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Abstract

This is an overview for recent development concerning differential geomet-
ric investigations of weighted Finsler spacetimes with weighted Ricci curvature
bounded below. We discuss comparison and splitting theorems (being reminiscent
of positive-definite Finsler geometry), singularity theorems related to general rela-
tivity, and the timelike curvature-dimension condition motivated by recent progress
of synthetic Lorentzian geometry.

1 Introduction

Lorentz—Finsler manifolds generalize Lorentzian manifolds in the same manner as Finsler
manifolds generalize Riemannian manifolds, and a time-oriented Lorentz—Finsler man-
ifold will be called a Finsler spacetime. This class of spacetimes has been attracting
growing interest from the viewpoint of synthetic Lorentzian geometry and for widening
room for physical interpretations. In this review, we summarize recent development,
mainly motivated by the former viewpoint, for a further generalized class of weighted (or
measured) Finsler spacetimes. Recently, we have witnessed strong interplay between Rie-
mannian and Lorentzian geometries via synthetic theories by means of optimal transport
and various comparison-type theorems concerning the sectional (flag) or Ricci curvature.
This review could be read as an introduction of Lorentzian geometry to Finsler geome-
ters, as well as a survey of the Finsler framework to Lorentzian geometers. Because of
the limitation on length, we will not include detailed background; interested readers can
consult references for further information.

Let us briefly explain the contents of the review. After preliminaries for weighted
Finsler spacetimes in Sections 2, 3, we see in Section 4 some comparison theorems shown
in essentially the same manner as the positive-definite case of Riemannian or Finsler
manifolds. Precisely, we discuss the Bonnet—Myers diameter bound and d’Alembertian
(spacetime Laplacian) comparison theorem along [33, 34]. We in fact consider those
results in terms of e-range, which provides a unification of unweighted and weighted
comparison theorems.
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Then, Section 5 is devoted to a genuinely Lorentzian subject of singularity theorems
along [33]. Still, they can be regarded as comparison theorems under nonnegative Ricci
curvature. Very roughly speaking, singularity theorems assert that, under nonnegative
curvature and some condition violating product (splitting) structure, we encounter in-
completeness of timelike or lightlike geodesics.

In Section 6, we consider timelike splitting theorems established in [13] along the lines
of a recent breakthrough [9]. This is a Lorentzian counterpart to the Cheeger—Gromoll
splitting theorem in Riemannian geometry, and could be regarded as complementing
singularity theorems to present the product structure under the existence of a timelike
straight line.

Last but not least, Section 7 is concerned with the timelike curvature-dimension
condition TCD (K, N) along [11], which was introduced by McCann [36] as a Lorentzian
counterpart to Sturm and Lott—Villani’s curvature-dimension condition CD(K, N) in
terms of optimal transport theory. Establishing TCD, (X, N) for Finsler spacetimes is
meaningful from the synthetic viewpoint, as it tells that TCD, (K, N) does not rule out
Finsler spacetimes.

We do not include comparison theorems for the flag curvature. In that direction, it
was recently shown in [5] that a Berwald spacetime has nonnegative flag curvature in
timelike directions if and only if the time separation function satisfies a local concavity
condition. This result can regarded as a Lorentzian analog to Busemann’s classical
characterization of nonpositively curved Riemannian manifolds [12]. We refer to [6] for
the concavity in the nonsmooth setting of Lorentzian pre-length spaces [27], and to [18]
for a local-to-global result.

2 Finsler spacetimes

We begin with preliminaries for Lorentz—Finsler geometry along [33, 34]. Lorentz—Finsler
geometry can be regarded as a Lorentzian counterpart to Finsler geometry as well as
a Finsler counterpart to Lorentzian geometry. Because of the author’s expertise, the
standpoint of this review is closer to the former one. In fact, as is seen in this sec-
tion, to a large extent, one can introduce differential geometric quantities regardless
of the signature of metrics. We refer to [1, 50, 54] for the basics of Finsler geometry,
and fundamental references of Lorentzian geometry are [3, 51]. For further reading on
Lorentz—Finsler geometry and more general structures, see, e.g., [37, 41, 42, 53].
Throughout the article, let M be a connected C'*°-manifold without boundary of
dimension n (> 2). Given a local coordinate system (z')?_; on an open set U C M,
we will use the fiber-wise linear coordinates v = >  v'(9/92")|, € T, M, x € U. (We

remark that dim M =n + 1 in [33, 34].)

2.1 Lorentz—Finsler manifolds

We follow Beem’s definition [2] of a Finsler version of Lorentzian metrics as follows.



Definition 2.1 (Lorentz—Finsler structures) A Lorentz—Finsler structure of M is a
function L: T'M — R satisfying the following conditions:

(1) L e C=(TM\{0});
(2) L(cv) = L(v) for all v € TM and ¢ > 0;

(3) For any v € TM \ {0}, the symmetric matrix

n 0?L "
(0500 = (). 2.)
is non-degenerate with signature (—, +,...,+).

Then, we call (M, L) a (C*°-)Lorentz—Finsler manifold.

We say that (M, L) is reversible if L(—v) = L(v) for all v € TM. For each v €
T, M\ {0}, define a Lorentzian metric g, of T,,M by using (2.1) as

Gu (Zl ai% ,Zb]% x) = Z gij(v)aibj-

T j=1 ij=1
We have g,(v,v) = 2L(v) by Euler’s homogeneous function theorem.

A tangent vector v € T'M is said to be timelike (resp. null) if L(v) < 0 (resp.
L(v) = 0). We say that v is lightlike if it is null and nonzero, and causal if it is timelike
or lightlike (i.e., L(v) < 0 and v # 0). Spacelike vectors are v satisfying L(v) > 0 or
v = 0. For causal vectors v, we set

F(v) :=+/—2L(v) = v/—g.(v,v). (2.2)

Denote by Q! C T, M the set of timelike vectors and put Q' := J,,, €2,. Note that
Q. # 0, every connected component of ) is a convex cone (see [2], [33, Lemma 2.3]),
and that the closures of different components intersect only at 0 (see [38, Proposition 1]).
In general, the number of connected components of 2/, may be larger than 2 (see [2], [33,
Example 2.4]). This fact will not affect our discussion because we shall deal with only
future-directed (timelike or causal) vectors. We also remark that (2 has exactly two
connected components in reversible Lorentz—Finsler manifolds of dimension > 3 (thanks
to [38, Theorem 7]).

