 2 = 30° fPu £ bf% + 320 + 40°) —ef?,
fo= 5 (b0 (30— 17 +0)" £ (050w (36 + 1S +0)" - 2¢f°).
We then input the following to calculate the Grébner basis of the ideal eliminated w:
GroebnerBasis[{f2, £3}, {b,v,w,e,f}, {w}, MonomialOrder -> Lexicographic].

This can be factored as follows:
ef?(bf — f£20)(bf + f £ 20) (26° £ £ 70 f20 — 2bf% + 4bfv® F Tf%0 F W°).

Then the following holds: bf — f +£2v=0 or bf + f + 20 =0. Thus v = + 10 opy = 3 0T

(i) When v = :I:L_Qbﬁ,the following holds: fo = £ f3(Fbw — 2e £ w), f3 = 3 f°(Fbw — 2e + w).

Then the following holds: Fbw — 2e £ w = 0. Thusw = j:12_b. This solution holds f; = 0.

(i) When v = :F%,the following holds: fo = —3 f3(+bw + 2e £ w), f3 = —3 f*(+bw + 2e £ w).
Then the following holds: +bw + 2e = w = 0. Thusw = :Ff—fb. This solution holds f; = 0.

Therefore, the set of parameters as follows:

(£f,b, £ UL 20y (o f, b, FUEIL 2 2e,



2.2.3 Parameter representation of algebraic set (3)

(3) When a = £2f, using Mathematica, a simplified transformation from the coordinate system 6 =
(w1, wa, ws1, ws2) to & = (a, b, v, w) yields the following output.
fi=vw —ef,
fo=w (F26° f2 — 307 f20 £ 2bf% + 3 v + %) —ef?,
f3=3(FO@+Dw((b-1)f +v)° F(b—Dw((b+1)f £v)° —2ef°).

We then input the following to calculate the Grébner basis of the ideal eliminated w:
GroebnerBasis[{f2, £3}, {b,v,w,e,f}, {w}, MonomialOrder -> Lexicographic].
This can be factored as follows:

ef2(bf £ov) (4b*f* £ 116° 30 — 26% F4 + 9 20 — 11b 20 + bfo® — 2f* — 9f%0* —v?).

Then the following holds: bf +v = 0. Thusv = Fbf.
When v = Fbf, the following holds: fo = Ff3(bw £ ¢), f3 = Ff°(bw £ e).

Then the following holds: bw & e = 0. Thusw = F. This solution holds f; = 0.

Therefore, the set of parameters that realize the true distribution is expressed as follows:

(£2f,b, Fbf, 7).

2.2.4 Representation of algebraic sets from (1) to (3)

Thus if the true distribution is realized with Hy = 1 the set of parameters that realize the true

distribution is expressed as follows (congruent order):

(1)(0,b, £ f, +e), (a,1,£f, xe), (a,—1,£f, +e),
(@)(=f, b, E G ), (H1 0 705 5 45), (B)(220,0. 70, 55).

2.3 Singular points of an algebraic set

Next, the fundamental transformation of the Jacobi matrix is performed and the rank of the Jacobi
matrix is calculated for the singular points of the algebraic set. The Jacobi matrix A is defined as follows:

da ob ov ow

A= |8 9fz Ofz Ofe
da ob ov ow

Ofs Ofs Ofs Ofs

a ob ov ow

Here, define f1, f2, f3 as follows:

fi=vw—cef, fo= %lw (a3 (b—bB) — 3a® (b2 — 1)v+4v3) —ef?,
fa=3 (0+ D (Ga = 1) +0)" + (1= bjw (Ja+1) +v)° —2¢f7) .



