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Abstract

This paper considers a minimization problem with fixed initial point and an-
other minimization problem with fixed both initial and terminal points. We discuss
a quadratic duality for these minimization problems through gap method.

1 Introduction

Recently, Iwamoto, Kimura, Fujita and Kira have shown that a new duality holds for
paired optimization problems [11-28]. For a historical background of dynamic optimiza-
tion and its related fields, see Bellman and others [1-7,29], [8, 10,31, 32].

This paper discusses two models — initial point and both points — through gap
functions. In section 2, we consider a pair of minimization problem (P;) and maximization
problem (D;). The problem (P;) has a fixed initial point. We give another pair of (Ps)
and (Dy), which is derived from the pair of (P;) and (D;). In section 3, we consider a
pair of minimization problem (P)) and maximization problem (D}). The problem (P7})
has both the initial and the terminal points. As in section 2, we derive another pair
of (P}) and (Dj) from the pair of (P}) and (D}). We show that the minimization and
maximization problems for these two pairs are dual to each other through gap functions.

2 Fixed Initial Point

2.1 Pair1l

We consider a pair of minimization problem of n-variable x = (21, x9, ..., x,) (primal)

n

minimize Z [(xk_l —ax)° + xﬂ

k=1
(Py)  subject to (i) z € R"
(il) zg=c



and maximization problem of n-variable p = (i1, o, - . ., 1) (dual)

—_

Maximize 2cpy — { [,ui + (i — ,uk+1)2] + Q,ui}
1

subject to (i) w € R".

3

b
Il

(D1)

Theorem 1 [25] The primal (Py) attains a minimum

Fyy,
m = f(2) = clc— &) = —2—¢
Fonga
at a point
'%:(jla '@29 R :i'k‘a R jn—la :i'n)
c
= F (FQn—la F2n—3> ceey FQn—2k+1> ceey F3> Fl)
2n+1
The dual (Dy) attains a maximum
M = g(w) = epy = =—¢
2n+1
at a point
p= (/’JI? N R :UJ:;)
c
== F ( FZTL) FQn—Za ey F2n—2k‘+27 ey F47 F2 )
2n+1

We remark that Fibonacci sequence {F,} is defined as the solution to the second-order
linear difference equation

Tny2 — Tpy1 — Tp =0, x1=1, 20 =0. (1)

It is shown that (P;) and (D) are dual to each other [25].

2.2 Pair 2

Next, we consider a pair of minimization problem of n-variable y = (y1, 2, ..., y,) (primal)

minimize Z (y,% + Y,f)
k=1

P
(F2) subject to (i) y € R"

and maximization problem of n-variable p = (i1, o, - . ., f1n) (dual)

3
—

Maximize 2cp; — { [,ui + (i — ,uk+1)2] + Q,ui}
1

subject to (i) p€ R"

e
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(D2)



where
k
Yk:c—Zyl 1<k<n. (2)
=1

Theorem 2 [25] The primal (P2) attains a minimum

Fy,
m = F(j) = cih = F2 ¢
2n+1
at a point
g = ( glv QZ, SRR gk? BRI gnflv gn )
c
== F ( FZTL) FQn—Za ey F2n—2k+27 ey F47 F2 )
2n+1
The dual (Ds) attains a maximum
Fo,
M = g(u) = epf = ==
2n+1
at a point
o=y, s, o M e My, M)
c
— F ( F2n7 F2n—27 ceey FQTL—Qk+27 ceey F47 F2 )
2n+1

It is shown that (P3) and (D) are dual to each other [25].

3 Fixed Both Points

3.1 Pair1l

We consider a pair of minimization problem of n-variable x = (21, x9, ..., x,) (primal)

[y

3

minimize [(xk_l — )+ xﬁ + (Tpy — 20)* + (2 — Tpgr)?
1
(P})  subject to (i) z € R"

(11) o =C, Tpt1 = d

B
Il

and maximization problem of n-variable p = (u1, po, . . ., tn) (dual)
n—1
Maximize 2cpiy — { D [ + (= 1)) + 202 + 2y }
/ k=1
(D7)

subject to (i) wp € R".

3



Let f, g : R™ — R! be the respective objective functions of primal (P}) and dual (D}):

fl@) = (c—m)?+27+ ) [(@wre1 — 20)® + 23] + (@noy — 20)? + (20 — d)?

3
—

b
||

n—1

g(pn) = 2cp1 — Z [,u% + (g — ,uk+1)2} — Q/Li — 2d iy, .
k=1

Then we have an inequality
f(x) = gp).
The sign of equality holds iff 2n equalities
C—T1 = W1, T1 = M1 — K2
(EC1)  wp1—xp =, @k = p—ppr 2<k<n-—1
Tpo1— Tp = fn, Tpn—d = pn

holds. (ECy) is called an equality condition between (P}) and (D).
Now let us define an inner product i : R* x R* — R' and a gap function h : R" x R™ —
R! as follows.

n—1
i(zop) = ) [(@r1 — ze)pw + xe(pr — ps1) ]
k=1
+ (xn—l - xn)ﬂm + (xn - xn-l—l),un
n—1 ('IO =C Tpy1 = d)
h(z, p) = [(fck—l — Tk — Mk)2 +{oe — (e — Mk+1)}2]

b
Il

1
+ (xn—l — Tp — /an)2 + (xn — Tp4+1 — ,un>2

Lemma 1
i(r,p) = cup —dp, on R" x R™.

Lemma 2

(i) fl@)—g(w) = h(z,p) =0 on R"xR"

(ii))  h(z,pu) =0 <= (z,u) satisfies (ECy).
Theorem 3 (i) [t holds that

f(@) = g(p) on R"x R"
(ii) 1t holds that
f(@) = g(u) <= (z,p) satisfies (EC,).