2.2 Finsler spacetimes

Definition 2.2 (Finsler spacetimes) If a Lorentz—Finsler manifold (M, L) admits a
smooth timelike vector field X, then (M, L) is said to be time-oriented (by X). A time
oriented Lorentz—Finsler manifold is called a Finsler spacetime.



In a Finsler spacetime time-oriented by X, a causal vector v € T, M is said to be
future-directed if it lies in the same connected component of €, \ {0} as X (z). We denote
by Q, C €2, the set of future-directed timelike vectors, and define

Q.= UQQ;, Q= Uﬁx

reM reM

A Cl-curve in (M, L) is said to be timelike (resp. causal) if its tangent vector is always
timelike (resp. causal). As usual, without otherwise indicated, all causal curves will be
future-directed.

Given x,y € M, we write z < y (resp. x < y) if there is a future-directed timelike
(resp. causal) curve from z to y, and z < y means that © = y or x < y. Define the
chronological past and future of x € M by

I'(x)={ye M|y <z}, I'(z):={ye M|z <y},
and the causal past and future of x by
J (x):={ye M|y <z} JH () ={ye M|z <y}
Let us introduce several causality conditions.

Definition 2.3 (Causality conditions) Let (M, L) be a Finsler spacetime.
(1) (M, L) is said to be chronological if x ¢ It (x) for all x € M.
(2) We say that (M, L) is causal if there is no closed causal curve.

(3) (M, L) is said to be strongly causal if, for all x € M, every neighborhood U of x
contains a neighborhood V' of x such that no causal curve intersects V' more than
once.

(4) We say that (M, L) is globally hyperbolic if it is strongly causal and, for any =,y € M,
JT(x) N J~(y) is compact (or empty).

Clearly strong causality implies causality, and a causal spacetime is chronological.
The chronological condition implies that the spacetime is non-compact. Global hy-
perbolicity is regarded as a kind of completeness. Another fundamental completeness
condition is the following.

Definition 2.4 (Timelike geodesic completeness) We say that a Finsler spacetime
(M, L) is future timelike geodesically complete if any timelike geodesic n: [0,1] — M
can be extended to a geodesic 77: [0,00) — M. If 7 can be extended to whole R (i.e.,
also past timelike geodesically complete), then (M, L) is said to be timelike geodesically
complete.



Next, we define the time separation (also called the Lorentz—Finsler distance) T(x,y)
for z,y € M by
1
rlay) =S, L= [ F(i)d
0

n

where 7: [0,1] — M runs over all causal curves from z to y (recall (2.2) for F'). We
set 7(x,y) := 0 if there is no causal curve from = to y (namely = £ y). By definition, 7
enjoys the reverse triangle inequality

m(x,2) > 7(x,y) +7(y,2) forallz <y< z

In a similar manner to metric geometry, a timelike curve n: [0,1] — M is called
a geodesic if it is locally maximizing of constant speed, i.e., there is ¢ > 0 such that,
for any ¢ € [0, 1], we can take ¢ > 0 for which 7(n(a),n(b)) = ¢(b — a) holds for all
a,b e (t—e,t+e)NJ0,1] with a < b. If 7(n(0),n(1)) = L(n) also holds, then we call
a (globally) mazimizing geodesic.

In general, 7 is only lower semi-continuous and can be infinite (see, e.g., [39, Proposi-
tion 6.7]). In globally hyperbolic Finsler spacetimes, 7 is finite and continuous, and any
pair of points z,y € M with x < y admits a maximizing geodesic from x to y, where
a lightlike geodesic is understood as a solution to the geodesic equation (2.4) below
(Avez-Seifert-type theorem; see [39, Propositions 6.8, 6.9]).

2.3 Covariant derivative and Ricci curvature

Let us introduce several differential geometric quantities in a local coordinate system
(z%)™_,, in the same way as the positive-definite case (see, e.g., [50]). Define

; G dg dgy 0y,
)= 5 3 (G - )

=1

for i,j,k=1,...,n and v € TM \ {0}, where (¢”(v)) is the inverse matrix of (g;;(v)),

0= Y Ak, Niw) = 129

2 OvI
k=1 o

for v € TM \ {0} (and G'(0) = N{(0) := 0), and

J

n

i i 1 I dgji 0g;i m
) =)~ 3 3 o) (e 2 - P Y 2

l,m=1

on TM \ {0}. (We remark that the above definition of G‘(v) is same as [50] and
corresponds to 2G*(v) in [33, 34].) Then, the covariant derivative of a vector field
Y =31, YY(9/0a") is defined as

OV )
D;“Y::Z{ a?; ZP w)v! YE( >}03:

ij=1
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for v € T, M with reference vector w € T, M \ {0}. We remark that the functions I'j, in
(2.3) are the coefficients of the Chern(—Rund) connection.

In the Lorentzian case, g;; is constant in each slit tangent space T, M \ {0} (thus,
F;k = fy;k) and the covariant derivative does not depend on the choice of a reference
vector. In the Lorentz—Finsler setting, the following class is worth considering.

Definition 2.5 (Berwald spacetimes) A Finsler spacetime (M, L) is said to be of
Berwald type (or called a Berwald spacetime) if ij is constant on the slit tangent space
T, M\ {0} for any = in the domain of every local coordinate system.

