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AR e, ERRECE AW TR XN 3 B2 R 0 IR R T H 5. HIHIE Gromov BN ZERE %
CAT(0) 22, Busemann 2243 & 3 2 JFIEHIRERM T, 2otz v TER S 2 BARR L &
O DOIISHHIE ST E 7. AT, JEEMRZERO—Rbr Rz DHMZEM) KBnT, 20
AR e AR OISOV TN, REEONAEIL, arXiv:2503.18343 ONAFICED.

1 HEOZERE

FRM 22N, JEEMPRZER 2 — 3 2 MflAa e LT, BRRRE RN CREHT—X [FO20] Ic X D EA XN,
C OHITIE, Mz DE TR & BRG], K OBES 2RI OWTREN T 5.

1.1 HOAZFEOESR
(X,d) R e 35, X LTEREINS bicombing I': X x X x [0,1] = X &, 2,y € X IR LT,
I(x,y,0) =, [(z,y,1) =y ZiliTEHRDOILTH 3.
A>1,k>0%EHL T 3. bicombing T’ A5 (\, k)-quasi geodesic bicombing TH % ¥ I, {FED
z,y € X EEED NI X =%t s€ [0, 1] M LT, AFOFREFELDBRD IO L 2 EKT 5.
%|t —sld(z,y) — k < d(T(x,y,t),T(x,y,s)) <At —sld(x,y) + &

F#1Z, bicombing I' % geodesic bicombing TH 2% tid, TED z,y € X LEED I X —X t,5€[0,1]
WX LT, BUROFEAD D LD Z & 2 KT 5.

d(F(:r:,y,t),F(;v,y, S)) = |t - S|d(l‘,y)

E#& 1.1 (Coarsely convex bicombing). (X,d) ZH#EZEM, A > 1,k > 0,E > 1,C > 0 2E, 6: R>o —
Roo ZIFRAPEI 35, O %, (X,d) LD (\k, E,C,0)-coarsely convex bicombing ¥, (), k)-
quasi geodesic bicombing TH D, LR OZMHZWMi-THDTH 5.

(1) T1,T2,Y1,Y2 € Xe avb € [07 1] c:jﬂ‘bfa yﬁ = F(xlvylva)a yé = P(x27y2>b) 95 2oL %7 (55
B ¢ e [0, 1] 1h LT FARS 5.

d(r($1:ylaca)=r($2,y270b)) S (1 - C)Ed(xlv'IQ) + CEd(yiﬂ yé) + C
(2) T1,T2,Y1,Y2 € Xt t,s € [0,1} &:jﬂ‘bf, LURDALT 5.
[td(z1,72) — sd(yr.y2)| < O(d(21,22) + d(I(x1,y1,1), T (22,92, 5))
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FFIZ geodesic bicombing I' T, 5+ (1) %7z 3 H D% geodesic (F, C)-coarsely convex bicombing &
W9 . I 23 geodesic bicombing D5, T 1&#% 1.1 D&M (2) % BN 3.

EE 1.2 (HNMER). D28 N > 1L,k > 0,E > 1,C > 0 IEEPEE 0: Rog — Rog 23D D,
(A k, E,C, 0)-coasely convex bicombing A3E# X 1T W 2 FEZER (X, d) % (\ k, E,C,0)-fNZEM (5L
CWFIMICHEMZER) w5, FRZ, geodesic (B, C)-coarsely convex bicombing A3 7% & 41T W % k2]
ZAME (F,C)-# 02 (5 L IEHUCRRIAYEMZER) v 5.

Bl 1.3. VEZ/LL%EMET 5. V LD bicombing %, 2 Kz Affine B THZ 2 &, V XA (1,0)-
M ZEHTH 5.

Bl 1.4. (X, d) ZHHHI 6-Gromov MEHZERI L 3 2. 2,y € X LT, JHHR ~,,: [0.d(z,y)] = X T,
Yoy (0) =2, Yoy (d(z,y)) =y Zili7zF D% 1 OFER. COE I X x X x[0,]] > X %

Dz, y,t) = Yay (d(;—y))

LT UL, T i geodesic (1,85)-coarsely convex bicombing T®H 5. iz, MHLH Gromov XHHZ4AI,
ALY (1, 86)-FHMZEHTH 5.

