DUAL OPTIMIZATION PROBLEMS CONCERNING FIRST
EIGENVALUE AND SMOOTH MAPS

SHIN NAYATANI

ABSTRACT. In this note, we report our recent work on a dual pair of optimization
problems: one concerning smooth maps from a compact manifold into a Hilbert space,
and the other concerning the first eigenvalue of the Bakry—Emery Laplacian. We also

report recent progress on equivariant versions of these optimization problems.

INTRODUCTION

Let M be a compact manifold equipped with a volume element and a
Riemannian metric. In the preprint [5], we formulate and study a dual
pair of optimization problems, one maximizing the variance of a smooth
map from the manifold into a Hilbert space and the other maximizing
the first (nonzero) eigenvalue of the Bakry-Emery Laplacian.

In this note, we first review the general framework and some results
(Section 1). We then explain in detail that these problems can be solved
explicitly for all flat metrics on the two-dimensional torus (Section 2).
Finally, we discuss the equivariant versions of our optimization problems
and speculate that the equivariant minimal embedding of the hyperbolic
space into a Hilbert sphere, introduced by Besson-Courtois-Gallot [2],
would be an inflated equivariant map.

1. DUAL OPTIMIZATION PROBLEMS

Let M be a compact manifold. We assume our M is connected and has
no boundary. We equip M with a smooth volume element dyu, which we
assume has unit total mass for simplicity, and a Riemannian metric A. A
standard choice of volume element is du = duy,/Vol(h).

Let ‘H be a Hilbert space. We denote the inner product and norm of H
by (-,-) and || - ||, respectively. We first introduce the following variance
maximization problem:



Problem 1.1. Over all C*°-maps satisfying the constraints

(1) ©*hy < h and / wdp =0,
M

mazimize the variance of @:

var(e) i= [ el d

Here, hy denotes the Riemannian metric of ‘H, extending the inner prod-
uct (-,-) by parallel translations. Note that the latter constraint in (1) is
not restrictive, since it can be achieved by composing a translation in ‘H

to any given map. Set
Var(du, h) := sup var(yp),
where sup is taken over all C*°-maps ¢ satisfying (1).
Definition 1. We call a solution map to Problem 1.1 an inflated map.

An inflated map, if it exists, is a globally most expanding map among all
locally shrinking maps.

It turns out that Problem 1.1 has a ‘dual’ problem. We start by de-
scribing Problem 1.1 in a min-max style. Let J{y denote the set of all
C*-maps ¢ from M into ‘H with average equal to the zero vector. Let
M* denote the set of all positive semidefinite metrics ¢g* on the cotangent
bundle T*M. Define a function L: Fy x M* — R by

L(g,g) r=/ ||90H2d/w+/ (9", h — @ hyy) dp,
M M

where (-,-) denotes the natural pairing of contravariant and covariant 2-
tensors. The function L is called the Lagrange function associated to
Problem 1.1. In fact, ¢* will play the role of Lagrange multiplier.

Fix ¢ € Fy. Since ¢ satisfies the former constraint in (1) if and only if

/ (9" h— @ hy)dp > 0
M



holds for all g* € M*, we have

inf L(p,g%) =

g*eM*

Jar lll?dp if ¢ satisfies the former constraint in (1),
—00 otherwise.

Therefore, Problem 1.1 is identical to the problem finding

sup inf L(p,g").
@Efog*eM*

We shall identify the problem finding
inf sup Ly, g"),
R 4 (¢, 9%)

which is the Lagrangian dual of Problem 1.1. Note that the Lagrange

;w+/nm%@,
M

function L is rearranged as

L(so,g*)sz(g*,h)dwr (—/MHdso

where we have used the equality (g, ¢*hy) = [|dep|%..
To proceed, we introduce the following quantity: For ¢g* € M*, set
[y |dul? du
A(dp, g*) = inf =—C—
Jar v dp

where inf is taken over all nonzero C'-functions u satisfying [ a wdp = 0.
The quantity A;(du, g*) is nothing but the first nonzero eigenvalue of the
(positive) Bakry—Emery Laplacian —A g, 4+ When g* is positive definite,
it is defined by

Ayt = ~Agu+ g (df.du), ue C(M),

where A, is the Riemannian Laplacian with respect to g and f is de-
termined by the relation du, = e/du. (See [5] for the definition when
g is only positive-semidefinite.) Note that the function ¢g* € M* —
M (dp, g*) € R is concave.

