Analysis of Multiserver Queues with Batch Arrivals and Setup Times
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Abstract This paper considers a batch Poisson-arrival multiserver queue with setup time, motivated by
power-saving data centers. A server is immediately turned off once it has no job to process. An off-server
(if any) is turned on again upon the arrival of a job. The server needs some setup time during which it
cannot process the job. In this model, the number of setup servers depends on the number of jobs in the
system. Although some methods have been developed to solve special cases with Poisson arrivals or batch
Poisson arrivals with a single setup server, this paper is the first to consider the model with batch Poisson
arrivals without the limitation on the number of setup servers. Using a generating function approach,
we derive the joint stationary distribution of the number of active servers and the number of jobs in the
system. Furthermore, we obtain a conditional decomposition formula with clear physical meaning that
shows the effect of the setup time on the number of jobs in the system.

1. Introduction

Data centers are the core infrastructure for our information society and AI era. These data
centers host a large number of servers that consume significant amounts of electricity. These
servers are not always busy processing jobs, but are idle for a significant portion of the time [2].
Thus, it is natural to turn off idle servers to save energy and turn them on when jobs arrive.
One of the simplest policies in this line is the ON-OFF policy, which turns off an idle server
immediately and turns it back on once a job is waiting to be processed. From a queueing model
perspective, data centers with the ON-OFF policy can be modeled using a queueing system with
multiple servers and setup time [1, 3, 4, 8, 10].

Models with Poisson arrivals have been extensively studied, and efficient algorithms for the
stationary distribution of the underlying Markov chain have been proposed and evaluated [1, 3,
4, 8, 10]. In this paper, we relax the arrival process to a Batch Poisson process, which captures
the case where jobs arrive in batches. This allows modeling more realistic situations with bursty
traffic. In our previous work, we considered the case where only one server can be set up at a
time [7, 9]. This paper removes this assumption, allowing an arbitrary number of servers in the
setup process.

The rest of the paper is organized as follows. Section 2 presents the queueing model and
its underlying Markov chain. Section 3 shows the analysis of the stationary distribution of the
Markov chain via the generating function method and the conditional decomposition for the
queue length.

2. Model and Markov Chain
2.1. Model

We consider MX /M /c/Setup queueing systems with the ON-OFF policy. We assume that the
distribution of the batch size X is given by 8; = P(X =1i) (i = 1,2,...) and the mean batch size
is given by F[X] < oo. Batches of jobs arrive at the system according to a Poisson process with
rate A. We assume that the service time of jobs follows an exponential distribution with mean



1/p. In this system, upon service completion, a server is turned off immediately if there are no
waiting jobs. Upon the arrival of a job, an OFF server is turned on, and the job is placed in
the buffer. The off-server needs some setup time to be ready to serve waiting jobs. We assume
that the setup time follows an exponential distribution with mean 1/a. Suppose that there are
two jobs in the system. One job is receiving service, and the other job in the buffer is waiting
for a server in the setup process. In this situation, if the service completes before the setup,
the waiting job is served immediately, and the server in the setup process is turned off. Under
these settings, the number of active servers is smaller than or equal to the number of jobs in the
system.

Let j denote the number of customers in the system and ¢ denote the number of active
servers. The number of servers in the setup process is given by min(j — i,¢ — i), where j — i
is the number of waiting jobs and ¢ — i is the number of servers that are not active (serving a
job). In this model, a server is in one of the following states: ACTIVE, OFF, or SETUP. We
assume that waiting jobs are served according to a first-come, first-served (FCFS) manner. The
exponential assumptions for the inter-arrival, setup time, and service time allow us to construct
a Markov chain for which an efficient solution for the stationary distribution is presented.

2.2. Markov chain and notations

It is easy to see that the stability condition for the system is AE[X]| < cu because all the
servers are eventually active if the number of jobs in the system is large enough. Let C(t)
and N(t) denote the number of active servers and the total number of jobs in the system
at time t, respectively. Under the assumptions made in Section 2.1, it is easy to see that
{X(t) = (C(t),N(t));t > 0} forms a Markov chain in the state space

S={(i,j);i=0,1,...,c,j=ii+1,...}.

See Figure 1 for the transitions among states for a special case with two servers and the maximum
batch size of 2.
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Figure 1: Transition among states (¢ = 2, 31 + 2 = 1).



We define
miy = lim B(C(1) =i, N() =j), (i) €S.

It should be noted that at the state (4, j) the number of waiting jobs is j — ¢. Furthermore, we
define the following partial generating functions.

(o)
z) = E mi 2, 1=0,1,...,c

3. Generating Function Approach

In this section, we derive expressions for the partial generating functions.
3.1. Recursive expressions

The balance equations for the case i = 0 read as follows.