B 1.5. PEEEZER (X, d) 7° Busemann ZRICH 2 & 13, WHIZERCH b, EIAEEOMMER 11 [0,01] — X,
ot [0 az) = X &, LD t € [0, 1] 1Sh LTI RO RERAR D 170 = & & HkT 3.

d(71(tay), y2(taz)) < (1 —)d(71(0),72(0)) + td(y1(a1), y2(az))

L 72435 T, Busemann Z¢fH (X, d) & —EHMAITH 5. K712, Busemann 22 (X,d) LTI canonical 72
(1,0)-coarsely convex bicombing Z/EFTZ % Z & %6, Busemann ZEFNIEHMIL (1,0)-FHMZER-TH 5.

LURDEZIL, section 1.2 KU section 3.1 THW3.

& 1.6. (X,d) ZHEZM, T: X x X x[0,1] - X 2 X FETERI Nz () k)-quasi geodesic bicombing
£9%. 2Ot E, reparametrized bicombing rpl': X X X X R>g ZLIFD X5 IZERT 5.

(e atgy) <)

rpT(x, yt) =
{y ift > d(x,y).

geodesic bicombing {Z%f LT %, FIHEIC reparametrized bicombing #EFRTZ 5.

1.2 IPAEIER

I Gromov AHHZER, CAT(0) 2% 4h & 3 2 IEIERRZE /I U TR R N ERTES. 20D
ficuk, HMHZERICBO T ERICHERERANERTE 2 Z e 2N T 5.

(X,d) 22, T %2 X LoD coarsely convex bicombing, rpl’ % I' ® reparametrized bicombing & 3
5. ¥/coe X ZREL LTHEET 3.

E#& 1.7 (Gromov f#). k1 = A+k, D =2(1+E)k1+C, Dy =2D+2 2 3%. TOLZE, (—|-)p: XxX —
R0 ZUATD LS ITERT 5.

(x| y)o = min{d(o,z),d(o,y),sup{t € R>q | d(rpl'(0,z,t),rpl'(0.y,t)) < Di}}



[FOY22] DM & D, MMZEH 0BT R2ERT 2. LTOES572 X Losblick 285252 5.
S%°X = {20 ment | {Zn nen 1 (T | Tn)o — 00 as m,n — oo E 73 AF.)
{zn}nen {Untnen € SEEX LT, {zn}tnen ~ {yntnen THS LI,
(Tn | Yn)o — 00 @S N — 00
LERTE. IO E ~ 1T SPX LOFRERGREED .

T 1.8, (X,d) #HMZER Y 5. X OBBER 0,X #, S°X #FAMEIG ~ Thl- 728 LTERT
3. %7 X B, X L 0,X OILME LCEHRTS. Thbb, RO X5 1CH#%T 5.

0o X = 89°X/ ~, X :i=XU0JX

re€X X LORA {2 nen LT, {zpnen €2 ER LGS, 2ETDOne NIZXWLT, z, = 2 HK
DVDZ L EEKT 2. Gromov i (— | —)o: X X X 5 R &, MFDEIICLT (=] —)o: X x X = Rxg
WHERT 5. $HbBAED 2,y € X ITRLT,

(z]y)o = SUP{hnH_lggf(xn | Yn)o | {Zn}nen € 2, {yntnen € ¥}
CERTS.
TEDneNIIZHMLT,V, ZBUTD XS ICERT 5.

Vo = {(z,y) exXX|(x|y)o>n}}U{<x»y>€XXX|d(f"’y) < %}

CDLE AV nen E X UOX I HiEERED 5. /2 ZHUIEHHLATRETH 5. (EED 2 € X ITHL
T, Voo C X 2D XS 1T 5.

Vala] = {y € X | (z,y) € Vi}
TOYE, AV, |z] nen 13z DEASEHEREED B,

i 1.9 ([FO20, Proposition 4.19]). +93/h&Wwe> 0%, D,0(0), e KEDEFREM K > 1120 L T, L
TxMizS 0,X Lol d BWFEEST 2. $8bb, EED x,y € 9,X IR LT,

1
Ee—e(z 9o < de(z,y) < e~ €@ v)o

DD ALD. FHTHEAE d I X DEF 20 0, X ICBT A MiHE —B L TH Y, BHEEZERH (0,X, d.) BEED
1 FTH 5.

S 1.10. MR BRI, HS OB HIKSTED I IENTES. £/, 0, X MO X = X UJ,X
BATAEZER Y LTay 2 v TH S,

2 RORRA

AuEEt e, Gromov[Gro81] 12 X EA SN MGET N O —~FTH b, PRl 2 2 L oEsR
N7 R RRDEEITHDIAD I L TERTE 5. ZOHITE, KulifloERe ZDEARE, KkoBE 3
LHERTH 2 P A TR 2 /N5 5.



