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1 Introduction

This article is a résumé of the paper [11] with some additional questions. Throughout the
article, let C(Z) be the space of continuous bounded real-valued functions on a topological
space Z with the sup-norm || - ||, which induces the sup-metric on C(Z). The study on
isometries' between function spaces plays an important role in functional analysis, and traces
its history back to the Banach-Stone theorem [1, 13].

Theorem 1.1. Suppose that X and Y are compact Hausdorff spaces. Then X and Y are
homeomorphic if and only if C(X) and C(Y) are isometric. Moreover, for every isometry
T:C(X) — C(Y), there are a homeomorphism ¢ 1 Y — X and a map « : Y — {—1,1} such
that

T(f)(y) = aly)f(o(y))
forall f € C(X) andy €Y.

Its developments have been obtained until now (see [3] as a historical note). Recently,
D. Hirota, I. Matsuzaki and T. Miura [6] (cf. [14]) showed a Banach-Stone type theorem on
positive cones Cg (Z) C C(Z) vanishing at oo as follows:

Theorem 1.2. Let X and Y be locally compact Hausdorff spaces. Then X and Y are
homeomorphic if and only if C3 (X) and CJ (Y) are isometric. Furthermore, for any isometry
T:CH(X) — CL(Y), there exists a homeomorphism ¢ : Y — X such that

for every f € CH(X) and everyy € Y.

It is natural to ask on what function spaces the similar results hold. In this paper, we
shall establish certain Banach-Stone type theorem on spaces of metrics. From now on, spaces
are assumed to be metrizable. Let PM(Z) C C(Z?) be the space consisting of pseudometrics

'In this article, an isometry means a surjective isometry.



on a space Z, and let AM(Z) C PM(Z) be the subspace consisting of admissible metrics,
that is, metrics inducing the topology on Z. M.E. Shanks [12] proved a Banach-Stone type
theorem on spaces of metrics as follows:

Theorem 1.3. If X and Y are compact spaces, then the following are equivalent:
(1) X and Y are homeomorphic;
(2) PM(X) and PM(Y') are isometric;
(3) AM(X) and AM(Y) are isometric.

The method of Shanks was different from those of Banach and Stone, and it was not
shown that the isometries are composition operators by homeomorphisms as (x) in Main
Theorem. Set

Pce(Z) ={d € AM(Z) | there exists a non-empty compact subset K C Z
such that ||d|gz2| = ||d|| and if d(z,y) = ||d||, then z,y € K}

and
Pp(Z) ={d € AM(Z) | there uniquely exists {z,w} C Z such that d(z,w) = ||d|}.

Remark that Pp(Z) C Pc(Z) and that AM(Z) = Pc(Z) if Z is compact. Let M(Z) be Pc(Z2)
or Pp(Z). We will generalize Shanks’ result and describe isometries by using homeomor-
phisms as follows:

Main Theorem. Let X and Y be spaces. The following are equivalent:
(1) X and Y are homeomorphic;

(2) there exists an isometry T : PM(X) — PM(Y') with T(M(X)) = M(Y);
(3) there exists an isometry T : AM(X) — AM(Y) with T(M(X)) = M(Y);
(4) there exists an isometry T : M(X) — M(Y).

In this case, for each isometry T : PM(X) — PM(Y) with T(M(X)) = M(Y)), there exists a
homeomorphism ¢ : Y — X such that for any d € PM(X) and for any z,y € Y,

T(d)(z,y) = d(¢(z), 9(y))- (%)

Except for the case that X orY is a doubleton, the homeomorphism ¢ can be chosen uniquely.



2 The peaking function argument

As is easily observed, if a map ¢ : Y — X from a space Y to a space X is a homeomorphism,
then the operator 7" : PM(X) — PM(Y') defined by () in Main Theorem is an isometry such
that T(AM(X)) = AM(Y) and T(M(X)) = M(Y). This means that the implications (1) =
(2), (1) = (3) and (1) = (4) hold in Main Theorem. Recall that for a space Z, C(Z?) is a
Banach space and PM(Z) is a closed subset of C(Z?%), and hence the sup-metric induced by
|| - || is also complete on PM(Z) (cf. [10]). The subspace AM(Z) is dense in PM(Z) (refer to
[9, Proposition 5]). Furthermore, we have the following:

Proposition 2.1. For every space Z, the subset Pp(Z) is dense in PM(Z).

