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Abstract

An importance measure of a component in a system gives us an instruction for reliability main-
tenance. Z.W. Birnbaum[4] was the first to propose an importance concept called the Birnbaum
importance measure. After that, several concepts of an importance measure have been proposed
and discussed variously. Discussions in a context of binary-state system have been organized by W.
Kuo and X. Zhu[10]. M.J. Armstrong[1] has proposed the joint importance measure for two com-
ponents. F. Ohi[18, 20, 21] have examined a general concept of an importance measure for a group
of components in a context of multi-state system, but not enough. In particular, the relationship
between the results of the set theoretical calculations on groups and the importance measures of
the groups have not been cleared so far. For a binary-state system, F.Ohi[22] has proved that the
set of critical state vectors of a group is the union of the sets of critical state vectors of the compo-
nents of which the group consists. This result plays a crucial role for examinations of importance
measures of groups, but is not proved for multi-state systems. In this paper, extending the result
to multi-state case, i.e., the state spaces of components and a system composed of the components
are mathematically finite partially ordered sets with minimum elements, we give some discussions
which are the extensions of F.Ohi[22]. Simple probabilistic bounds for the importance measure of a
group is given by applying the inclusion and exclusion principle to the theorem, which is considered
to be rough one.

1 Introduction

Importance measures of components constructing a system give us preference order for the preventive
maintenance of components, ensuring the long-run reliability of the system. Z.W. Birnbaum[4] was
the first to propose an importance concept which is usually called the Birnbaum importance measure
in the context of sensitive analysis. Reliability of a system is given by a reliability function, which is
a polynomial function of the reliabilities of the components, when the components are stochastically
independent. The Birnbaum importance measure of a component is defined to be a partial differentiation
of the reliability function with respect to the reliability of the component. When the components are
not necessarily stochastically independent, the Birnbaum importance measure of a component is defined
to be the probability of the set of critical state vectors. Refer to F. Ohi[17].

After the work of Z.W. Birnbaum[4], several concepts of an importance measure have been proposed
and discussed in various contexts : R.E. Barlow, et al.[2], S. Bisanovic, et al.[5], M.C. Cheok, et al.[6],
J. Espiritu, et al.[7], J.B. Fussell[8], F.Ohi[14, 15, 16, 17, 19], Y. Shimada, et al.[23, 24], W.E. Vesely,
et al.[25]. Examinations of importance measures of a component in a context of a binary-state system
have been organized by W. Kuo and X. Zhu[10].

M.J. Armstrong[1] has considered a joint importance measure for two components. F. Ohi[18, 20, 21]
have examined a general concept of an importance measure of a group of components in a multi-state
system, however, not sufficiently. In particular, the relationship between the results of the set theoretical
calculations on groups and the importance measures of the groups have not been cleared so far.



The importance measure of a group A, P(Cr(A)), is defined to be the probability of the set of
critical state vectors of the group written as Cr(A). For example, for Cr(A), Cr(B) and Cr(AU B) of
groups A, B and A U B, roughly speaking, Cr(AU B) = Cr(A) U Cr(B) holds in the multi-state case,
which is proved accurately in this paper.

For a binary-state system, F.Ohi[22] has proved that the set of critical state vectors of a group A is the
union of the sets of critical state vectors of components composing the group, i.e., Cr(A4) = U;e aCr({i}).
This result plays a crucial role for examinations of importance measures of groups, but has not been
proved in multi-state case. In this paper, extending the result to multi-state case, i.e., the state spaces
of components and a system composed of the components are mathematically finite partially ordered
sets with minimum elements, we give some discussions which are the extensions of F.Ohi[22]. Simple
probabilistic bounds for the importance measure of a group is given by applying the inclusion and
exclusion principle to the theorem, which is considered to be rough one. Examples are given for binary-
state systems as k-out-of-n:G and the bridge systems for making the situation clear. R.E. Barlow and
F. Proschan[2] has given the concrete theoretical basis for a binary-state system.