The Berwald condition is strong but provides a reasonable (nontrivial) class where
we can mimic Lorentzian techniques. By the very definition, the covariant derivative
on a Berwald spacetime is defined independently from the choice of a reference vector.
Examples of Berwald spacetimes include Lorentzian manifolds and flat Lorentz—Finsler
structures L of R" (every tangent space (T,R", L) is canonically isometric to (ToR", L)
and we have I = 7%, = 0). We refer to [20, 21, 22] for some investigations on Berwald
spacetimes, and to [, Chapter 10], [50, §6.3] for the positive-definite case.

Remark 2.6 (Metrizability) In the positive-definite case, Szabd [57] showed that a
Berwald space (M, F') admits a Riemannian metric g whose Levi-Civita connection coin-
cides with the Chern connection of F', i.e., the Christoffel symbols of g coincide with F; &
of F' (see also [1, Exercise 10.1.4]). This is called the (Riemannian) metrizability theo-
rem. It is not known whether the metrizability can be generalized to the Lorentz—Finsler
setting. In [20], some counter-examples were constructed for Lorentz—Finsler structures
defined on a subset of T'M. Their discussion is not applicable to Lorentz—Finsler struc-
tures defined on whole 7'M as in Definition 2.1.

The geodesic equation for a C*-curve n: [0,1] — M is written as
Ny —
Dyn =0, (2.4)

which makes sense also for lightlike and spacelike curves. The exponential map is defined
in the same way as the Riemannian case, which is C*> on a neighborhood of the zero
section only in Berwald spacetimes (see, e.g., [40] as well as [, Exercise 5.3.5] in the
positive-definite case).

Next, we introduce the Ricci curvature. A C*-vector field J along a geodesic 7 is
called a Jacobi field if it satisfies the Jacobi equation

DIDIJ + Ry(J) =0,

where

e T,M (2.5)

for v,w € T, M and

J  Oxd

A i " (ON? ON' A
Ri() = 2% () - {—J(v)v'f _ N ) + N,g@)mv)}



is the curvature tensor. Similarly to the positive-definite case, a Jacobi field is charac-
terized as the variational vector field of a geodesic variation.

Note that R,(w) is linear in w, thereby R,: T,M — T, M is an endomorphism for
each v € T, M.

Definition 2.7 (Ricci curvature) For v € €0, we define the Ricci curvature (or Ricci
scalar) of v as the trace of R,: Ric(v) := trace(R,).

We remark that Ric(cv) = ¢* Ric(v) for ¢ > 0.

2.4 Legendre transforms and differential operators

In order to introduce a Lorentzian analog of Laplacian, we consider the dual structure
to L and the Legendre transform (see [34, §4.4], [38], [41, §3.1] for further discussions).
Define the polar cone to €0, by

Q ={weTiM|w()<0foralve,\ {0}}.
This is an open convex cone in 7M. For w € €2}, we define

L*(w);:—l( sup w(v)):—l inf ()’

2 \ve.nr-1(1) 2 veQNF-1(1)
Then, by definition, we have the reverse Cauchy—Schwarz inequality
AL* (W) L(v) < (w(v))’

for v € 0, and w € O}, and arrive at the following variational definition of the Legendre
transform.

Definition 2.8 (Legendre transform) Define the Legendre transform £*: Qf —
2, as the map sending w € ¥ to the unique element v € 2, satisfying L(v) = L*(w) =
w(v)/2. We also define £*(0) := 0.

A coordinate expression of the Legendre transform is given by

OL*, 0 - .
L (w) = ; Dior (W)%, where w = ;wi dz'. (2.6)
We refer to [34, 38, 41] for some basic properties of the Legendre transform.

A continuous function f: M — R is called a time function if f(z) < f(y) for all
x,y € M with x < y. A C'-function f: M — R is said to be temporal if —df(z) €
for all x € M. Observe that temporal functions are time functions.

For a temporal function f: M — R, define the gradient vector of —f at x € M by

V(D)) = L (~df(@)) € Q.



We deduce from (2.6) that gy (V(=f)(z),v) = —df(v) for any v € T, M. For a C*-
temporal function f: M — R and x € M, define the Hessian V*(—f): T,M — T, M
by

V(= f)(v) = DY (V(=1)).

This spacetime Hessian has the following symmetry (see [34, Lemma 4.13]):

991 (V=) w) = gv-p (0. VA= f)(w))

for all v,w € T,M. Then we define the d’Alembertian (or spacetime Laplacian) as the
trace of the Hessian:

O(—f) := trace(V*(—f))

(denoted by A(—f) in [34]). We remark that the d’Alembertian is not elliptic but
hyperbolic, and is nonlinear (since the Legendre transform is nonlinear).

Remark 2.9 (Berwald case) For v € T, M and the geodesic n: (—¢,e) — M with
n(0) = v, the second order derivative (—f o 7)”(0) does not necessarily coincide with
gv(—p)(V3(=f)(v),v). They coincide in Berwald spacetimes thanks to the fiber-wise
constancy of the connection coefficients I, (see [50, §12.1] for the positive-definite case).

3 Weighted Finsler spacetimes

In what follows, we fix a smooth positive measure m on M, and call (M, L, m) a weighted
(or measured) Finsler spacetime. Depending on the choice of a measure, we naturally
need to modify the d’Alembertian and Ricci curvature.

Given v € Q\ {0}, let n: (—,6) — M be the causal geodesic with 7(0) = v and
decompose m in local coordinates along 7 as

m(dz) = e ¥y /—det[ (g, ()] da’ - da”, (3.1)

where ¢, (—e,e) — R. For a C*-temporal function f: M — R, define the weighted
d’Alembertian of — f associated with m by

On(=£)() := O(=f)(x) = 4;(0), (3.2)

where 1, is given by (3.1) with v = V(—f)(z). Equivalently, one can define Oy (—f) :
divy[V(—f)] using the divergence with respect to m; for any test function ¢ € C*°(M)
of compact support, we have

/M¢-Dm(—f)dm:—/Md¢(V(—f))dm.

The following definition generalizes the weighted Ricci curvature (also called the
Bakry-Emery Ricci curvature) for measured Finsler manifolds introduced in [45] (see
also [18, 19] for the case of N < 0).