Then (P)) attains a minimum f(x), while (D)) attains a mazimum g(iu).

Hence a solution (x, ) to (EC;) yields a minimum point x for (P}) and a maximum
point p for (D).



3.2 Equality condition 1

Now let us analyze the equality condition (EC;). The equality condition (EC;) yields

a pair of linear systems of n-equation on n-varaible:

3r1 — x93 = ¢
(EQx) —$k_1+3l’k—l’k+1 =0 2 < k‘ﬁn—l

—Tp_1 + 22, = d,
200 — po =
(EQH) —pi—1 + 3 — pgy1 = 0 2<k<n-1

— -1+ 3,un = —d.

Lemma 3 The system (EQ,) has a unique solution

I Fon_1c+ Faod
T Fon_sc+ Fyd
T3 ] Fon_sc+ Fed
- , — o
Fon,
- T Fset Fauad
jn—l FgC + an_gd
jn Flc —+ FQnd

The system (EQ,,) has a unique solution

i Fs.c— Fid
J7 Fy,_oc— Fsd
J 1 Fy,_4c— Fxd
W= - = -
JTA Foner Fsc — Fy,,_sd
T Fyc— Fy,_sd
75 Foc— Fy,_1d

Hence the condition (ECy) has a unique solution (&, i*).

Theorem 4 The primal (P}) attains a minimum

1

F2n+l

m = f(&) = clc— 1) = d(i, —d) =

at the point .

(FQnCQ — 2cd + an_ldz)



The dual (D)) attains a maximum

* * * 1
M = g(lu ) = Cly — d,un = K(FQnCQ - 26d+ an_ldz)
n+

at the point p*.
Hence the gap function h = h(x, \) attains the zero minimum at (T, p*).

3.3 Pair 2
We consider a pair of minimization problem of n-variable y = (y1,¥2, ..., ¥y,) (primal)
n—1
minimize Z(y,% + Y2 +yi+ (Yo — d)2
k=1
(P3) . . n
subject to (i) y € R
and maximization problem of n-variable p = (u1, po, . . ., tn) (dual)
n—1
Maximize 21— { D7 [ + (i = es1)?] + 2042 + 2dps, |
I k=1
(D3) , , .
subject to (i) p€R
where

k
Yi=c=> uy 1<k<n (5)
=1

Let F, g : R™ — R' be the respective objective functions of primal (P}) and dual (D}):

3
—

Fly) =Y (R +Y2) +y2+ (Y —d)’
1

e
Il
—

9(p) = 2cp — { (1 + (g, — pin)?] + 202 + 2dun}.
1

3

B
Il

Then we have an inequality
Fy) > g(p).
The sign of equality holds iff 2n equalities

= M, }/IINI_NQ
(EC2)  yk = pu, Yi=pp —puy1 2<k<n-1

Yn = Hn, Yn_d:,un

6



holds. (ECy) is called an equality condition between (P}) and (D5).
Now let us define an inner product i : R" x R" — R' and a gap function h : R" x R™ —
R as follows.

iy, ) = ) Lkt + Yi(pe — pegr) | + Yntin + (Yo — )i
h(y. p) = 3 {0 = 10)? + Ve = (e = g )2} + (o — )+ { (Ve = d) = 1}

=

=1

We note that

Lemma 4

i(y, ) = ey —dp, on R"™ x R".

Lemma 5

(i) F(y)—g(w) = h(y,p) =0 on R"xR"

(i)  hly,u) =0 <= (y,p) satisfies (ECy).
Theorem 5 (i) It holds that

F(y) > g(u) on R"x R".
(ii) 1t holds that
F(y) = g(n) <= (y,p) satisfies (ECy).

Then (P}) attains a minimum F(y), while (DY) attains a mazimum g(u).

Hence a solution (y, ;1) to (ECs) yields a minimum point « for (P5) and a maximum
point p for (DY).

3.4 Equality condition 2

Now let us analyze the equality condition (ECy). The equality condition (EC,) yields
a pair of linear systems of n-equation on n-varaible:

200 —yp =
(EQZ/) —Yk—1+3Yr — Y1 = 0 2<k<n-1
—YUn—1 +3yn = —d,

7



2010 — po =
(EQu) —pi—1 + 3 — pgy1 = 0 2<k<n-1
—HUn-1 + 3,un — _d

Needless to say, both the systems are identical.

Lemma 6 The system (EQ,) has a unique solution

gl anC — Fld
392 Fy,_9c — F3d
393 1 an_4C - F5d
i=| - | =7 . (6)
N 2n+1
Yn—2 Fsc — F, 5d
Un—1 Fyec— Fy,_sd
gn FQC - FZn—ld

The system (EQ,,) has a unique solution

/LI FQnC — Fld
i Fy,_oc— F3d
J Fy,_4c— Fxd
. 1
pt= . =G . (7)

% 2n+1

Mo FGC — an_5d

u;_l F4C — an_3d
Ho, Fye— Fyy 1d

Hence the condition (ECs) has a unique solution (3, ).

Theorem 6 The primal (P}) attains a minimum

~

m = f(9) = cth — d, = cfi —d(c—Y, —d)

1
= (F2n02 — 2cd + an_ldz)
F2n+1

at the point 1.
The dual (D)) attains a mazimum

(FQnCQ — 2cd + an_ldz)

M = g(u*) = cpuy —dpy, = i
n+

at the point u*.
Hence the gap function h = h(y, i) attains the zero minimum at (y , p*).

8
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