2 Preliminary Definitions and Notations

For the first, following F.Ohi[11, 13], we present a definition of a multi-state system, which is usually
called a system. The definition makes how the reliability system is basically composed of mathematical
elements.

Definition 2.1 (Definition of a System) A system is a triplet (2¢, S, ¢) consisting of the following
elements.

(1) C is a non-empty finite set, denoting the set of all the components of which the system consists.
Each element of C' denotes a label of a component, and the cardinal number |C| of C is the number of
the components, i.e., assuming n = |C|, we may write C = {1,2,3,--- ,n}.

(2) Q; (i € C) and S are finite ordered sets, each of which denotes the state space of the component
i € C and the system, respectively. Each state space ©; (i € C) is assumed to have the minimum
element (the least element) written as m;, which denotes the perfect failure state.

(3) Qo = [l;cc i is the product ordered set of Q; (i € C). Each element z; € ©Q; of the state
vector € = (1, ,x,) € Q¢ denotes the state of the component i. m = (my,--- ,m,) is the minimum
element of Q¢ and then Va € Q¢, m < @.

(4) ¢ is an increasing surjection from Q¢ to S, called a structure function denoting the structure of
the system, for example, k-out-of-n:G system, the bridge system and so on.

(5) When Q; = S = {0,1} (i € C) with the order relation 0 < 1, the system (Q¢, S, ¢) is called a
binary-state system. |

Generally, a subset X of an ordered set W, X € W, is called as the following :
(i) an increasing set (an upper set), when for x € X, z < y implies y € X,
(ii) a decreasing set (a lower set), when for z € X, y < x implies y € X.
The following necessary and sufficient relation is easily proved.

X € Wis an increasing set <= Ve X, {y|lxsy} S X. (1)
We may consider the case of the decreasing set in the dual manner.

Notations 2.1 For a system (Qc¢, S, ¢), we utilize the following notations :
(1) For a subset A € C, generally, x4 is an element of the product ordered set Q4 = [];c 4 2. The
symbols £, <, 2, > are used in a well-known manner for the orders. For x4, y, € Q4,

xaZyy, = x vy (Vicd),
A<y, <= xaSy, andz; #y; (3j€A).



(2)For FCECC, X CQp, Xp={axp |x € X },ie., the section of X at F. For example, when
E = {1727374}7 F= {172}7 X = {(11732723724)7 (31732713724)7 (31722713744)}7 T = (11732723724)7
we have

xp = (11,32), Xp={(11,32), (31,32), (31,22)},

where 35 denotes 3 € Q5 and the state of the component 2 is 3. Then, (11, 33) and (32, 11) are the same
state vectors.
(3) For mutually disjoint A C C, B C C (ANB = ¢), x4 € Q4 and xp € Qp, (x4, zp) is an
element of Q4B such that
(xa,zB)a = A, (T, TB)B = TB.
(4) For an arbitrarily fixed € 4c € Qac, ©(-4, T 4c) is an increasing mapping from Q4 to .S, since the

structure function ¢ is assumed to be increasing. For V' € S, the inverse image of V with respect to
©(-a,Tac) is written as p(- 4, c)"1(V), ie.

ola@ac) (V) ={@a € | p(xa,zac) €V }.

When V is an increasing (decreasing) subset of S, the inverse image ¢(-a,xac)" (V) is an increasing
(decreasing) subset of Q4.

(5) Generally, for an ordered set W, MI(W) is the set of all the minimal elements of W and M A(W)
is the set of all the maximal elements of W.

(6) For a probability P on Q¢ and a subset A € C, P4 is the marginal probability of P on Q4, in
other words, the restriction of P on to Q4. |

3 A Critical State Vector

Definition 3.1 (F.Ohi[21], A Definition of a Critical State Vector) For a subset A C C and a non-
empty increasing subset V' C S such that V¢ #£ ¢, s € Q4e is called an A-V-critical state vector,
when the following ”non-empty condition” is satisfied :

pla,zac) H(V)#¢ and p(a,@ac) (V) # ¢,
which may also be written equivalently as follows :
Jua € Qa, Fvg €4, @(ua,xac) €V, (v, xae) € VE.