AT0,0 = [T 1, Jj=0,

J
(A+ja)m; = AZﬁz‘WO,j—z‘, J=12,..,c—1, (1)
=1
J
(/\ + Ca)ﬂ'o,j = /\Eﬁiﬂo,j—iy ] Z C. (2)
i=1

Multiplying (2) by 2/~¢ and summing over j > ¢, we obtain

(A + ca)ly(z )\Z (Z Bimo j— ) j—e

j=c \i=1
00 j—c

:AE E BZT‘-OJ it E 5277'0,3 i 2
j=c \i=1 i=j—c+1

= A\3(2)y(z) + )\Z_: Br(2) 7ok,

k=0
where
c—k—1 4
Pr(z) = 27 <ﬁ(z) - > ﬁz‘zl> : (3)
i=1
From this result, we have

o(z) = A ZZ;B 70,10k (2)

A+ca—A3(z) W
In case ¢ =1, (4) is further simplified to
_ )\71'0’050(2) . AWO,Oﬁ(Z)/Z
HO(Z)‘A+a—Af3(z)_A+a—w(z)' (5)

The partial generating function for the number of waiting jobs for the case C(t) = 0 is given by

ﬁo(z) —7T00+ZH0( ) )\(_i\%“);\}g(o)

It should be noted that (1) implies that my; (j = 0,1,...,¢— 1) is recursively expressed in
terms of myo. Furthermore, (4) implies that all the probabilities m j, j > ¢ is also expressed in
terms of 7 .



Remark 1. Furthermore, w1 s calculated in terms of mo o as follows.

c—1
BTl = Zjom'o,j + callp(1).
j=1

We shift to the case ¢ = 1. The balance equations are given as follows.

(A4 p)m1 = amg,1 + pmy o 4 2uma 2,
-1

A+p+(G—Da)my :jO”TO,j+>\Zﬁi7rl7jfi+,u7rl7j+la 2<j<c—1, (6)
i—1
j—1

(/\ +u+ (C - 1)04)71'1,]' = cam,j + A Z ,82'7T17j_2‘ + UL 41, j=>c (7)
=1

Multiplying (7) by 2/~¢ and summing up over j > c yields,

(%) 7j—1
A+ p+ (e = Da)lli(2) = callg(z) + A Z <Z [32-7717j2-> e 4 g(Hl(z) —T1e). (8)

j=c \i=1

We transform the second term on the right-hand side of (8) as follows.

oo /j—1 00 j—c j—1
/\Z (Z /8i771,j—z> 0= /\Z Zﬁﬂﬁ,j—z‘ + Z Bim i | 27°

j=c \i=1 j=c \i=1 i=j—c+1
oo j—c¢ 0o j—1
= AZZBZ’WLjfiZj_C‘FZ Z Bimy jizl €
j=c i=1 j=ci=j—c+1
c—1

= MB()1(2) + A Y m11Bk(2),
k=1

where Sk (2) is defined in (3). Substituting this into (8) and rearranging the results yields

cazlly(z) + A Y25} T kzBr(z) — e

Hl(z) = ()\ +p+ (c — 1)a)z — )\Zﬁ(z) —u

(9)

Let 0 < 21 < 1 denote the unique solution of the equation (A4+pu+(c—1)a)z—Azf(z)—p =0
in (0,1). Because II;(z) is analytic at z = 21, the numerator of (9) must be 0 at z = z1, leading

to
caziIlo(21) + A D52 mie Belz1)

771,0 = .

"

In case 3(z) = z, 21 is explicitly given by

CAtpte—Da—A+p+(c—1)a)? -4
- 2\ '
We can rewrite the equation for m . as follows.

<1

c—1
1
Tl,e = agl) + E b£7k):ﬂ-17k7
k=1



where
o) — caz1lp(z1) oM )\zlﬁk(zl)‘

a 7

c ) ek =

7
Assuming that

J
1 1 .
Tl j+1 = ag._gl + E b;ﬁlykﬂl,k, j<c—1.
k=1

Substituting this formula into (6), we obtain

j-1 j
At p+ (G = Da)my = jomo; + A Bj-wmie + i <a§-1+)1 +> bﬁ)mﬂl,k) :
k=1 k=1

Thus, we obtain the following recursion.

7j—1
my=al + 3 bme, =12 01,
k=1

where
. 1
NON Jjamo ;i + /Aagﬁl
. 1
At (- Da— bl
ABj_k + bt
blY) = i o S RIS W N
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Remark 2. At this moment, we can express m; (2 < j < c¢) in terms of w11 which is further
expressed in terms of moo. Furthermore, the probability w1 ; (j > ¢) and II1(1) are calculated
from the generating function (9).

Next, we shift to the general case with h active servers. As in the case of one active server,
we write the balance equations.