Here, the following holds:

G

Ba Do
%%=i< 3>< 1)(b+ 1) 2v), %2 = La2w (~3ab? + a — 6bv) ,

9fs _ —3w (a®® —a® — 4v2) J— 1 (=a®V® + a®b — 3a®b%v + 3a’v + 40°%)

9 = L(—5)a(b—1)(b+ L)w(ab+ 2v) (a®b? + a* + 4abv + 4v?)
s = La%w (a® (1 — 56%) +10a%b (1 — 36%) v + 20a (1 — 3b%) v? — 40bv%) ,
9 = 5w ((b+1) (Bab— 1) +0)" + (1) (Jab+1) +v)*),

9L =1 ((b+ 1) (3a(b—1)+ v)5 +(1-b)(3ab+1)+ v)5) .
The singular point sets that realize the true distribution are analyzed in (1)-(4) below:

(1)(0,b, £f, %e), (2)(£2f,0,Fbf, 75),

WSy e ) (iﬁb,;@,;ﬁb) ,(D)(a,—1,%f, +e), (a,1, £ f, +e).

3) (££.0,

2.3.1 Representation of singular sets (1)

00 +e £f 0001
(1) When (0,b,£f,xe), A=] 00 +3ef? £f> | — |0 0 1 0]. Thus,rank A = 2 holds.
0 0 £bef* £f° 0000

2.3.2 Representation of singular sets (2)

0 0 TL Tbf 0001
(2) When (£2f,0,0f,F¢), A= | 0 —2¢L 53¢ —p3 | 510 1 0 0. Thus,rank A = 2 holds.
0 4l p3eft s 0000

2.3.3 Representation of singular sets (3)

0 0 2 FoPL
_ e 2 —1e 3 _ 3
(3) When (+f, b’i(l Qb)f’:tl2—eb)7 A= i3(b+21) f4 (33(}71_)1)105 +3¢f2 ]F(b 21)f5
5(b+1)ef 5b—3)ef b—1)f
+ 5 2 (2(b—1) +heft T 2
0010
(i) Whenb# -1, A— |0 1 0 0| . Thus,rank A = 3 holds.
1000
0 0 +e £f 0010
(ii) Whenb=—1, A= | 0 ef? +3ef? £f3> | — |0 1 0 0. Thus,rank A = 2 holds.
0 2ef5 +beft +f° 0000
3 (b#-1)
Therefore, rank A = holds.
2 (b=-1)



0 0 ¥ 2e :F(b"l'l)f

b+1 2
b e b—1)ef? b+1)ef? b 3
When (£,6, 720 75), A= | 32050 SR g3ep? 2000
5(b—1)ef 5b+3)ef b+1)f
F 3 2) _(2(b+1) Foeft i 2
0010
(i) Whenb#1, A— [0 1 0 0] . Thus,rank A = 3 holds.
1000
0 0 Ffe Ff 0010
(i) Whenb=1, A= | 0 —ef® F3ef? Ff2> | — [0 1 0 0] . Thus,rank A = 2 holds.
0 —2ef® Fheft Ff° 0000
3 (b#1)
Therefore, rank A = holds.
2 (b=1)
2.3.4 Representation of singular sets (4)
0 0 +e +f
(4) When (a,1,£f,+e), A=| 0 Fia’e(a+3f) +3ef? £f3

0 Fia%e(a® £5a®f +10af? £10f3) 4bef* £f°

0 0 0 1
3 T2

(i) Whena#0, A— [0 0 1 0] . Thus,rank A = { (a7 %/, %72) holds.
(ii) When a =0, rank A = 2holds as in (1).

3 , F2f,0
Therefore, rank A = (a7 %/, %21,0) holds.

2 (a=7Ff,72£0)

0 0 te  4f

When (a,—1,+f,+e), A=1] 0 :F%aQe(a:F3f) +3ef? +f3

0 :F%aQe (a3:F5a2f—|—10af2:FlOf3) +5eft £

0 0 0 1
(i) Whena#0, A— |0 0 1 0. Thus,rank A = {3 (a7 £f, £2) holds.
0 (aF f)@F2f)®> 0 0 2 (a==+f, £2f)

(ii) When a = 0, rank A = 2holds as in (1).