We write the set of all the A-V-critical state vectors as Cr(A, V), called as the A-V-critical set.
When A = {i} (i € C), the A-V-critical set (or i-V-critical set) is written as Cr (4, V'), which is the
set of the critical state vectors of the component i € C' and a subset of Q¢ (4}
Setting U C Q24 as
UEQD('AvaC)_l(V)? Ue E‘P('AvaC)_l(Vc)v (2)

U € Q4 is called an A-V contributing set of the grouop A at the critical state vector x4, which is
more definitely written as U(x 4¢). [ |

An A-V-critical state vector, x4, denotes that when the components of A€ are at this critical state
vector, the transition of the group A from U to U® makes the system’s transition from V to V°.

The following theorem given by F.Ohi[21] shows us a necessary and sufficient condition for @ 4c to
be an A-V-critical state vector for a group A € C.

Theorem 3.1 (F.Ohi[21]) For a group A £ C and a non-empty increasing subset V' € S such that
Ve £ ¢, setting

P(A, V) = {(m, M) | m € MI((p_l(V)), MeMA (go_l(Vc)), mac < My},



we have

CT(A,V) = U [mAc, MAC] s
(m, M)erav)

in other words, x 4 is an A-V-critical state vector if and only if
Im e MI(p7"(V)), 3IM € MA(p ' (V) such that mac < @ge < My, (3)

where
[mac, Myc] ={ @ae | mac Swae < Mae}

is an closed interval. | |

The following Theorem 3.2 is the basis for our examinations, which was proved under the assumption
of binary-state system by F. Ohi[22]. In this paper, the state spaces are assumed to be partially ordered
sets having the minimum elements.

Theorem 3.2 Supposing that V and V¢ = C\V are respectively an increasing and a decreasing non-
empty subsets of S of a system (Q¢, S, ), we have the following relations :

(1) For AC BCC, Cr(A,V)ge € Cr(B,V),
(2) Vo € Cr(B,V), Ji€ B, Jyc\(y €Cr(i,V), @®pe = (Yo (iy)Be-

Noticing (1), the above (2) may be written as the following :

OT(B,V) = U { (yC\{z})Bc yC\{z} S CT(’L,V) } = U CT’(?;,V)BC.
i€B i€B

The environment in which the group B contribute critically to V' consists of the state vectors cut off at
B¢ from the critical state vectors of the components of B.

Proof : (1) Cr(A,V)g. € Cr(B,V) is obvious by the Theorem 3.1.
(2) The proposition (2) is in a sense the inverse of (1). We note that the definition of a system assumes
the existence of the minimum element of the state space of each component, i.e., m; = minQ; (i € C).
For a B-V-critical state vector €g. € Cr(B, V), reminding the B-V-contributing set,

U=o(p,xp) (V) CQp, U=¢(p, @) (V) CQp,
for which U # ¢ and U # ¢, and then,

Ya € MI(U), mp < a, since mp is the minimum element of Qp,
Jie B, m;<a; andthen, ac MIU)CUand (m;,a)ecU°.

Hence, we have
o(a,zpe) €V and p((m;,a),xp:) € V°,

which denotes that ((;,a),xp<) is a critical state vector of the component ¢ and xp. is a state vector
cut out from the former critical state vector at B°. |

The Theorem 3.2 (2) is basis through our examination. (1) derives a simple monotonic property of
the importance measure as the next Theorem 3.3 which is easily derived from Theorem 3.2 (1).

Theorem 3.3 Under the assumptions same to the ones of Theorem 3.2 (1), the following including
relation holds :
AC B, Cr(A V)< Qpnae x Cr(B,V). |



Taking the probability of the inclusion relation of the Theorem 3.3, we have
Pac(Cr(A,V)) = Ppe(Cr(B,V)),

which is a monotonic property of the group importance, and means that the larger the group is, the
more important it is, in other words, the majority takes the initiative within the system.