2.1 FROBEROEE

(X, d) REHRIEMER YL LT, 0 X #HAL LTEET 3. £/, O(X) ® X Loz R
BRI b U, 53 BICRO A% A4S
ZOLE $: X o C(X) BMUTFO LS CEHRT 3.

x> ¢p(—) = d(—,z) —d(o, x)

T 2.1 CRuER). (X,d) 2EGREEE, o e X 2H8e LTHEET 2. ¢: X - O(X) % Fal o
LB $23. ot 7R (X, d) OROER 0,X %

X = clg(X)\ ¢(X)
YEFRTD. T, cliFZCX) OMAICET 2T ERL TV S,

A 2.2, AuBFUIHAIKS TEE S, £, C(X) EAHZEM 2 LT Hausdorff 5 TH 2 2205, An
55D Hausdorff 22 TH 5.

Bl 2.3. (R%1Y) #2—2 Y v F20 R @ Bz ANZHEERN Y 32, 22T Bk s,
($1>y1)7 («’1327342) € R? e\:jﬁ‘b‘f,

P((z1, 1), (22, 42)) = |21 — 22| + |y1 — 2

LEREND R? LOBEMTHS. COL X, AUER 9, (R2 1) 12 [—1,12 L FAMTH 3.

22 H¥ROER

EE 2.4. (X, d) ZEERERZEM, 0oX 2 X OFrafiftie 35, Enedh X TNLTE~nTHS I,
sup |€(x) — n(x)] < oo
xeX

LERTS. COLE, ~E 0 X S LCRIERIREED 3. (X,d) ORMROERE, RaBEf 9, X 2l
B ~ T8l o 722200 0, X/ ~ & LCERT 5. %7, ZOMHMIE 0, X 75 Fil = h 3B ANS.

—RAZ A 7R IR Gromov XEZ4IHNT N LT, Z DML & A afift s L b —H T 5 LIRS 7500,
L% L, Webster £ Winchester[ WWO03] &L FOEHZ R L 7.

EIE 2.5 ([WWO03, Theorem 4.5]). (X,d) % B % Gromov MEHZERI & L, 0 € X R HmM & LTHEE
T2, 0,X ZHE oI X oHRY L, £ 0, X 2 X OFukifle 325, 202 % 0,X 5 0,X
W HARREESEITFET 5.

EFL 25 DR Y LT, MY Gromov XHIZLRINC 35 CIa AR S & ) R m B FUI A 2 A D T8 T %
ZEDES. L L, FBOREFIEH M ZERIT LT D 272720, B ZE, Bl 1.3 T/ oL 22225 IR ™
ZEMTH B e & B0, (R%,1Y) O#IAR a5 T Hausdorff 22BN 5720, — /5T, FZE[H o RS R
WXEFRELATRETH 5 Z & 5 5 Hausdorff £ TH 5.



3 FHER

BIET, IFIEREMICBWT, ZOHAGER L Ko iR, NOPHReRREAT LD BT 3 I3 Ro xR
WZ &R~ L2 L Andreev i¥, Busemann 22 IC#EERES E L L, ZhEHVWTERI NS Ruife
AR © OXGE ANz, RETE, HMERICBT 2 20— RILEHENT 5.

3.1 HEEER

Andreev I3 Busemann Z£R 20 U C#ERERE A © 3% L, Busemann ZEMIIC B W TIXHERRRES W= R o R
¢, Busemann ZZICTC 4 EFE LT W IEHEC X 2 BRI ZIADT—HT 5 Z L #/R L7 [AndlS,
Theorem. 3.4]. F & &, fMZEEIC LT S #EFHREZ EXL L.

EE 3.1. (X,d) % (VK E,CO)-HMZEM, T % X LTERINSZ (\k, E,C,0)-coarsely convex bicomb-
ing, rp[’ % ' @ reparametrized bicombing £ 35. ¥/ o0€ X ZHMLAL LTHEHETS. 2O E, z,ye X
W UCRERERE d. (2, y) ZLLRD XS ICERT 5.

de(z,y) = [d(o0, ) — d(0,y)]
+d(xpl’ (0, z, [min{d(o, z), d(0,y)}|), pl'(0, y, [ min{d(o, z), d(0,y)}]))

REULEEDt e RIIHMLT, [t 3t 2BARVERRKOEEERT. £/, [ 2 geodesic (E, C)-coarsely

convex bicombing DHE I,

dc(x7 y) = |d(O,LL‘) - d(Ov y)|
+ d(rpl'(0, z, min{d(o, z),d(0,y)}), rpl'(0, y, min{d(o, z), d(0,y)}))

LIERTD.
HEHMEDOER I D, TED 2 € X I L Td.(o,2) = d(o,x) DSRILT 5. F7=, HERRREIZIEE MR OORFRME
ZiilzLTW5.