A+ hp)mhp = ap_1p + humppsr + (W + Dpmppinsr,  J=h,
j—h
A+ hp+ (G —h)a)mp,; = (G —h+am,_1; + Z ABimhj—i + humh i1, (10)
i=1
h+1<j<c—1,
j—h
A+ hp+ (c=h)a)mh;j = (c—h+ 1am,_1; + Z ABimh j—i + huTh 41, j>e (11)
i=1
We proceed in the same manner as in the case of one active server. Equation (11) is trans-
formed as follows.

c—1
A+ b+ (¢ = h)a)Ih(2) = (¢ = h+ 1)adly_1(2) + AB(2)In(2) + A D> 74k B(2)
k=h

+ 7(Hh(2) — 7Th,c)-

Transforming this equation, we obtain



(A + hp + (e = h)a)z = AzB(2) — hullTL(2)

c—1
=(c—h+1DazIly_1(z) + A Z TPk (2) — hpmp, . (12)
k=h
Let 0 < z;, < 1 denote the unique solution of (A + hu + (¢ — h)a)z — Azf(z) — hp = 0 in

(0,1).
In case B(z) = z, zp, is explicitly given by

; A+ hp+ (e —h)a — /[N + hp+ (c — h)a)2 — 4hAp
h = .

2
Substituting z = z;, into (12) yields,
c—1
huthe = (¢ —h + Dazplly_1(2z5) + A Z Th,k2h Bk (2n).
k=h
Thus, we have
c—1
—h+1 11, _ A
The — (c—h+ Dazpll,_1(zn) n Z Zhﬁk(zh)whk'
hu = hu

So, we have
c—1
h (h)
The = al + ) by,
k=h

where
NO (c—h+ DazpIlp_1(zp) ) _ Azp Bk (zn)
¢ hﬂ ’ c,k h,u :

By mathematical induction using (10), as in the case of one active server, we can obtain the
following recursion.

j—1
Wh»j:aéh)+zb§flk)7rh,k7 j=h+1,...,¢ (13)
k=h
where
KON (J—h+Damy,_1;+ h/myj_)l 14
) - Il
A hp+(j —h)a — h,ubg.JF)Lj
ABj_p + hyb™
h J +1,k
by = OB (15)

A+ hp+(j—h)a— h,ubjﬁ_l’j

Thus, at this moment, 7}, can be computed in terms of the known quantities. Indeed, by
the horizontal cut between states with less than h active servers and those with at least h active
servers, we have

c—1
hpmh p = Z min(j —h+1,c—h+1)am,_1,; + (c—h+1)all,_;(1).
j=h—1



Once the probability 7, 5, is known, using the recursions (13), (14) and (15), we compute all the
probabilities 7, ; (j =h+1,h+2,...,¢).
Finally, the case i = ¢ requires special treatment. Balance equations read as follows.

(A + C/L)WC,C = QTe—1,c + CUTc 1, Jj=c, (16)
A+ cp)mej = ame—1j + A j—1 + ClUTe ji1, j>c+ 1. (17)
Multiplying (16) by 2° and (17) by 2/~¢ and summing up over j > ¢ yields

[e'S) j—c
A+ cp)le(z) = all—1(2) + A Z <Z BZ-WCJ-_Z-) e 4 %(Hc(z) — Teye)

z
j=c \i=1

= alle1(2) + MB()IL(2) + L (Ie(2) = ).
Arranging this equation, we obtain
fe(2)e(2) = azll._1(2) — cume,, (18)

or equivalently, 0s(2)
azlle_1(2) — cume

I(z) = 7.0 , (19)
where
fe(z) = A+ ep)z = AzB(z) — cp.
In case ¢ = 1, plugin Ily(2) into (19), we obtain
T (2) = AMA+a)mo0(B8(2) — 1) (20)

(A +a = AB(2)) f1(2) |

It should be noted that the numerator and denominator of the right-hand side of (19) vanish
at z = 1. The former vanishes due to the horizontal cut between the states with ¢ active servers
and those with ¢ — 1 active servers.

Thus, applying L’Hopital’s rule, we obtain

alll_;(1) 4+ oIl.—1(1)

II.(1) =
1) e —AB'(1)

At this moment, all the probabilities 7;; (j < ¢) and the generating functions II;(z) (i =
0,1,...,c) are expressed in terms of m o, which is uniquely determined using the following the
normalization condition.

c—1c—1 c
22 mg ) W) =1
i=0 j=i i=0

Especially, for the case ¢ =1, from (5), (20) and
70,0 + Ho(l) + Hl(l) = 1,

we obtain
«

- 1—
AJroé( ),

where p = AS'(1)/p. Thus, in case ¢ = 1, the generating function of the number of jobs in the
system is given as follows.