Definition 3.1 (Weighted Ricci curvature) Given v € Q\ 0 and 1, as in (3.1), we
define the weighted Ricci curvature by
: : , 1, (0)
Ricy(v) := Ric(v) + ¢, (0) — %
for N € R\ {n}. We also define Ric,(v) := Ric(v) + 7(0), Ric,(v) := limyy, Ricy (v),
and Ricy(0) := 0 for all N.

Remark 3.2 (Weight function) Note that, for a Lorentzian manifold (M, g), the ref-
erence measure /— det[(g;;)] dz'---da™ in (3.1) coincides with the canonical volume
measure vol,. Hence, choosing a measure m on M is equivalent to choosing a function
U on M via the relation m = e~¥ vol,. In the Lorentz-Finsler setting, however, they are
not equivalent. On the one hand, one way to unify these two approaches is to consider
0-homogeneous functions 1: Q\ {0} — R as in [33, 34] (we remark that, in general,
such a function may not be associated with any measure; see [16, 50] for the positive-
definite case). On the other hand, a weighted Laplacian corresponding to general ¢ is
yet to be developed, even for Riemannian manifolds.

We will say that Ricy > K holds in timelike directions for some K € R if we have
Ricy(v) > KF?(v) = —2KL(v) for all v € Q (recall (2.2)). The case of K = 0 is also
called the timelike N-convergence condition (see [33]). Observe that, by definition,

Ric,(v) < Ricy(v) < Rico(v) < Ricyr(v)

holds for n < N < 0o and —oo < N’ < n.
Associated with the real parameter N, the following notion was introduced in [33].

Definition 3.3 (e-range) Given N € (—oo, 1] U [n, o], we will consider € € R in the
following (timelike) e-range:

N -1

=0 for N=1 <
€ or : & N

for N # 1,n, e € R for N =n. (3.3)

The associated constant ¢ = ¢(N, €) > 0 is defined as

c(N,e) = ! (1 2NV — n) for N # 1, c(1,0) :=

_ 4
n—1 “N_1 (3.4)

n—1

Note that € = 1 is admissible only for N € [n,00) and € = 0 is always admissible. In
terms of the e-range, we can unify results for usual constant curvature bounds and those
for the variable curvature bound studied by Wylie—Yeroshkin [61] (see also [28]) into a
single framework, by taking ¢ = 1 and e = 0, respectively. We refer to [34] for more
details, and to [29, 30, 31] for some further applications in the Riemannian setting.

It will be useful to consider the reverse Lorentz—Finsler structure of L defined as
L (v) := L(—v). We will put an arrow <— on a quantity associated with L. The Lorentz-

Finsler manifold (M, L) is time-oriented by —X, so that 6 = —(). The corresponding
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weighted d’Alembertian is given by ﬁm f = —0On(—f) for temporal functions f with
respect to L. We remark that, for the weighted Ricci curvature ﬁ: of (M, T,m), we
have ﬁ:N(v) = Ricy(—v) for v € Q, and hence Ricy > K in timelike directions (in L)
if and only if Ricy > K in timelike directions (in T)

The following condition, introduced in [33], will play an essential role. A future
directed causal curve n: (a,b) — M is said to be future inextendible if n(t) does not
converge as t — b.

Definition 3.4 (e-completeness) A weighted Finsler spacetime (M, L, m) is said to be
future timelike e-complete if, for any future inextendible timelike geodesic n: [0,7) —

M,
T
/ 62('::11)%(8) ds = 00
0

holds. We say that (M, L, m) is timelike e-complete if both (M, L, m) and (M, <E,m) are
future timelike e-complete.

The 1-completeness corresponds to the timelike geodesic completeness (Definition 2.4)
and the 0-completeness recovers the 1)-completeness introduced in [60] in the Riemannian
case (see [58, 9] for the Lorentzian case). A typical situation is that e < 1, 1), is bounded
above and (M, L) is (future) timelike geodesically complete. For later use, we define

¢ 2(e—1)

(1) ::/ e 1 Ul g, (3.5)
0

called the (timelike) e-proper time in [33, (5.6)].

4 Comparison theorems

In the setting of weighted Finsler spacetimes as in the previous section, we first discuss
direct analogs to two comparison theorems on measured Finsler manifolds as applications
of the Raychaudhuri inequality suitably generalized to the current setting. For describing
the Raychaudhuri inequality, we introduce some notations. We refer to [33, 34] for more
details.

Definition 4.1 (Jacobi & Lagrange tensor fields) Let n: [0,7) — M be a time-
like geodesic of unit speed (i.e., (1) = 1), and denote by N, (t) C T, M the space of
vectors orthogonal to 7(t) with respect to g;. For brevity, the covariant derivative D;’Y
of a vector field Y along 1 will be written as Y.

(1) A smooth tensor field J, giving an endomorphism J(t): N,(t) — N, (t) for each
t €10,7), is called a Jacobi tensor field along 7 if we have

J'+RJ=0 (4.1)
and ker(J(t)) Nker(J'(t)) = {0} for all ¢, where R(t) := Ryq): N,(t) — N,(t) is the

curvature endomorphism defined in (2.5).

10



(2) A Jacobi tensor field J is called a Lagrange tensor field if
NT1-J"rV =0 (4.2)
holds on [0,7"), where the transpose T is taken with respect to gj.

Remark 4.2 (a) The equation (4.1) means that, for any g,-parallel vector field P along
n (ie., PP =0), Y(t) := J(t)(P(t)) is a Jacobi field along 1. Then, the condition
ker(J(t)) Nker(J'(t)) = {0} implies that Y = J(P) is not identically zero for every
nonzero P. Note also that R (w) € N,(t) for all w € T, M.

(b) The equation (4.2) means that J7J' is g,-symmetric. Precisely, given two g;-parallel
vector fields Py, P, along 7, the Jacobi fields Y; := J(FP;) satisfy

9:(Y1, ¥2) = g5(Y1,¥5) = 0. (4.3)
Since [g;(Y7,Y2) — ¢;(Y1,Y3)] = 0, we have (4.3) for all ¢ if it holds at some t.