We return to identifying the dual of Problem 1.1. Fix ¢* € M*. Since

A(dp, g*) > 1 if and only if

—/mm@w+/mﬁw@u Vo € Fo.
M M



we obtain

sup L(¢. g
weFo

5 = {fMg Jh)dp if Ay(dp, g*) > 1,

00 otherwise.

Therefore, the problem finding infy-cy- sup ez, L, g*) coincides with
the following

Problem 1.2. Qver all g* € M* satisfying the constraint

A(dp, g*) > 1,

| a7 :myan

This problem is equivalent to the following first-eigenvalue maximization

mainimaize

problem:

Problem 1.3. Over all g* € M*, mazimize

Set
Ai(du, h) = sup Mi(du,g") // (9", h)d

By the obvious inequality

sup inf L(p,g") < inf sup L(p,g"),
peF g EM® greEM* peF

we obtain the weak-duality inequality:

(2) Var(du, h) < AN

While the idea of duality is useful for identifying the dual of Problem
1.1, the inequality (2) can be proved directly without referring to the
duality. In fact, we have the following



Proposition 1.4. Let M be a compact manifold equipped with a smooth
volume element dy and a Riemannian metric h. Then, for any ¢ € Fy
satisfying (1) and g* € M*, we have

(3) /MHSOIIQd/JS/M(g*yh)du/Al(dupg*)-

FEquality holds in (3) if and only if the map ¢ consists of functions mini-
mizing the Rayleigh quotient RQ over all functions with mean value zero

and

(g*ah - QO*h’H) =0
holds. If g* is positive definite at every point of M, then these equality
conditions are rephrased as follows: the map ¢ consists of first eigen-

Junctions of —Ag, g+ and @ is an isometric immersion with respect to
h.

Note that in the last statement of the proposition, the image of ¢ lies
in a finite dimensional subspace of H since the multiplicity of the first
eigenvalue is finite.

Problem 1.2, which is equivalent to Problem 1.3, is to minimize the
linear functional g* — [, (¢*,h)du over the convex set {¢g* € M* |
A (dp, g*) > 1}. This convexity, combined with an averaging argument,

implies the following

Proposition 1.5. Let M be a compact manifold equipped with a smooth
volume element dp and a Riemannian metric h. Let G be the automor-
phism group of (M, du,h), that is, the set of all diffeomorphisms of M
which preserve du and h. If there exists a solution to Problem 1.3, then

there also exists a G-invariant solution to Problem 1.3.

The following theorem asserts that if a solution to Problem 1.3 exists
and is positive definite everywhere, then a map consisting of first eigen-
functions of the corresponding Bakry—Emery Laplacian gives a solution
to Problem 1.1. It is an analogue of the Nadirashvili minimal surface
theorem [4].



Theorem 1.6. Suppose that a positive definite metric g* on T M is a so-
lution to Problem 1.3 associated with (du, h). Then there exist first eigen-
functions uy. . ... uy of —Agy g+ such that the map ¢ = (uy,...,un): M —

RY is an isometric immersion with respect to the metric h. Therefore, ¢
is an inflated map with respect to (dy, h).