Theorem 3.4 For non-empty subsets A and B of C, not necessarily mutually disjoint, Theorem 3.2
implies the following equality.

Cr(AUB,V) = Cr(AV)uys: | CrB,V)uysm: -

Proof : By the Theorem 3.2 (2), we may have the following decomposition :

Cr(AUB,V) = U Cr(i,V)aup)e by (2) of the Theorem 3.2
i€AUB
= (U Cr(iav)(AUB)c> U (U Cr(i7v)(AUB)C> .
ic€A ieB
For example, | J;c 4 C7(7,V)(aup)e = Cr(A,V)(aup) holds, since
Cr(A,V) = U Cr(i,V)ae by Theorem 3.2 (2),
i€EA
Cr(A,V)ae = Cr(A,V) since Cr(A,V) € Q4e, a kind of property of the section.

Then, for H € A€, we have the following :

Cr(AV)y = (U C’r(i,V)Ac)
H

i€A

= U (Cr(i,V)ae)y ( taking the section at A€, and then at H, i.e., the section at AN H )

€A
= | JCr(i,V)acnm (H S A° and then H N A® = H )
€A
= JCri@,V)u ,
€A
Cr(AuB,V) = |JCri,V)aue-J U Crii. V)uus).

€A i€B
= OT(A7V)(AUB)C UCT(B,V)(AuB)C . .

Theorem 3.4 denotes that a critical state vector of AU B, which is an element of Q(4up)e, is cut off
from a critical state vector of A or B at (AU B)°.
The following corollary is clear from the Theorem3.4.

Corollary 3.1 Supposing {A4;}?; to be a family of nonempty subsets of B( € C) such that | J;_, A; =
B, we have :

Cr(B,V)=Cr (U Ai,V> =JCori V) ac = JCr(4i,V)p. . @
i=1 i=1 i=1
Definition 3.2 For A C B, noticing Cr(A,V)g. € Cr(B,V),
|Cr(A, V) 5|
|Cr(B, V)|

denotes a structural relative importance measure of the group A with respect to B, which is called as
relative A-B group structural importance measure. |



4 Examples

We restrict our examinations to the binary case for making the situation clear. In this section, for
a k-out-of-n:G system and the bridge system, which are typical examples of binary-state systems, we
present critical state vectors, basis for the group importance, by utilizing the methods given in the
previous section.

4.1 A Binary-State k-out-of-n:G System

The structure function ¢ of a binary-state k-out-of-n:G system is defined as the following :

15 Z?:l Yj z k 5
for y € Q¢, p(y) = . (4)
0’ Zj:l y] < k .

The set of the critical state vectors of the component i € C is given by the following :

Cr(i,1) = < (o) [ > m=k—1p . (5)

i#j

By the Theorem 3.2, Cr(A, V), the set of the critical state vectors of a group A of the binary-state
k-out-of-n:G system is given as follows, where V = {1} € S.

Theorem 4.1 Cr(A,V) of the binary-state k-out-of-n:G system is given as the following :

Zwigk—l, Z(l—xi)gn—k,

i€ A° i€ Ac

|A|+Zwi§k, |A|+Z(1—xi)§n—k+l}. (6)

i€ A° i€ A°

CT(A,V) = { I Ac

Proof : The proof of Cr(A,V) C the right hand side of (6). Following the Definition 3.1, the defini-
tion of Cr(A,V) is give as the following :

Cr(A,V)={x4c | Ja € Qy, b4, pla,xac) =1, o(b,z4c)=01}. (7)
For ¢ 4c € Cr(A,V), by the monotonic property of ¢, we have
P(La,xac) =1, (04,24:)=0. (8)
Furthermore, since the system is k-out-of-n:G system,

from the first equality, |A] + Z z; 2k, Z (1-z)<n—k,
i€ Ae icAe
from the second equality, |Al + Z (I-z)2n—k+1, Z x; Sk—1.
icAe icAe
Then, Cr(A,V) is a subset of or equals to the right hand side of (6).
The proof of Cr(A, V) 2 the right hand side of (6). For an element @ 4. of the right hand side of (6),