Given a Lagrange tensor field J along 7, define B := JJ~! which is symmetric by
(4.2). Multiplying (4.1) by J™! from right provides the Riccati equation

B'+B*+R=0
(see [33, (5.3)]). We also define the expansion scalar
0(t) := trace(B(t)) (4.4)

and the shear tensor (the traceless part of B)

o(t) :=B(t) — .

where |,_1(t) denotes the identity of N, (t).
The weighted counterparts will make use of the parametrization ¢, as in (3.5). Note
that
_2(e—1)

(0w, ") (s) = e nmr e (1 (s)) (4.5)
for s € [0, ¢,(T)). We define, for e € R and t € [0,7),

Jm(f) = e_wn(t)/(n—l)J(25)7

B.(1) = Un o 5, (o (6) (8 = 5500 (1) - 22000,
0.(t) == trace (B, (t) s W“( 0(t) — v! (1)), (4.6)
ou(t) = Bu(t) - ”’”In (1) = oS0 6 1)

n—1

Then, the weighted Riccati equation is given by
_ 2€ _ _ _ _
(Bt © gpnl)/ + m(l/fn © 30771)/ ’ Bt(¢n1> + B?(S%l) + R(lvf)(gpnl) =0

11



on (0, ¢, (7)), where

Riv,o(t) == e—“i‘”%(t){R(t) Lo (wg(t) ~ ;@"(_”Z) |n_1(t)}

n—1

(see [33, Lemma 5.5], [34, §5.2]). Observe that, by (4.5),

_A(e—1)

trace(R(N,e)(t)) — o a1 ¥n(®) Ricy (n(t)) = Ricy ((77 o cpgl)'(gon(t))).

The timelike weighted Raychaudhuri inequality is a consequence of the above weighted
Riccati equation (see [33, Proposition 5.7], [34, Theorem 5.6]).

Theorem 4.3 (Raychaudhuri inequality) Let J be a nonsingular Lagrange tensor
field along a timelike geodesic n: [0,T) — M of unit speed. Then, for every e € R and
N € (=00, 1] U [n, o], we have

(00 ¢, ") < —Rien((no g, ")) —trace(o?(p, ")) — b (0, ")
on (0,9, (1)) with ¢ = ¢(N,€) in (3.4).

When € is taken from the e-range (3.3), we have ¢ > 0 and the above Raychaudhuri
inequality yields the Bishop-type inequality (see [34, (5.9)]):

R (s) < —chy(s) RiCN((now,;l)'(s)), hi(s) == (det [Jm(go,;l(s))})c,

from which we can readily deduce the Bonnet—Myers and d’Alembertian comparison
theorems.

Remark 4.4 The Raychaudhuri inequality is closely related to the Bochner inequality,
whereas there is a limitation due to the requirement that J is an endomorphism of N, (%)
(note that every v € N, () is g,-spacelike, i.e., g;(v,v) > 0 or v = 0). Nonetheless, the
Raychaudhuri inequality is sufficient to derive the Bishop inequality, which is concerned
with the behavior of concentric “spheres” (with respect to 7). In timelike splitting
theorems in Section 6, we will need a Bochner-type inequality (see [13, Remark 5.4] for
more details).

The timelike diameter of (M, L) is defined as diam(M) := sup, ey 7(7,y) (vecall
that 7(z,y) = 0 if z £ y); we refer to [3, §11.1] for some accounts on diam(M). We
remark that the finite diameter does not imply the compactness in the Lorentzian setting.
A Bonnet-Myers theorem with e-range was given in [34, Theorem 5.7] as follows.

Theorem 4.5 (Bonnet—Myers theorem) Let (M,L,m) be a globally hyperbolic,
weighted Finsler spacetime. Suppose that, for some N € (—oo,1] U [n, 0], € in the
e-range (3.3), K >0 and b > 0, we have

4(e—1)

RiCN('U) Z KFQ(U)e n—1 wn(o)7

12



2((:

e IO < p (4.7)

for allv € Q and n given as in (3.1). Then, we have
b

diam(M) <

@

for ¢ =c¢(N,e) >0 as in (3.4).
As an intermediate estimate, we also obtain

T
vVeK

to
9017(150):/ eVl ds <
0

without assuming (4.7), where 7(ty) is the first conjugate point to 7(0). For N € [n, 00),
we can take e = 1 for which ¢ = 1/(IN — 1), and (4.7) automatically holds with b = 1.
Hence, we have diam(]tif ) < my/(N —1)/K as in the standard (weighted) Bonnet—Myers
theorem (see, e.g., [50, §9.4]).

Given z € M, we say that € I (2) is a (future) timelike cut point to z if there
is a maximizing timelike geodesic 7: [0,1] — M from z to z such that its extension
n:[0,1 +¢] — M is not maximal for any £ > 0. The timelike cut locus Cut(z) is
the set of all timelike cut points to z. Notice that the function f(x) := 7(z, x) satisfies
—df(z) € Q for x € I (z) \ Cut(z), thereby the weighted d’Alembertian O, (—f) as in
(3.2) is well-defined on I*(z2) \ Cut(z).

Now, the d’Alembertian comparison theorem [34, Theorem 5.8] asserts the following.
We refer to [14, 59] for the weighted Lorentzian case. The function s, with k € R is
defined by

\/LE sin(y/kr) k> 0,
Se(r):==4qr k=0, (4.8)
= sinh(y/=xr) £ <0,
where r € [0, 7/+/k] for Kk > 0 and r > 0 for x < 0.