2. EXAMPLES

We discuss examples for which our optimization problems can be solved
explicitly. We begin with the cases that Problem 1.3 associated with
(dun/Vol(h), h) is self-solvable, that is, that the dual metric h* gives a
solution to the problem. Note that, under du = duy,/Vol(h) and g* = h*,
the equality condition for (3) reduces to the following: the map ¢ consists
of first eigenfunctions of —A and is an isometric immersion with respect
to h. Then by the Takahashi theorem [7], this condition is equivalent to
the one that ¢ is an isometric minimal immersion into a sphere of radius

n/A1(h), where n = dim M, by first eigenfunctions. Therefore, we have

Proposition 2.1. The metric g = h* provides a solution to Problem
1.8 associated with (dup/Vol(h), h) and a map ¢ is an inflated map with
respect to (dpn/Vol(h),h) if and only if ¢ is an isometric minimal im-
mersion of (M, h) into a round sphere by first eigenfunctions of —Ay,.

By this proposition and Theorem 1.6, we can characterize the metrics
h for which Problem 1.3 associated with (duy/Vol(h), h) is self-solvable.

Corollary 2.2. Let (M,h) be a compact Riemannian manifold. Then
g" = h* gives a solution to Problem 1.3 associated with (duy,/Vol(h),h) if
and only if (M, h) admits an isometric minimal immersion into a sphere
(of some radius) by first eigenfunctions of —Ay,.

Many examples of compact Riemannian manifolds that admit an iso-
metric minimal immersion into a sphere by first eigenfunctions are known.
These include all compact isotropy irreducible Riemannian homogeneous
spaces [7]. Yau [9] conjectured that the inclusion map of any compact

embedded minimal hypersurface in a sphere was such an immersion.



Other than compact Riemannian manifolds admitting an isometric min-
imal immersion into a sphere by first eigenfunctions, we can solve the
problems (with dy = duy,/Vol(h)) for all flat metrics on the 2-torus and
for all left-invariant metrics on SU(2); The latter class contains the so-
called Berger metrics on the 3-sphere.

We discuss the case of flat metrics on the 2-torus in detail, as they
provide the simplest nontrivial (that is, Problem 1.3 is not self-solvable)
examples. It is well-known that any flat metric on the 2-torus is isometric
to one of those induced on R?/Z(1,0) & Z(a,b), the quotient space of
the Euclidean plane by the lattice Z(1,0) @& Z(a,b), with 0 < a < 1/2,
b > +/1— a2 In order to work with common coordinates, we pull back
these metrics to R?/Z? by the linear isomorphism fixing (1, 0) and sending
(0,1) to (a,b) and obtain h,, = dz? + 2adzdy + (a® + b*)dy*. These
metrics have the common normalized volume element dy = dxdy. We
will solve Problems 1.1 and 1.3 associated with (dpu, h.p). It is well-
known (cf. [1]) that the first nonzero eigenvalue Ay (h,p) of =4y, , is given
by Ai(hep) = 4b—7§2 with multiplicity

6, if (a,b) = (1/2,v/3/2),
4, ifb=+1—a?and a # 1/2,
2, if b>+1— a2

As a working hypothesis, we suppose that there would exist a solution
g* € M* to Problem 1.3 and ¢g* be positive definite. Then by Theorem
1.6, there would also exist an inflated isometric immersion with respect to
h, consisting of first eigenfunctions of —A g, ;). Since flat metrics on the
2-torus, which is an abelian Lie group, are left-invariant, by Proposition
1.5, there would also exist a left-invariant, hence flat, metric that gives
an optimal solution to Problem 1.3. Therefore, we search for a flat metric

whose dual metric minimizes the objective functional

0(g) = [ (6" ) /M)



Indeed, for g* = A} ,, we have

U,

O(h' ) = (u—a)* +v* 4+ V? / Ar? (u—a)? 4 v + b
uv/ v? w2 Ar? .
In the range 0 < u < 1/2, v > /1 — «?, this attains minimum when

w=1/2,v=1/3/2 if 0 <a<1/2,
0<u<1/2,v=+v1—-u? ifa=0.

