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Abstract

We are concerned with Markov decision processes with unknown transition matrices. In this talk,
we derive the estimated intervals of transition matrices which has the specified posterior probability
of parameters as the true transition matrices. From the data set of state observations, transition
matrices are estimated as closed convex set in each component of matrices. By solving the integral
equations for the set of measures of priors, we have lower and upper values of intervals as a-percentile
credible interval. Posterior intervals are obtained by the values of inverse beta distribution functions.
Then, we can formulate interval estimated Markov decision processes with a-percentile credibility
and evaluate the information from the obtained dataset. Through the numerical examples we show
the complete inferences of transition law based on the dataset and consider the risk measurement
for Markov decision processes with uncertainty.

1 Preliminaries

Finite Markov decision processes(MDPs) consists of four objects:

{S7 A? Q? ’r}

where S = {1,2,...,n} and A = {a1,aq,...,a;} are finite state and action spaces and @ = (g;;(a))
is transition probability matrices such that ¢;;(a) € P(S|S x A) and r = r(i,a) is reward function on
S x A. When the system is in state i € S and we take an action a € A, we move to a new state
j € S selected according to probability ¢(+|(i,a)) and receive an immediate reward r (i, a). In uncertain
MDPs transition probability matrices @ = (gi;(a)) is unknown, so that we estimate ¢;.(a) to be chosen
from interval [g; (a),q;.(a)]. The decision model with intervals of stochastic transition matrices, called
controlled Markov set-chain, has developed by Kurano et al(e.g. [8]). For simplicity, we consider MDPs
with stationary transition law.

Let @ = (¢i;) be unknown transition matrix. We derive interval estimations for each row of @ by
prior intervals of measures and Bayesian inference. We estimate some fixed ith row of @ since transition
occurs according to probability p;. at the present state i and other rows can be estimated as Bayesian
intervals similarly.

Let P, = P(S) = {p = (p1,p2,---.pn)lpi = 0,> 1 pi = 1}. We denote an observed data set by
o = (01,092,...,0,) whose jth element 0; is the number of outcomes of the next transition to state



j from the same fixed state. Then, for parameter p = (p1,p2,...,pn) € P, a data o has p.d.f. of
multinomial distribution as follows:
o1+ +op)!
f(o|N,p) = Mp‘flp§’2 R (1)
oy!---op!

where N =" | 0.

Let L(-) be Lebesgue measure on P, and [L,kL] (k 2 1) the interval of prior measure. Upper bound
measure kL is a proportional measure of lower bound L. For ¢ posterior interval of measures [L,, kL]
is constructed from the following measure([11]):

L,(A) = /A F(oIN.p)L(dp) for A€ B, ()

where B denotes o-field of subsets of P,.

2 Controlled Markov set-chain

Let Q = (¢i;) be unknown transition matrix. We derive a method of Bayesian interval estimation for
each row of () by prior intervals of measures. We estimate some fixed ith row of ) since transition
occurs according to probability distribution ¢;. at the present state ¢ and other rows can be estimated
as Bayesian intervals similarly.

g1 qi2 q3 - qin
921 Q22 QG23 - Q2n
@= g1 Q2 Qi3 e Qin
dn1 dn2 qn3 - dnn

We define partial order <, < on R™*™:
For R™*"™" 5 A = (aij),B = (b”)

A
S

AjB 1fa13§b”(1§2§m,1§j: (3)
A<B if A=<BandA#B.

For any A < A, define (A, A) as follows:

(4, 4) = {Q = (gi;) € RP*"

n
a; S Qij S Wiy, qij 2 O;ZQij =1(1sisml=j<n)} (4
=1

p1 ¥



Let M., be the set of all interval matrices with n x n elements.

For Q,, Qs € M,,, define the product of 91, Qs by

Q1 = {Q1Q:2]|Q1 € ©1,Q2 € Qo}. (6)

Also, the multiproduct of Q € M,, are defined inductively by
QF =0F 19 (k=2). (7)

We denote by C(R,) the set of all bounded and closed intervals in Ry and C(R;)™ the set of all
n-dimensional column vectors whose elements are in C(R;):

CRy)"={D=(D1,Ds,...,D,)'|D; e C(Ry) (1S i< n)} (8)

where d’ denotes the transpose of a vector d.
For D = (D1, Ds....,Dy,) ,E = (E1,Es,...,E,) € C(Ry)", h e R}, A € Ry,

D+ E={d+eldeD,ec E},
h+ D = {h+d|d € D}, 9)
AD = {\d|d € D}.