Theorem 4.6 (d’Alembertian comparison theorem) Let (M,L,m) be a globally
hyperbolic, weighted Finsler spacetime and N € (—o0, 1] U [n, 0], € € R in the e-range
(3.3), K € R and b > a > 0. Suppose that

Ricy (v) > K F2(v)e w1 “n(®),

2(e

a<e O < p (4.9)

for allv € Q and n given as in (3.1). Then, for any z € M, f(x) := 7(z,x) satisfies

1 s (f(x)/b)
cpseic(f(x)/b)

on I7(z) \ Cut(z), where p :=a if s (f(x)/b) >0 and p:=b if s.(f(x)/b) <0

Dm(_f)(x) < —

13



Similarly to Theorem 4.5, we also have an intermediate estimate

B ez(e 1)11) ) SCK(SOU(t»
Ou(=f)(n(t)) < esex (9 (1))

without assuming (4.9). When N € [n,o0) and € = 1, we can take a = b = 1 and obtain

S,I(/(N—l)(f(x))

O (=f)(z) < (N — 1)SK/(N—1)(f(I))

as in the standard (weighted) Laplacian comparison theorem (see, e.g., [50, §11.3]).

5 Singularity theorems

Singularity theorems are a set of results in general relativity asserting that, under suitable
energy and genericity conditions, we encounter some singularity in future or past (see,
e.g., [20]). On the one hand, the energy condition is read as the nonnegative Ricci
curvature in timelike or lightlike directions, thus singularity theorems could also be
regarded as comparison theorems. On the other hand, genericity conditions are imposed
to exclude static spacetimes having the product structure (cf. timelike splitting theorems
in the next section).

For the sake of simplicity and keeping this review compact, we shall consider only
the Hawking singularity theorem concerning timelike incompleteness along [33]. We refer
to [33] for the Penrose and Hawking—Penrose singularity theorems dealing with lightlike
incompleteness, as well as for further discussions on the structure of singularity theorems.

Let S C M be a C?spacelike hypersurface and V' be its future-directed normal
vector field, in the sense that V(x) € Q, and ker[gy(V(x),:)] = T8 for all z € S.
Consider the geodesic congruence generated by V| namely the family of timelike geodesics
n: [0,7) — M such that n(0) € S and 7(0) = V(n(0)). Associated with such a family
of geodesics, we have a Jacobi tensor field J along n, which is in fact a Lagrange tensor
field. Then, in the same way as (4.4) and (4.6), we define the expansion 6: S — R of
the geodesic congruence by

() := trace(J'J71)(0)

for z = n(0) € S (the right-hand side can be interpreted as the trace of the shape
operator of ), and the e-ezpansion 6.: S — R by

—2(e—1)

Oc(x) = e"nt O (0(x) — 9} (0)).

As a kind of genericity condition, we employ the following.

Definition 5.1 (Contraction) We say that S is contracting (resp. m-contracting) if
0 <0 (resp. 6, <0) on S.

We are ready to state the Hawking singularity theorem in this context (see [33, The-
orem 8.13]). Recall Definition 3.4 for the definition of timelike e-completeness.

14



Theorem 5.2 (Hawking singularity theorem) Let (M, L, m) be a weighted Finsler
spacetime satisfying Ricy > 0 in timelike directions for some N € (—o0, 1] U [n,00]. If
M contains a compact C*-spacelike hypersurface S which is m-contracting, then there
exists a timelike geodesic issued normally from S which is future e-incomplete for every
e € R in the e-range (3.3).

A time reversed version says that, if ; > 0 on S (i.e., S is m-expanding), then there
exists a timelike geodesic issued normally from S which is past e-incomplete for every
e € Rin (3.3) (see [33, Remark 8.14]). This is also understood as Theorem 5.2 for the

reverse structure L (v) = L(—v) (recall Section 3).

6 Timelike splitting theorems

Timelike splitting theorem is a Lorentzian analog to the celebrated Cheeger—Gromoll
splitting theorem [10] in Riemannian geometry; the latter asserts that, if a Riemannian
manifold of nonnegative Ricci curvature contains a straight line, then it necessarily splits
off areal line R. The Lorentzian version could be regarded as a complement to singularity
theorems discussed in the previous section, as the existence of a timelike straight line
(i.e., n: R — M satisfying 7(n(s),n(t)) =t — s for all s, € R with s < t) will prevent
the occurrence of singularity. The precise statement is as follows.

Theorem 6.1 (Lorentzian splitting theorem) Let (M, g) be a Lorentzian spacetime
with Ric > 0 in timelike directions, and suppose that it is timelike geodesically complete
or globally hyperbolic. If (M, g) contains a timelike straight line, then it is isometric to
the product spacetime (R x X, —dt*>+h), where (X, h) is a complete Riemannian manifold
of nonnegative Ricci curvature.

This splitting theorem was conjectured by Yau [62], and established by Galloway [23]
under the global hyperbolicity and by Newman [14] in the timelike geodesically complete
case. We refer to [25] for a simplified proof (see also [3, Chapter 14]), and to [19, 24]
for surveys including some similarities and differences between Theorem 6.1 and the
Cheeger—Gromoll splitting theorem. Some generalizations to weighted spacetimes can
be found in [14, 58, 59].

The Cheeger—Gromoll splitting theorem was generalized to measured Finsler man-
ifolds in [47]. Therefore, it is natural to expect a (weighted) Finsler version of Theo-
rem 6.1. The approach to timelike splitting theorem is common to the positive-definite
case to some extent; we employ the Busemann function

b,(z) = tliglo{t —7(z,n(t))}
associated with a timelike straight line : R — M. There are, however, a number of
difficulties due to the Lorentzian signature of the metric L. One of the most notable
differences from the positive-definite case is the hyperbolicity of the d’Alembertian [y,
which prevents us from applying the maximum principle to the Busemann function. For
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this reason, in our first attempt [35] following the argument in [25], we needed to put
strong assumptions.
Recently, a breakthrough in [4, 9] (see also [8, 36, 43]) provided a way to overcome

this difficulty, by introducing the p-d’Alembertian
Onp(—f) = diva[F*(=df)"7* - V(= )]

for p < 0 or p € (0,1), where F*(w) := /—2L*(w) for w € @* = [J,cp, ;. Note
that this deformation is similar to the p-Laplacian in the positive-definite case, but there
we take p > 1. The p-d’Alembertian is associated with the ¢-Lagrangian L,: TM —
(—00, 0] U {oo} defined as

—L(=2r)”? ifveq,
Ly(v) == I .
%) otherwise,

where p~t 4+ ¢! =1 (thus ¢ € (0,1) or ¢ < 0). Observe that L,(v) = —F(v)?/q for
v € Q. Though the original Lagrangian L = L, is not convex in radial directions, taking
the (¢/2)-th power as above makes L, convex on 7, M and strictly convex on (2, for
each z € M. (In the 1-dimensional analysis, this modification turns a concave function
g(t) = —t* for t > 0 into a strictly convex function —é(—g(zﬁ))q/2 = —5t9).