Thus, we obtain solutions of Problem 1.3 as

. P if0<a<1/2
W e 0<u<1/2 ifa=0.

We will identify the corresponding inflated maps. We begin with the
case 0 < a < 1/2. A basis for the first eigenspace of —A,, is given

by

1/2,v/3/2

exp(2miz), exp(2miy), exp(2mi(z +y)).

We look for inflated maps, assuming they have the following form:

Upgr: (€,y) mod Z* € R*/Z? —

1 . : : 3
p exp(2mix), q exp(2mwiy),r exp(2mi(r + y))) e C’,
V82 (
where we may suppose p, ¢, > 0. The map v, 4, satisfies ¢, ., gcs = hap
if and only if

p=+2(1—a), ¢=+22+b0—a), r=+2a

Let ¢, denote the map v, .- with these choices of p, ¢, r. It is an inflated

map with respect to (du, hayp). Observe that the maps ¢, vary smoothly
with the parameters a, b and degenerate to maps into R* as a — 0, that
is, as the lattice approaches to a rectangular one.

Next we treat the case a = 0. Note that the functions

exp(2miz), exp(2miy)



form a common basis for the first eigenspace of —A, S 0<u<1/2.
By proceeding as in the previous case, we obtain the same inflated maps

©0,b-
We summarize what we have observed as

Proposition 2.3. Let h be any flat metric on T?, and let dj be its nor-
malized volume element. (du is common to all flat metrics on T?.) Then
there exists an isometric embedding p: (12, h) — R by first eigenfunc-
tions of the flat metric h1/2 V3. In particular, the map o 1s an inflated
map with respect to (du, h), and the metric g* = h* 18 a solution to
Problem 1.3 associated with (du,h).

If h is a rectangular flat metric, that is, a flat metric corresponding

1/2,7/3/2

to a rectangular lattice, then the image of ¢ lies in R* and the metrics

h;m, 0 <wu < 1/2, provide solutions to Problems 1.3.

Remark 1. If we search for an optimal solution to Problem 1.3 among
left-invariant metrics, the metrics h; Niwrt 0 < u < 1/2, are the only
possibilities. Indeed, the corresponding inflated map must be an isomet-
ric immersion, and flat tori do not admit an isometric immersion into
R3. Therefore, the first eigenvalue of the solution metric should have

multiplicity at least 4.

Remark 2. The metrics hz S 0 < u < 1/2, which are solutions to
Problems 1.3 associated with a rectangular flat metric hgj, are expressed

as . o
h* = 0% — 0,0, + 02,

u,v/1—u? 1 — 2 1 — uz u2 Y-

Note that Problem 1.3 associated with (du, h07b) is equivalent to maxi-

mizing the concave functional g* — Ai(du, g*) over the convex set

C:= {9* € M| /(9*:h0,b)dﬂ = 1}-

Therefore, the set of maximizing metrics in C should be a convex subset
of C. Rescaled so that [(g*, hop)dp = 1, the above metrics become

1 9 2u 9
1+b2a +b26$ay+ b2ay




Thus, we obtain a segment of metrics joining (likewise rescaled) kg, and

hi/zﬁ/?

as expected.

Remark 3. We can also solve Problems 1.1, 1.3 associated with the pair
(du, h) for all left-invariant metrics A on SU(2). Here, du is the unique
left-invariant normalized volume element on SU(2), and is the common
normalized volume element of all A. This class of metrics contains an
interesting subfamily, that is, the so-called Berger metrics h;, 0 < t < 00.
These are obtained by rescaling the standard metric of S® by a factor of
t? in the direction of fibers of the Hopf fibration S* — S2.