©(1a,xac) =1, since |A|+ Z x>k,
icAc

©(04,24c) =0, since |A|+ Z(l—xi)zn—k—i—l.
i€A°

Then the inclusion relation holds. [ |



By the Theorem 4.1,
when k = 1, i.e., the system is a parallel system, Cr(A,V) = {04c},
when k = n, i.e., the system is a series system, Cr(A,V) = {14},
when the system is 2-out-of-4:G system,

CT(l,l) = {(12,03,04),(02,13,04),(02,03,14)} N
Cr({1,2},1) {(03,04), (13,04), (03, 14)} ,
CT({L2’3}’1) = {(04)a(14)} :

4.2 The Binary-State Bridge System

The minimal path and cut vectors of the binary-state bridge system are given, respectively, as

MI(¢7'(1)) = {(11,02,03,14,05), (11,02,15,04,15), (01,12,15,14,05), (01,12,03,04,15)},
MA(p7'(0)) = {(01,02,13,14,15), (01,12,03,14,05), (11,02,03,04,15), (11,12,15,04,05)}.

Referring to the Fig.1, the structure function of the bridge system is given as

o(x1, T2, T3, T4, T5) :max{min{xl,x4}, min{x1, x3, x5}, min{xs, x3,24}, min{xg,x5}}.

1 4 o ot
ol o3 oF

13 L e e ot
) ° o2 o

Figure 1: The reliability diagram and the max-min formula of the binary-state bridge system.

Following the characterization of the critical state vectors of components (3), Cr(i,1) i € C are
given as the following :

Ccr(1,1) = (02,03, 14,05), (02, 13, 14, 05), (02, 03, 14, 15), (02, 13, 14, 15),
) - (12703714, 5),(02,13,04715) 5
CT’(Q,I) 501713;14,053,501,13,14,15 |

)
{ 017037147157 11703704715)
Cr(3,1) = { (11,02,04,15), (01,12, 14,05)

¥
(

7(017037045 15)5 (015 135045 15)7 }

CT(4 1) (11702703;05);(11102703715)7 11712703705)7(11702713705)7

’ (11,12, 13,05), (01, 12, 13, 05) ’
CT’(5 1) _ (017127037 4)7(01712703714)7(11712703704)7(01712713704)7

’ (11,12, 13,04), (11,02, 13, 04)

Then, by the Theorem 3.2, we have the critical state vectors of groups of components from the critical
state vectors of components, for example, as the following :

Cr({1,2},1) = Cr(1,1)434,5 UCT(2,1)(3,4,5)

{ (03,14,05), (13,14,05), (13,14, 15), (03,04, 15), (13,04, 15), (03, 14, 15) },
Cr(1,1)42,453 UCT(3, 1) (2,45
= { (02,14,05), (02,14, 15), (12, 14,05), (02,04, 15) },

Cr({1,3},1)



Cr({1,4},1) = Cr(1,1)(235 UCT(4,1)235)
{ (02703705 02713505)5(02503515)5(02513715)7(12703705)7(12703505)5

( 9
Cr(1,

Cr({1,5},1) = Cr(1 1){234} UCT(5,1)(2,3,4

(02,03, 14), (02,15, 14), (12,03, 14), (02, 13,04), (12,03, 04), (12, 15,04) },

Cr({1,2,3},1) Cr(1,1) 45y UCT(2,1) 45 UCT(3, 1) 14,5

{ (14,05), (14,15), (04, 15) },

Cr(1,1) 35, UCT(2,1) 135 UCr(4,1)(3,5)

{ (03,05), (13,05), (03,15), (13,15) } = Q3 x Qs ,

Cr(1,1) 3,4 UCT(2,1) 1343 UCr(4,1) (3,43

{ (03,04), (13,04), (03, 14), (13, 14) } = Q3 x Q4 ,
Cr({1,2,3,4},1) = Cr(1, 1){5} uCr(2, 1){5} U Cr(3, 1){5} uCr(4, 1){5}

{ (05), (15) } = Q5.