Then, U, , is the generator of gradient flow for the p-energy functional

gp(_f) = /MHp(_df) dm,

where f is a temporal function and H,: T*M — [0, 00] is the p-Hamiltonian defined
as the convex dual to Lj:

_1(_ *wp/2 if w *
Hp(w)::{ P2 @) fw e,

00 otherwise.

Thanks to the convexity of &, in the cone consisting of temporal functions, we can apply
the maximum principle and prove the following splitting theorem [13, Theorem 1.1] along
the lines of [9] in the smooth Lorentzian setting (see also [10] for a generalization to less
regular Lorentzian spacetimes).

Theorem 6.2 (Splitting theorem) Let (M, L, m) be a weighted Finsler spacetime and

suppose the following:
(1) (M, L) is either timelike geodesically complete, or Berwald and globally hyperbolic;
(2) there is a timelike straight line n: R — M;

(3) (M, L,m) satisfies Ricy > 0 in timelike directions for some N € (—o0,0) U [n, o0];
(4)

4) in the case of N € (—o00,0) U {oo}, (M, L) satisfies the timelike e-completeness in
the sense of [13] for some € in the range (3.3) associated with N.
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Then, the Lorentzian manifold (M, gv(—p,)) isometrically splits in the sense that there
exists an (n — 1)-dimensional Riemannian manifold (3, h) such that (M, gv(—b,)) is iso-
metric to (R x X, —dt* + h). Moreover, (X, h) is equipped with a measure n for which m
coincides with the product of the Lebesgue measure dt on R and n.

We remark that, for technical reasons, the timelike e-completeness given in [13, Def-
inition 2.13] is slightly different from Definition 3.4.
Outline of the proof of Theorem 6.2 goes as follows.

e The d’Alembertian comparison theorem (Theorem 4.6) under Ricy > 0 implies

the p-superharmonicity Uy b, = —Unp(—by) < 0 in the weak sense near n(R).
Similarly, the Busemann function

b, (7) = tli)rgo{t —7(n(-t),z)}
in the past direction satisfies Dmﬁan < 0.

e By comparing the above p-superharmonicity and b, + b, > 0 from the reverse
triangle inequality, maximum principle yields b, + b, = 0 and the p-harmonicity
Omp(—by) = On b, = 0 in the weak sense, as well as b, € C2} near n(R).

e Bochner-type identity shows V*(—b,) = 0 and b, € C™ near n(R).

e Finally, with V2(—b,) = 0 in hand, one can build the desired splitting structure
in a standard way.

We remark that X is given as the level surface b, *(0) (in other words, b, coincides
with the projection from M =R x ¥ to R), and (3, L|y,) is spacelike if L is reversible
and dim M > 3, though it is unclear whether L|ry is positive-definite (strongly convex);
see [13, Corollary 6.1] for details. The Berwald condition in the globally hyperbolic case
is imposed merely for technical reasons and could be redundant.

A distinct feature of the Finsler version is that the splitting is done for the Lorentzian
metric gy(—p,) and the original Lorentz—Finsler structure L itself does not possess a
product structure. This is a similar phenomenon to the positive-definite Finsler setting;
note that normed spaces do not isometrically split in general. Moreover, in the Lorentz—
Finsler setting, we can modify L in spacelike directions without changing it in timelike
directions, thereby Theorem 6.2 is actually the most we can expect.

Nonetheless, we can show the following [13, Theorem 1.3] in the same spirit as [17,
§5], thanks to the more rigid structure of Berwald spacetimes.

Theorem 6.3 (Isometric translations in Berwald spacetimes) Let (M, L,m) be
a weighted Berwald spacetime satisfying the hypotheses in Theorem 6.2. Then, we have
the following.

(i) In the product structure M =R x X, the translations
D(s,x) == (s+t,x), (s,r) e Rx X, teR,

are isometric transformations of (M, L) and preserve the measure m.
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(ii) The geodesic equation of M splits into those of R and X. Precisely, a curve in M
15 geodesic if and only if its projections to R and X are geodesic.

7 Timelike curvature-dimension condition

In this final section, we briefly review a characterization of lower bounds of the weighted
Ricci curvature Ricy in timelike directions in terms of optimal transport theory. This
provides a synthetic geometric way (i.e., without relying on differentiable structures) of
studying spacetimes of Ricci curvature bounded below. Synthetic theory has achieved
great success in the positive-definite setting, where one of the main purposes is to analyze
singular (metric measure) spaces appearing as limit spaces of Riemannian manifolds.
Recently, there has been growing interest in a Lorentzian counterpart, in connection
with the appearance of less regular spacetimes in general relativity (e.g., as solutions to
the Einstein equation).

Inspired by the theory of curvature-dimension condition in the positive-definite case
(see [17, 32, 52, 55, 50] among others), a synthetic condition characterizing lower Ricci
curvature bounds will be written as the convexity of a certain entropy functional in
the space of probability measures. Denote by P(M) the set of all Borel probability
measures on M, and by P.(M) (resp. P**(M)) the set of all p € P(M) with compact
support (resp. absolutely continuous with respect to m, written as p < m). We also set
Pa(M) := P.(M) N P*(M). We will consider the following entropies, similarly to the
positive-definite case (see [18, 19] for N < 0).