We set D = [d,d] = ([d,,d1],[ds.ds), ..., [d,,ds]) € C(Ry)", where d = (d;,ds,...,d,) € R?,d =

(@.ds.....d,) € R For any D — (D1, Dy...., D) € C(R2)" and G C RY*™, the product GD is
defined by
GD = {gdlg = (91,92,---,9n) € G,d = (dy,ds,...,d,) € D,d; € D; (1 < i < n)} (10)
Then, we have the following:
Lemma 2.1. (/4, 7])
(i) Any Q € M,, is a convex polytope in R™ "™,
(ii) For any compact subset G C RY*™ and D € C(R1)", it holds GD € C(Ry.).
Partial order <, < on C(R4): For [c1, ¢a], [d1,da] € C(R4),

[01762] j [dl,dg] if C; § dl (Z = 1, 2),
[01,02] < [dhdg] if [Cl,CQ] = [dl,dQ] and [01,02] 7é [dl,dg].

Partial order <,< on C'(Ry)™ are defined by using the partial order on C(R;) as follows: For v =
(Ula V2, ... a/Un)/a w = (w15w27 s 7wn)/ S O(R-‘r)na

vw ifv, Jw; (1<i<n)
v<w ifv=<wandwv#uw.

Let R} D Dy, D3 be bounded and closed set. We denote by p Hausdorff metric, i.e.,

p(D1, D2) = max{ sup inf ||z —yl|, sup inf [l —yl|}, (11)
x€D, YED2 yeDy TED1

where ||-]| is Euclid metric in R™.



We set S ={1,2,...,n} state space and A = {1,2,...,k} action space. We set
P(S) :{p = (p17p27 v 7pn) € Ri‘ sz = 1}7
ies

P(S|S) :=={qg=(qij : 1,5 € S) eRT*"| D qi; =1 (i € S)},
jeS

P(SIS x A) :== {Q = (q;j(a) : i,j € S,a € A) € RE""|g;.(a) € P(S) (i € S,a € A)}.

Let By (D) be the set of all non-negative real functions on finite set D. For a finite D (n = #D),
B, (D) is identified with R .

We consider standard MDPs {S, A, Q,r}(cf. [10]). For the simplicity of the problem, we treat the
case of deterministic and stationary policy. We set F' the set of all map f : S — A. For any f € F|
discounted total expected reward ¢(f|Q) € R’} with discount factor 8 (0 < 8 < 1) is defined as a
function of stochastic matrix @ € P(S]S x A) as:

B(£1Q) =D (BN T(f), (12)

t=0

where, r(f) = (r(L, f(1)),7(2, f(2)),...,r(n, f(n)))" € RL, Q(f) = (4:5(f(4))) € P(S]S). or f € F\, the
map L(f) : R} — R is defined as:

L(flx=r(f)+BQ(f)z, © = (x1,22,...,2,) € RY. (13)
Then, the following fundamental lemma is known.
Lemma 2.2. (¢f. [10])
(i) L(f) is monotone increasing and contractive mapping, i.e.,

x < x' implies L(f)x < L(f)x' (componentwise),
IL(f)z — L(f)x'|| < Bllz — 2’| (z, =" € RY),

where, ||-|]| means sup-norm.

(ii) &(f|Q) is the unique fized point of L(f), i.e., for any x € R’y we have

L(f)'x — ¢(flQ) (t — o)

True transition matrix @ is estimated by Q = (Q, Q) , where
Q=(g,(a) :i,j € S,a € A) e R,

Q= (G (a):i,j € S,a€A) R (14)
Q=(Q,Q)={QeP(S|SxA4)|Q=Q=Q}.

We define interval estimated MDPs {5, A, Q,r} as follows. For f € F, we define discounted total
expected-set valued value function ¢(f|Q) as follows:

#(f1Q) = {o(flQ)|Q € Q} C RY (15)

where, the value ¢(f|Q) of standard MDPs is defined in (12).
It can be shown that ¢(f|Q) € C(R;)™:
map L : C(Ry)" = C(Ry)™:

L(f)v =7r(f) +BR(f)v, ve C(Ry)", (16)



where, Q(f) = (Q(f), Q()), Q(f) = (q,,(f(1))) € RY™, Q(f) = (7;;(f(1))) € RY*™.

From Lemma 2.1, we have L(f)v € C(RL)" (v € C(Ry)"™). Moreover, we define L(f) : R} —

prf(f) :RY — R7% as follows: For @ = (z1,22,...,2,) € RY,
L(f)x =r(f) + B jmin Q. (17)
L(flx=r(f)+ 5@?3@) Q. (18)

Then, we have the followings:
Lemma 2.3. For any f € F,
(i) L(f) is monotone increasing and contractive mapping.
(i5) L(f) and L(f) are both monotone increasing and contractive mapping with respect to sup-norm.
Applying Lemma 2.2 and Lemma 2.3, we have the following.
Theorem 2.1. For any f € F, it holds that

(1) &(f|1Q) € C(Ry)™and ¢(f|Q) is the unique fized point of L(f). Moreover, for any v € C(Ry)",
we have

L(f) v = ¢(f1Q) (£ — o0).
(ii) Let ¢(f|Q) = [6(f), &(f)]. Then, ¢(f) and ¢(f) are the unique fived point of L(f) and L(f),

respectively.