In his seminal work [8], Urakawa observed that the multiplicity of
the first eigenvalue of h; becomes 7 at t = 1/ \/6, where two different
eigenspaces meet. The solutions of the primal and dual problems as-
sociated with the pair (du, hy) exhibit different behavior depending on
whether ¢t < 1ort > 1. For t <1, the Berger metric h1/\/6 gives a com-
mon solution to Problem 1.3, and maps consisting of first eigenfunctions
of the Laplacian with respect to h, /6 8ive inflated isometric embeddings
into R”. On the other hand, for ¢ > 1, optimal solutions to Problem 1.3
cannot be found among left-invariant Riemannian metrics. In fact, the
Carnot-Carathéodory metric hy = lims o hy gives a common solution to
these problems. We also obtain inflated maps as maps consisting of first
eigenfunctions of h.,, which is nothing but the standard inclusion map
of S% into R*, and is therefore not isometric with respect to h; (unless
t=1).

3. EQUIVARIANT SETTING

In this section, we discuss the equivariant versions of our optimization
problems.

We begin by reviewing the twisted Laplacian and its spectrum bottom,
following Sunada [6]. Let (M, h) be a compact Riemannian manifold, and
let m: X — M be the universal covering of M with covering transforma-
tion group I'. Let H be a separable Hilbert space, and let p: ' — O(H)
be a homomorphism, where O(H) is the orthogonal group of H. Then we

10



can associate a vector bundle £, in the following way: £, is the quotient
space of X x H by the action of I' given by v(z,v) = (vyx,p(y)v). If
we denote by [z, v] the ['-orbit containing (z,v), then the correspondence
[z,v] — 7(x) gives a bundle projection £, — M. The vector bundle £,
has a fiber metric (, ) defined by ([z,u], [z,v]) = (u,v)y. The bundle E,
is called the flat vector bundle associated to p. A section s of I, can be

identified with a map ¢: X — H satisfying the p-equivariance

p(rz) = p(Np(z), YreX, Vyel,
through the relation
s(m(x)) = [z, p(z)].
We denote by C*(E,) (resp. L*(E,)) the space of C*-sections (resp. square
integrable sections) of E,. The exterior derivative d can be extended to

d,: C°(E,) = C*(T"M ® E,).

We denote by 0, the formal adjoint of d,, and define the twisted Laplacian
A, by

A, =6,d,: C*(E,) = C*(E,).
It is easy to see that if a smooth map ¢: X — H corresponds to a section
s of E/,, then Ax¢ corresponds to A ,s. It can be verified that A, extends
uniquely to a positive self-adjoint operator on LQ(E,,). The bottom of the
spectrum of A is given by

Jar lldps?
Mo(p) = No(h: p) = Jar %31
olp) =olhip) = Jnf Jur llsI?

We have the following facts:
o If p is trivial, then Ay and A, are unitarily equivalent.
e If p is the right regular representation p, of I on L?(T'), then Ay
and A, are unitarily equivalent.
We now formulate an analogue of the dual pair of Problems 1.1 and 1.3.
We reserve the above setting, and suppose that (M, h) be also equipped
with a volume element dyu of unit volume. Consider the following second-

moment mazximization problem:

11



Problem 3.1. Ouver all p-equivariant C*°-maps ¢: X — H satisfying the
constraint

¢ hy < h,

maximize the quantity

romy(p) = /M oIl da.

where || - || is the norm of H.

A solution map to Problem 3.1 will be called an inflated equivariant map.

Searching for the dual of Problem 3.1, we are led to consider

Jur 1ol dp
Xo(dp, g*; p) = inf —. g
Jar Il du

where the infimum is taken over all nonzero p-equivariant C*-maps ¢: X —

e M*,

H. The quantity Ag(dp, g*; p) coincides with the bottom of the spectrum
of the twisted Bakry—Emery Laplacian —A gy, 4+, defined analogously
to the usual twisted Laplacian introduced above. Then as the dual of

Problem 3.1, we obtain the following problem:

QOver all g* € M* satisfying the constraint

Ao(du, g% p) > 1,

/M (9%, h) dp.