& 3.2, B 1.5 TR X 51T, Busemann ZERIIZHABMAY (1,0)-MMZEMTH 2. ZDL EEFK 3.1 THAH
FEEEDERRE, Andreev 23 [And18] TH A 7-#EFEROER L —HL TV 5.

##%E 3.3. (X,d) & (\ K, E,C,0)-HMZEMr 3% 2o E TED vy, 2 € X IR LUTLURAHKILT 5.
de(z,2) < AEd (z,y) + AEd:(y,z) + 4N + 2k + C

B2 (X, d) DSHAY (1, 0)UMZERICTHAUS, do 13 X LORERE0 5.

3.2 SIEEEIC KB AOBR

S OEIT AR Ak m R E R L, BEER L 0N oW TIRHT 5. (X,d) ZEAS
Mk, B, C,0)- M2, 0 € X #HMr 35, %7, B(X) % X FTERENS REEHAEKOES L L, K
% BICHO AT ANLS.

ZDEE P X = B(X) BT &5 ITERT 5.

= Y (—) =de(—,x) — de(o,x)



T 3.4 GEIHEC X AR, (X, d) % O\ &, B, C,0)-H7EH, By(X) % X FTaEsans Gy
MEROUE LT 5. F7y: X — B(X) 2 Lidd &5 10##T 5. X ETERSNEMKOYE By p(X)
BLTRO & 5 I1CEHT 5.

By p(X) = {f € B(X) ’ ! Vo — B < f<AEY, + 8, JIxr € X,30 € Bb(X)}

\E
COr X, HEBICLBRORR 0, X ZUTO XS ITERT S

O X = clp(X) \ By, p(X)
ZZT, clid B(X) OfifHicBIs TR R L T35

7 3.5. T 2% geodesic (E, C)-coarsely convex bicombing D¢, 95X DIt T H % BB EK IR, iz
3-Lipschitz BT » 5.

HEPRAEIC X 2R mEE RIS LT, AU T OMEL D LD Z e R L.

88 3.6. (X,d) ZEH (A Kk E.C,0)-HMZEM, 0 e X #5E LTHEET 2. cor =, MMl X 3+
S 0F X 20 & B S 0, X (IS RSN TS Pr: 05X — 0,X ZHRTE 2.

3.3 SEREEHIC K BAWHAROER
TF 2.4 LEIFRIC, BFR 3.4 TERIN-HEHHIC X2 Ry LT, Rl s @R TE 3.

T 3.7. (X,d) EERMNZER, 0:X % X ORI X 2R 0BERET 5. £ne X ITHLTE~y
TH3 LI,

sup [€(x) — n(z)| < oo
reX

LHRT D, DL E ~F o X N UTHEGREZ CD 5. (X, d) OHEEREIC & 2\ ROER L,
WK E2ABER 0 X ®FAEMG ~ THlo7228M 0, X/ ~ £ LTEHRT 2. Fi, TOMMIE 05X » oiAE
SNBENAHE ANS.

FIERHAEIC X 2 AR m BT LT, il 3.6 DRE LTI DERIATES .

T 3.8 (IHH). (X,d) 2EES (\ kB, C.0) KM, 0 X 2IAY LTEETS. Zor =, S
12 X BHHIAR BB 09X/ ~ v BRI 0,X (2GR AD T 5T 3.

Busemann Z2fi]Clk, SEHEHEIC X 2 R nRR e ZOMESTH 2R e BT —BH L Tw3. Lzd3oT
JEFE 3.8 1%, Andreev %% Busemann ZEBITH UT/R L7258 [And18, Theorem. 3.4] O MZLR-I A~ D — 1L
i oTW5.

R

ARHFIE D —ERIE, FERR BRI (RIMS) O K380 3 & Tl S N2 E 2 BT 2 #HNA
WICHSLBDTH B, BN L TR & D RBFED ZXFEEWZEWEZ e bR CREL, T 2L
BHOEEPRT .
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