We call f* € F Pareto-optimal if there does not exists f € F such that ¢(f*|Q) < ¢(f]Q).

For D C C(R4)™, a point v € D is called an efficient point of D iff it holds that there does not
exist u € D such that v < u. We denote by eff(D) the set of all efficient points in D. For each element
vector

Q

—i,a

= (gil(a)vgiz(a)v e 7Qin(a))v and @i,a = (qn(a),qp(a), ..., 4 (a))

of @ and @ respectively in (14), define Q; , = (Q, a,@m) (i€ S,aecA).
For u € C(R4)™, let
L(u) = (L(u)1, L(uw)a, ..., L(u),), (19)

where, L(u); := eff({r(i,a) + Qi ula € A}) (i € 5).
Lemma 2.4. For f,g € F, if o(f[Q) < L(9)(f[Q). then ¢(f|Q) < ¢(g]Q).
Then, we have the following.
Theorem 2.2. f* € F is Pareto-optimal if and only if ¢(f*|Q) is a mazimal solution to the optimality

inclusion
u € L(u),u € C(Ry)™. (20)

3 Interval estimation

We estimate each ith element p; of parameter p = (p1,pa,...,pn) € Pn to be [A;, ;] by applying the
method of Bayesian inference([11]) with posteriar measures Q, € [Ly, kLs].

For posterior measures @, € [Ly, kL], first we shall consider intervals of mean value for Q,.
Posterior interval for each p; is given as the range of integral ratios:

{fpn Pi Qo(dp)/ [p Qoldp)|Lo < Qy < Ua}. (21)



Also, it follows that posterior interval [\;, \;] is given by unique solutions of following equations:

B(s+1,t)+(k—1)B(s+1,t,);) ~ kB(s+1,t)—(k—1)B(s+1,t,\;)

AT TR DB ) T kB - (k- DBt

;o (22)
where s =0, +1,t =>}_ 0 —0;+(n—1), B(s,t) = fol 2571 (1 — )" 'dx and B(s,t,\) = fo/\ 571 (1—
x)tldz.

Theorem 3.1. Lower bound ); and upper bound X; of posterior intervals [N, \i] (i € S) are unique
solutions as following equations:

Us(pi —A;) + Lo(pi — AZ)+ =0, (23)
Us(pi = Ai)T + Lo(pi — M)~ =0, (24)
where Q(f) denotes the integral of function f w.r.t. measure Q, v+ = max{0,z},2~ = z —zT =

min{0, z}.

For another posterior intervals [\; by i], we consider lower and upper a-percentile of p; from posterior

FAYS}

measures Q, € [Ly, kLy]. Let g, ,7; , be measurable functions on P, as follows:

Qi’a(p) = I{p¢§a} (p)7 gi,a(p) = I{piza} (p)7 (25)
where Iq(z) =1ifx e A, =0if x ¢ A. We set
Qa(gl a ~ Qo
Aalo) = sup { ooty @ € Lo kLl ¢ X(alo) = sup{Q° \Qa Lo, kL, ]} (26)
where U(g) = [ g(p)U(dp) for U € [L,, kL,| and mesurable function g on P,.

Now, lower - percentlle p,(@) and upper a-percentile p; () are defined as follows:

Alp,(@)lo) = o, ABi(@)]o) = a. (27)
Then,

Theorem 3.2. The values of lower a-percentile Qi(a) and upper a-percentile p;(a) satisfies following
equations respectively.

B(s,tlp, (o)) a B(s,t[p(a))  (1—a)k 08
B(s,t)  a+(1—-a)k’ B(s,t)  a+(1—-a)k (28)

By applying this theorem we have several types of 100(1 — «)% credible interval for p;, such as lower
[0,p;()], central [p (a/2),p;(a/2)] and upper [p,(a), 1], and moreover we can consider credible decision
model with stochastic transition matrices in their intervals.

4 Examples of prior interval measures by proportion

We show some set of prior distributions. Let @ € [L,2L], where L is Lebesgue measure on [0, 1].
(Uniformly distribution U(0, 1)).
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Figure 1: examples of intervals by proportional measure (normal (Gauss), exponential and heavy tails
on z = 0, 1 distributions)



5 Numerical Examples

Here, we shall give numerical examples which illustrates interval estimated MDPs.

The numberof states n := 3, S = {1,2,3}, P3 := {p = (pl,pz,p3)|Z?:1pi =1,p; >1,i=1,23}
Interval of prior measure:[L, 2L] (k = 2), where L: Lebesgue measure. For some fixed state i, we repeat
the experiment 6 = 6 times and count the transition from state ig to the next state i = 1,2,3. Let o;
be the number of outcomes of transition to state ¢ from the fixed state ig.