Therefore, rank A =

3 (a#Ff, F2f,0) Lolds
2

(a=Ff, 72/,0)



2.3.5 Representation of singular sets from (1) to (4)

Thus if the true distribution is realized with Hy = 1 the set of parameters that realize the true

distribution is expressed as follows(congruent order):

(1)(0,b,%f, xe), (2)(£2£,b, %, %), (B)Ef. 1,2/, %¢), (££,1,%f,%e),
4)(Ff,1,£f, xe), (F2f,1,£f, xe), (0,1, L+, Le), (Ff, —1,Lf, xe), (F2f,—1,%f, te), (0,—1,£f, *e).

The region represented by a = 0, b = £1 is discussed as follows.

3 Singular region

3.1 Overlap singularity, Elimination singularity
Definition 13

An overlap singularity is defined as the region in the parameter space where 6 and & satisfy
Ry := {0 € R*|w; = wy} = {¢ € R*|a = 0}.
An elimination singularity is defined as the region in the parameter space where 0 and £ satisfy
R = {0 € RYws; =0} U {0 € RYwsy =0} = {€ e RY|b = +1}.

Consider the learning dynamics in the neighborhood of a = 0,b = +1.

3.2 Learning function approximation models

Updating the current estimate to a new estimate for the observed data to minimize loss is called

learning in information science. The function approximation model is trained to find ¢ that minimizes the

square error [(z,y,&) = %Iy — f(=, 9))?.

(1) When a = 0, since l,, l,, is of order O(1), the two parameters (v, w) quickly reach equilibrium when

learning begins [3].
(2) When a =~ 0, since [, is of order O(a), I, is of order O(a?), (a, b) changes slowly in this state [3].

We fix (v, w) as the optimal solution (v*,w*) and stop changing the parameters (v, w), and consider the

dynamics of the parameters (a, b) to the optimal solution.

3.3 Construction of neural networks

Let a, b be variables and ¢, d, v, w be constants. Using Mathematica, F'1, F2, eleml, elem3, elem4, elem0, elem2
define as follows:

Fi[a_ ] := NetInsertSharedArrays[ NetChain [LinearLayer[1, "Weights" -> a, "Biases" -> Nonel]], "Linearil"],
F2[b_] := NetInsertSharedArrays[ NetChain [LinearLayer[1, "Weights" -> b, "Biases" -> Nonel], "Linear2"],
elemi[v_, d_ ] := ElementwiseLayer [#*(v) + d &I,

elem3[w_ ] := ElementwiseLayer [#*(w) &], elem4[c_ ] := ElementwiseLayer[# + (c) &],

elem0 := ElementwiseLayer [#%(1/2) &], elem2 := ElementwiseLayer [#*(-1) &].



First, input condition wiz = (v+ (b — 1)a) z as follows:

netlila_, b_, c_, d_, v_ ] := NetGraphl[elemO, elem2, Fi[a], F2[b], eleml[v, d], elem4[c],
TotallLayer[], NetPort["Input"]l-> 3, 3 ->6 -> 1, 1 -> 4,1 -> 2, {4, 2, 6} -> 7].

Input next condition w1z = fw(b + 1) tanh(x) as follows:

net12[a_, b_, c_, d_, w_ ] := NetGraph[Tanh, elem0O, elem3[w], F2[b],TotallLayer[],
NetPort ["Input"] -> 1, 1 -> 2 -> 3 -> 4, {3, 4} -> 5].

Netll is shown on the left side of Figure 2 and net12 is shown on the right side of Figure 2.
Input next condition ws; tanh(wiz) = 2w(b+ 1) tanh[(v + 1(b — 1)a) 2] as follows:

"
NetGraph Sm NetGraph )
P H p o Iz

Output

X u Inputs Outputs
Vit < Input: vector (size: 1) Output: vector (size: 1)
5

Inputs Outputs
Input: vector (size: 1) Output: vector (size: 1

Figure 2: netll, netl2

netila_, b_, c_, d_, v_, w_ ] := NetGraph[netili[a, b, ¢, d, v], neti2[a, b, ¢, d, w],
NetPort["Input"] -> 1, 1 -> 2].