70,0

(p=MM)E=1)  a

II(2) = ﬁo(z) + 210 (2) = A+ pw)z—p—rzB8(2) ~ A+a—M3(z)



The first term on the right-hand side represents the number of jobs in an MX /M/1 queue
with batch arrivals, whose batch sizes have generating function f(z). Furthermore, the second
term represents the generating function for the number of jobs arrived during an exponentially
distributed time with mean 1/a. This shows the decomposition formula for the number of jobs
in the system for the single-server queue with batch arrival and setup time.

Remark 3. In order to calculate I1.(1), we need the derivative II,_, (1) for which the derivative
IT(1) (i = c¢—2,...,1,0) is needed. Fortunately, the derivative II{(1) is explicitly obtained
because of the explicit expression of Ig(z). We can further derive the derivatives of an arbitrary
order n, Hgn)(l) (i=0,1...,c) using equations for the generating functions (4), (12) and (18)
as in [8, 10] for the models without batch arrivals, i.e., f(z) = z.

Remark 4. The computational complexity of the generating function approach is O(c?). Indeed,
mij (i <j,0<j<c) by the order

(0,0) = (0,1) = (0,¢) - (1,1) = (1,2) = --- = (1,¢) = - - = (¢, ¢).

As a result, the complexity is of order > i_;i=c(c+1)/2 = O(c?).

Remark 5. In this section, we obtain a numerical procedure to compute all the probabilities
mi; (7 < ¢) and the generating functions. In case z, (h =1,2...,¢c—1) is explicitly obtained
(B(z) = z or geometric batch-size distribution etc.), we obtain explicit expressions for all the
probabilities 7; ; and the generating functions.

Remark 6. Our model is a special case of triangular M/G/1-type Markov chains considered
in [6]. Here, our results are derived using the generating function method, while matriz analytic
methods are used in [6].

3.2. Interpretations for the conditional decomposition

Let ﬁc_l(z) denote the generating function of the number of waiting jobs when the number of
active servers is ¢ — 1. By definition, we have

ﬁc_l(z) = Z Wc_lyjzj_(c_l).

j=c—1
Thus, we have R
Hc—l(z) = ZHC—I(Z) + Te—1,e-1-

We have derived the following result.

~

O-’Hc—l(z) — CUTcc — QTc—1,c—1

Ie(2) = f.(2) ’

oIl (1)

(1) = —————.
TS0

Let Q(© (t) denote the conditional queue length given that all ¢ servers are active in the steady

state, i.e.,

P(QW =i)=P(N(t) =i+c|C(t) =c).



Let P.(z) denote the generating function of Q(©). We have

II.(z
R = )
_ aﬁc_l(z) — cpTee — Qe c—1 it — N3'(1)
all, (1) fe(2)
_ Tea(2) = Tea (1) (ep = A8/ (1) (2 — 1)
I, (1)(z—1) fe(2)
_ X mete145(2 = 1) (ep = AB (1) (2 — 1)
I, (1)(z—1) fe(2)
R Mot 00 # (ep = AP (1) — 1)
ﬁ/c—l(l) felz)

> iz (Z?im Wc—l,c—w) 2 (ep— AF(1)) (2 — 1)
(1) fe(2) ’

~

where we have used cum. . = oll._1(1) = a(Il,—1(1) — me—1,—1) in the second equality.
It should be noted that ,
(cp—=28'(1)(z —1)

fe(2)

is the generating function of the number of jobs in an MX /M /1 queue with the arrival rate, the
service rate and the generating function of the batch size are A, cu and 3(z), respectively. We
give a clear interpretation for the generating function

Do (E]O'ii—i-l 770—1,0—1+j> 2
I, (1)

For simplicity, we define

D jmig1 Tele—1tj
I, (1)

Pc—1,i = 5 1€ Z+,

where Z4 = {0,1,2,...}. We have

Z Te—1,c—1+5 = ]P)(N(t) - C(t) > ’ C(t) =Cc— 1)P(C(t) =Cc— 1)7
j=it1

and
fil_,(1) = EIN(t) - C(t) | C(#t) = c— P(C() = c— 1),
Thus, we have
P(N(@t)—C(t)>i|C(t)=c—1)
EN(@)—-C@) | C(t) =c—1] ~
It should be noted that N(t) — C(t) is the number of jobs in the system that are waiting for
the last server (in setup mode) to be active.

Thus, pe—1; (1 = 0,1,2,...) represents distribution of the number of waiting jobs in front
of an arbitrary waiting customer under the condition that ¢ — 1 servers are active and the

Pe—1,i =



last server is in setup mode. Let Q)g.s denote the random variable with the distribution p._1;
(1=0,1,2,...). Thus our decomposition result is summarized as follows.

c) d c
Q= Q(ogv—IDLE + QRes-

We observe that @) gres represents the number of extra jobs due to the setup time. This interpre-
tation is also presented in [5].
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