(Case 1: mean of Q, € [Ly,kL,])
We denote by o = (01,02, 03) = (3, 1,2) the results of experiments(data set). Let & = Zle 0; =6,s=

o1+ 1=4,t =09+ 03+ (n—1) = 5. Posterior intervals [);, \;] of p; are given by solving & 4+ n-degree

AT}

polynomial equation. For example, A; is the solution of the following equation:

() (O () -0

It is simplified 4 — 9A — A>(126 — 336X + 360\* — 180A% + 35)%) = 0. We have the solution A\ = 0.400.
Similarly, A\; is the solution of polynomial equation as follows:

4
4 4 - - 1
2 ——=—X\)B(4,5)— 1) N —————— ) | =0 30
<6+3 ) (4.5) (;()( ) (4+14)(5+1) ’ (30)
or equivalently, 8 — 18\ 4+ \%(126 — 336 +360\% — 180A% +35\*) = 0 Then, we have solution \; = 0.489.

(Case 2: lower and upper a-percentile of p; from posterior measures Q, € [L,, kL,]) The frequencies
for each state under the experiments of step numbers n = 100,600 and 2000 are as follows:

21 7 17 175 50 98 442 129 286
8§ 7 8,155 19 25| and | 182 193 183
15 9 8 93 30 55 232 237 116

From Theorem 3.2, we have the data table of estimated [p, (o/2), p;(/2)] interval matrices as follows:
Step number n = 100 :

[0.3218,0.5980)]

[0.0768,0.2823]

0.2457,0.5140)]

[0.1805,0.5340] [0.1502,0.4928] [0.1805,0.5339] (31)
[0.2986,0.6203] [0.1516,0.4427] [0.1294,0.4108]
Step number n = 600 :
[0.4618,0.5909] [0.1034,0.1945] [0.2682,0.3895]
[0.2756,0.4255] [0.3507,0.5064] [0.3301,0.4968] (32)
[0.3301,0.4968] [0.3301,0.4968] [0.1159,0.2445]
Step number n = 2000 :
[0.4819,0.5483] [0.1281,0.1757] [0.3028,0.3654]
[0.2883,0.3653] [0.3072,0.3854] [0.2900, 0.3671] (33)

[0.3573,0.4359)]

Figure 2 shows first row of interval matrices in the case of o = 0.05,n = 100, 600, 2000.

[0.3657,0.4445]

01679, 0.2320]



Figure 2: a = 0.05, first row of interval matrices (n=100,600,2000)

For each interval matrices (31), (32) and (33), it can be formulated optimality equations (17) and
(18). And from Theorem 20, we have Pareto-optimal policy f* € F by solving those equations (17) and
(18).

In the reminder of this section, the principal significance of the central 100(1 — a/)-credible interval
[p,, (), Py;(@)] for pi; (i, j € S). For example, the first row ([0.3218, 0.5980], [0.0768, 0.2823], [0.2457, 0.5140])
of interval matrix (31) is given by (28). The first element [0.3218,0.5980] is solutions of following equa-
tions: Set « = 0.05,s —1=21,t —1 =25,k =2 and

s,t «
Bt @) o o
( t) a+(1—a)k
(s ) a+ (1—-a)k
. B(s,t|lz) . . . : .
Since f(z) = Bis.t) is incomplete beta function so that the solution of equations (34) and (35) are
’ 1— )k
obtained by the values of right hand side values a and ( @) .
a+ (1-a)k a+ (1—-a)k
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Figure 3: Incomplete beta function f(x) for « =0.05,s — 1 =21t —1 =25k = 2.

It can be also shown that the inverse function f;;'(z) of fi;(z) for getting each element p,,;(a) have

their curves of f;;'(z) as follows:
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Figure 4: Inverse function f;;'(z) of incomplete beta function fi;(x) for a = 0.05,s — 1 =21,¢t — 1 =

25,k = 2.

In addition, the values p;;(«) are characterized by the value fl_ll(l — z) and the following curve of
its function f;*(1 — ).
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Figure 5: Inverse function f;;'(1—2) of incomplete beta function fi;(z) for a = 0.05,s —1 =21, —1 =

25,k = 2.
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Finally, it is noted that the 95% highest density interval for Beta distribution Beta(21,25) is

[0.315349,0.598731] and our 95% central percentile [0.3218,0.5980] is a very close interval so that it
may be applicable to Bayesian inference and testing hypothesis problems.

4 P 1 1 1 1 1 | .

0.2 0.4 0.6 0.8 1.0

Figure 6:  95% highest density interval [0.315349,0.598731] and our estimated interval
[0.3218,0.5980](between the dotted vertical lines).
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