Taking the probability of each of the above formulae, we obtain the group importance measures, which
are presented in the next section. |

Cr({1,2,4},1)

Cr({1,2,5},1)

5 A Group Importance Measure

5.1 A Definition of a Group Importance Measure

We suppose P to be a probability on Q¢, of which restriction to Q4 (A € C) is written as P4. The
stochastic performance of the component i (i € C') is given by Py;.

Definition 5.1 (A Definition of a group importance measure) The A-V-group importance measure of
the group A C C is defined to be P 4. (Cr(A,V)). [ ]

Remark 5.1 (The Birnbaum importance measure) For a binary-state system (Q¢, S, ), Cr(i,V) (i €
C) is the set of all the critical state vectors of the component 7, and then P;.(Cr(A,V)) is the well-

known Birnbaum importance measure of the component i. Refer to Z.W. Birnbaum[4] and F. Ohi[17].
|

Theorem 5.1 When A & B C C, P4-(Cr(A,V)) < Pp(Cr(B,V)) holds for every probability P,
which denotes that the importance of a large group is greater.

Proof : From Theorem 3.2 (1), Cr(A,V) € Qpnac x Cr(B, V) holds and then, taking the probability,
the stochastic inequality holds. |

For non-empty groups A and B, the Theorem 5.1 implies the following very apparent inequalities :

PAC CT(A, V) <

PrCr(B,V) [ = PacnpCr(AUB, V). ()
When P is associated, F.Ohi[12], applying the method of F.Ohi[20] to P(A, V) of the Theorem 3.1,

we may have a bound for A-V-group importance measure, P(Cr(A,V)), which is omitted here. We may

have another bound by Theorem 3.2. Applying the inclusion and exclusion principle to the Theorem

3.2 (2),

P, (Cr(A, V) < {1 : ZPAC(CT(Z',V)AC)}

i€A



is given and then furthermore applying the method of F.Ohi [20] to the importance measure of the
component i, we have the two kinds of bounds for the group importance measure, however, it remains
for future which bound is strict.

5.2 Examples
5.2.1 Binary-state bridge system (Continuation of the subsection 4.2)

Critical state vectors for the binary-state bridge system are presented in the subsection 4.2. Taking
probabilities of these state vectors, we have the following group importance measures.

the importance of the group {1, 2} :  Py345(Cr{1,2},1)

= Py345y(03,14,05) + Py3.45y(13,14,05) + P53(1)
= Pyy5)(14,05) + P5y(15)

the importance of the group {1,2,3} : Py 5(Cr{l,2,3},1)
= Pyy5)(14,05) + Pasy(la, 15) + Pra5y(04, 15)
= Py5(14,05) + P5y(15) ,

the importance of the group {1,2,3,4} : Py5(Cr({1,2,3,4},1)

= Pi(95)=1,

|
—_

max < 1, Z Ps (Cr(i,V)sy)
i€{1,2,3,4}

The stochastic bounds for the group importance measure seem to be rough and we require more
precise examination of the measure.

6 Concluding Remarks

In this paper it has proved in the context of a multi-state system of which state spaces are mathematically
finite partially ordered sets having the minimum elements that the set of the critical state vectors of
a group is the union of the sets of critical state vectors of components constructing the group, which
denotes that the importance measures of components are the basis for the examination of importance
measures, in other words, Theorem 3.2 is the basis.

We have also shown that greater the group is, more the importance of the group is, i.e., a monotonic
property of an importance measure of a group.

A diverse examination of importance measures of groups is remained for the future work, especially it
is an essential issue to extend the state spaces to the ones not necessarily having the minimum elements.

This work was supported by the Research Institute for Mathematical Sciences, an International Joint
Usage/Research Center located in Kyoto University.
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