This problem can be rephrased to give the spectrum-bottom mazximization

mainimaize

problem:

Problem 3.2. Over all g* € M*, mazimize
M(di.g'io) / [ (60 d

We obtain the inequality between objective functionals:

momy () S/M(g*,h) dp [ Mo(dp, g% p).

12



If equality holds for ¢ and positive definite g*, then ¢ attains \o(du, g*; p)
and is an isometric immersion with respect to h.

Note that if p is a trivial representation, then Moms(du, h; p) = oo and
Ag(dpe, by p) = 0. On the other hand, if the Kazhdan distance d(p, 1) be-
tween p and the trivial representation 1 is positive and du = duy,/Vol(h),
then Ag(du, h;p) > 0, since A\o(du, h*;p) = Ao(h;p) > 0 by Sunada’s
result [6]. It follows that Moms(du, h; p) < 0.

A potentially interesting example with regard to the above problems is
the isometric minimal embedding of the hyperbolic space into a Hilbert
sphere, introduced by Besson-Courtois-Gallot [2]." Let M be a compact
hyperbolic manifold of dimension n > 3, and let X be the universal
covering of M with I' denoting the covering transformation group. We
choose a base point 0 € X. Then the boundary at infinity 90X of the
hyperbolic space X is identified with the sphere S"~!. Let df denote the
standard normalized volume element of 0X = S"~!. We shall verify that
' acts isometrically on the Hilbert space H = L*(0X.df). Let p(zx,0)
denote the Poisson kernel of X, normalized so that p(o,0) = 1. Let G
denote the isometry group of X, which acts on 0X. The action of G on
‘H can be defined by

(9())(O) = f(g~'0)/p(go.0).

This may be regarded as the action of G on the measures f(0)?d6.
Namely,

g(f(0)*do) = (g(f))(0)*do.
Then it is easy to verify that

/ g(f(0)2do) = [ f(0)*d6.
2 0X

Thus, the action of G on H is isometric. In particular, I' acts on H
isometrically. This gives an orthogonal representation p: I' — O(H).
Let S denote the unit sphere in H with center at the origin. Thus,

lCiao Li [3] asked how this embedding is relevant to our work. This question motivates the content
of this section.

13



for f(0) € S, f(0)*dl is a probability measure on S""!. We consider
p-equivariant C*°-maps from X into H. If we write p(x)(0) = p(x,0),

then the p-equivariance may be expressed as

o(yz,0) = @(x,77'0)\/p(v0,0).

The map ¢o(z) = /p(z,-) is an example of such a map. In fact, the

map g is G-equivariant, and the image of ¢ is the orbit of the constant

function equal to 1 under the action of G. In particular, the image of ¢

lies in S*°. The pull-back metric py*hy is given by

(n —1)*
4dn

where h denotes the hyperbolic metric of X. Thus, the map g is a

QOO*h’H = h’v

homothetic embedding. Besson et al. verified that the map is calibrated
by a certain n-form on S*, and in particular, it is a minimal embedding
into S*. In order to make y an isometric embedding, we multiply it by
a constant; we re-set
2\/n
900(1') = n—1 V p($7 ')7

so that (X)) lies in S*°(24/n/(n—1)), the sphere in H of radius 2v/n/(n—
1).

We speculate that the following statement would be true:

The (new) ¢y is an inflated equivariant map with respect to
(du, h), where du = duy/Vol(h), and the metric h* is an
optimal solution to Problem 3.2.

In fact, it is clear that the second moment of ¢y equals to (ni—q)Q' Since

[, (h*, h) dpw = n, this implies
(n—1)°
TR
Therefore, in order to verify the above statement, we must show that
(n—1)°
1

Xo(dp, b5 p) = Ao(h; p) <

Ao(h;p) >

14



Note that ¢, satisfies
(n—1)
4

Thus, the section of £, corresponding to ¢y is an eigensection of the

—Axpy = ©0-

twisted Laplacian —A, with eigenvalue (n — 1)?/4. The question is
whether this eigenvalue coincides with Ag(h; p).
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