Definition 7.1 (Entropies) Given p € P(M), denote by u = pm + p, the Lebesgue
decomposition into its absolutely continuous and singular parts with respect to m.

(1) The relative entropy of pu with respect to m is defined by

Enty, (1) ::/ plog pdm
M

if < m (ie., pus(M) =0) and f{p<1} plog pdm > —oo, otherwise Enty, (1) := oo.

(2) For N € [n,0), define the N-Rényi—Tsallis entropy of u by
M

(3) For N < 0, we define
S2 )= [ P dm
M

if 4 < m, otherwise SN () := co.

(4) Finally, SO (u) :=||pllz if p < m, otherwise S2 (1) := oc.
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Now, we need to recall some notions in optimal transport theory, taking causality
issues into account (we refer to [11, 15, 36] for more details). Let (M, L) be globally
hyperbolic in the sequel. Given u,v € P(M), let II(n,v) C P(M x M) be the set of
couplings of (u,v), i.e., for m € 1I(u, v) we have

T(Ax M) =u(4),  7(MxA) =v(A)

for all Borel sets A C M. Then, for each q € (0, 1), define the g-Lorentz—Kantorovich—
Wasserstein distance by

Wo(u,v) == sup (/MxM 7(z,y) 7T(dxdy)) Uq,

el (1)

and 7 € II(y, v) attaining the supremum is said to be g-optimal. A curve (pi¢)ejo,1) in
P.(M) is called a g-geodesic if 0 < W, (po, 1) < oo and Wy (s, p) = (t — s)Wy(po, f11)
for all s,t € [0,1] with s < t.

We say that (p,v) € P.(M) x P.(M) is g-separated if there are 7 € II(u,v) and
lower semi-continuous functions «: supp(u) — (—o0, 0], B: supp(v) — (—o0, x|
such that 7(z,y)7/q < a(z) + f(y) on supp(p) x supp(v) and that the set

E = {(z,y) € supp(p) x supp(v) | a(z) + B(y) = 7(z,9)"/q}

satisfies supp(m) C E C {(x,y) € M x M | x < y}. An archetypal case is the following:
If p,v € P.(M) satisty v < y for all (z,y) € supp(u) xsupp(v), then (u, v) is g-separated
([11, Lemma 4.10]).

Using s, in (4.8), we define the function

N—-1)/N

© o (Skpv—n )\

TKVN(T) =1 — 7
sk/(N—1)(t)

for K € R, N € (—00,0) U [n,00) and ¢ € (0,1), where r > 0 when K/(N —1) <0
and r € (0,74/(N —1)/K) when K/(N —1) > 0. We also set TI(?N(O) :=t. Then, we
generalize the curvature-dimension condition to the Lorentzian setting as follows (see
[15, 36, 43] and [11, Definition 5.7]).

Definition 7.2 (Timelike curvature-dimension condition) Let ¢ € (0,1), K € R,
and N € (—oc, 0] U [n,00]. We say that a weighted Finsler spacetime (M, L, m) satisfies
the timelike curvature-dimension condition TCD, (K, N) if, for every g-separated pair
(to, 1) € P2(M) x P2(M), there exist a g-geodesic (fi)iep,1] from gy to p1 and a
g-optimal coupling 7 € II(u, 111) such that the following hold.

(1) When N = oo, for every t € (0, 1), we have

Entw (1) < (1— 1) Entm(u0)+tEntm(,u1)—%t(l—t) / (2, y)2 r(dady). (7.1)

MxM

19



(2) When N € [n,00), for all N’ € [N,o0) and ¢ € (0, 1), we have

SN () < — / 30 (7(2,9)) polz) N w(dady)

MxM

(7.2)

[ ) ) w(dady),

MxM
where g = pom and p; = pym.
(3) When N < 0, for all N" € [N,0) and ¢ € (0, 1), we have
SY(n) < [ D () o) Y w(dady)

[ ) ) w(dody),

MxM

where we set T](é)N/(T) =00 if K <0andr>my/(N' —1)/K.
(4) When N =0, for every t € (0,1), we have

s_x((1=t)7(z,y)) (2) s_k(t7(z,y))

Snltu) < m-esssup m{ (1= Ds_x(r(w,9) """ ts_x(7(2,9))

(z.9) pl(y)}, (7.4)
where we set s_g (t7(x,y))/(ts_k(7(z,y))) :== 1 if 7(z,y) = 0.

When K = 0, we have Téf])v(r) =t and (7.2) and (7.3) are simply the convexity:

S (1) < (1= 1)SY (no) + Sy (1),

while (7.4) implies the quasi-convexity:

S0(1e) < max{ S0 (o), SO (1)}

We remark that, since 7 is a g-optimal coupling, [, ,, 7(z,y)* 7(dzdy) in the last term
of (7.1) is not directly a transport cost.

We are ready to state a characterization of Ricy > K in timelike directions estab-
lished in [11, Theorems 5.9, 6.1] along the lines of [30].

Theorem 7.3 (Ricy > K <= TCD,(K,N)) Let (M,L,m) be a globally hyperbolic,
weighted Finsler spacetime, K € R and N € (—00,0] U [n,00]. Then, the following
are equivalent.

(A) Ricy > K in timelike directions.
(B) TCD,(K, N) holds for some q € (0,1).
(C) TCD,(K, N) holds for all g € (0,1).
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McCann [306] first established the equivalence between lower Ricci curvature bounds
and the timelike curvature-dimension condition, followed by an independent work by
Mondino—Suhr [43] which includes a characterization of the Einstein equation as well.
Precisely, they considered a variant TCDZ(K7 N), called the entropic timelike curvature-
dimension condition, which is (by definition) slightly weaker than TCD, (K, N) when
K # 0. The above TCD,(K,N) was first studied in [7]. Thus, the equivalence in
Theorem 7.3 with K # 0 was new in [L1] even for Lorentzian spacetimes (and required
more involved calculations than the positive-definite case). In addition, the case of N < 0

in the Lorentzian setting was first investigated in [11].
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