Similarly, net21, net22, net2 are defined to express the condition.
wer = (v+ 3(b+ 1)a) z, wzox = 2w(—b+ 1) tanh(x).
Finally, input next condition ws; tanh(w;x) + wse tanh(wqx) as follows:

parameterNet[a_, b_, c_, d_, v_, w_ ] := NetGraph[netl[a, b, ¢, 4, v, w],

net2[a, b, ¢, d, v, w], TotalLayer[], NetPort["Input"] -> 1, NetPort["Input"] -> 2,
{1, 2} -> 3 -> NetPort["Outputl"], "Input" -> enc].

Using Mathematica, a gaussian function is defined as follows:

gaussianLikelihood[y\_, \mu \_] := PDF[NormalDistribution[\mu, 1], y].

The estimation method with the squared error as the loss function corresponds to the maximum
likelihood estimation method for p(y|x,&). A NetGraph is constructed with the loss function as the log
likelihood ratio function to define trainingNet. We input the following:

trainingNet[a_, b_, v_, w_] := NetGraph[<|"params" -> parameterNet[a, b, v, w],
"lhood" ->Threadinglayer [gaussianLikelihood],"neglog" -> ElementwiseLayer [-Log[#]&]|>,
NetPort["Output"], NetPort["params", "Outputl"] ->"lhood", "lhood" -> "neglog" -> NetPort["Loss"l].

Parameter Net is shown on the left side of Figure 3 and trainingNet is shown on the right side of

Figure 3.
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1 NetGraph [ R = . o
- ]

=]
NetGraph [ ]
¥ n - ° g. + ° In;)u( = “ “
Input > Output1 params lhood neglog
= o
o =" Output
Input
1
Inputs Outputs
Inputs Outputs P! P! X
. N Output: vector (size: 1) Loss: vector (size: 1)
Input:  scalar Outputl: vector (size: 1)

Input:  scalar

Figure 3: parameter Net, trainingNet

To define the loss function L, (€) := 5= >°"  |y; — f(X;,€)|?, we input the following:

G[a_, b_ ] := Mean[trainingNet[a, b, c0, d0, vO, wO] [<|"Input" -> dataX, "Output" -> enc[dataY¥]|>]].

4 Application to mathematics learning

As an example of application, overgeneralization (the phenomenon of overgeneralizing specific rules
or semantic features) may occur in the process of learners gaining an understanding of the two concepts
in relation to each other [7], [8], [9].
based on the learner’s test scores and the method using neural networks in information science. Overview

The phenomenon of overgeneralization is represented in the figure

of applications to mathematics learning is shown on Figure 4.

Learning

UEWELN | Learning two el T Effects of
atics concepts sk 5 overgeneralization
/ 1‘.
J 4
Methods of . "
(el | Data collection Learning system Mathematical |_g| Simulation

modeling

Science

| Singular point F’

Mathem

atical Singular region

Loss surface

Theory

Figure 4: Overview of applications to mathematics learning
The dynamics of learning near singularity is classified into following five patterns by changing an initial
value [4].
(1) Fast convergence : The learning process converges to the global minimum fast.
(2) Overlap singularity : The learning process is significantly affected by overlap singularity.

(3) Cross elimination singurarity : The learning process crosses the elimination and reaches the global

optimum after training.
(4) Near elimination singularity : The learning process is significantly affected by elimination singularity.

(5) Output weight 0 : After training, output weight becomes nearly equal to 0.
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An example of a simulation method that visualizes the learner’s state of understanding on a loss surface.

The dynamics of learning near the singular region can be used to determine whether varying the degree

of overgeneralization will advance understanding, and whether changing the proportion of the learner

population will reduce overgeneralization. An example of a simulation is shown on Figure 5.

5

Aren3durs def1oAao sso1)

KjuemIurs UonBUIWID JeaN

Figure 5: Example of a simulation

Future issues

Generalize the number of hidden units in the statistical model to obtain parameter representations in

the coordinate system & of the algebraic sets and singular sets that realize the true distribution.

Analyze the structure of singularities by using Mathematica and find conditions for stable learning

from learning equations, and clarify aspects of understanding in mathematics education.
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