By the completeness of the sup-metric on PM(Z) and the density of Pp(Z) € PM(Z),
each isometry in (3) and (4) of Main Theorem can be extended to the one in (2), which
implies that (3) = (2) and (4) = (2) are valid. It remains to prove (2) = (1) and the
description (%) in Main Theorem. We shall adopt the peaking function argument, which
is based on [6] and Stone’s method. In the rest of this article, assume that X and Y are
non-degenerate spaces and 7' : PM(X) — PM(Y') is an isometry.

Proposition 2.2. The isometry T' is norm-preserving, that is, ||T'(d)|| = ||d|| for all d €
PM(X) and |7 ()| = ]| for all p € PMI(Y).

On addition of metrics, we have the following (refer to [8, Lemma 2.1]).

Lemma 2.3. Let Z be a space. For each d € PM(Z) and each p € AM(Z), the sum
d+peAM(Z).

Urysohn’s lemma plays a key role in proving the Banach-Stone theorem. F. Hausdorff [4]
showed the metric extension theorem, which states that for every space Z and its closed set
A C Z,any d € AM(A) can be extended over Z. We may obtain the pseudometric version
of it as follows (see [7] for example).

Theorem 2.4. Suppose that Z is a space and A is a closed set in Z. For each d € PM(A),
there exists d € PM(Z) such that d|42 = d and ||d|| = ||d||.

Given a space Z, we denote by Finy(Z) the hyperspace consisting of non-empty subspaces
in Z of cardinality less than or equal to 2, that is equipped with the Vietoris topology, and
let D(Z) C Finy(Z) be the subspace consisting of doubletons. For each {z,y} € Finy(Z2),
put

P(Z,{x,y}) = {d € PM(2) | d(z,y) = |ld]l}

and for each d € PM(Z), put
F(Z,d) = {{#,y} € Fina(Z) | d(z,y) = ]}
For a pseudometric d € PM(Z), a point z € Z, and a positive number r > 0, let
By(z,7) ={w € Z | d(z,w) < r} and By(z,7) = {w € Z | d(z,w) < r}.

The following is a key lemma in our strategy.



Lemma 2.5. Let Z be a non-degenerate space. For each d € PM(Z) and each {x,y} € D(Z),
there exists p € P(Z,{x,y}) such that

d+p e P(Z,{z,y}) "N M(Z).

Sketch of Proof. We can easily construct an admissible metric e € P(Z, {z,y})NAM(Z) with
lle]l = 1 by virtue of Hausdorft’s metric extension theorem. Note that d = d+ e € AM(Z)
according to Lemma 2.3, and let a = d'(z,y) > 0 and

b = min { supd'(x,z),supd (y, z)}

z2€Z zeZ
Using Theorem 2.4, we can take p, € PM(Z) for each positive integer n so that
(1) pn(z,w) =4bif 2z € By(r,a/2"*") and w € By (y,a/2"+);

(ii) pn(z,w) =2bif z€ Z\ (By(x,a/2") U By (y,a/2"))
and w € By (z,a/2"*) U By (y,a/2"Y);

(iii) pn(z,w) =0if z,w € Z\ (Ba(z,a/2") U By (y,a/2")),
if z,w € By(x,a/2"™), or if 2,w € By(y,a/2");

(iv) pn(z,w) < 4b if otherwise.
Then p=e+ > ", pn/2" is the desired metric. O
Henceforth suppose that T'(M(X)) € M(Y). We can prove the following:

Lemma 2.6. For every {z,y} € Finy(X) and every d; € P(X,{z,y}) " M(X), 1 <i <n,
Mimy F (Y, T(di)) # 0.

Applying the finite intersection property in compact spaces (cf. [2, Theorem 3.1.1]), we
can obtain the following:

Lemma 2.7. For each {z,y} € D(X),
N F(Y,T(d)) # 0.
deP (X {z,y})NM(X)

Sketch of Proof. We shall show the case where M(X) = Pc(X) and M(Y) = Pc(Y). Fix any
do € P(X,{z,y}) NPc(X) # () due to Lemma 2.5, so there are {zy, wp} C Y and a compact
set L C Y such that T'(do) (20, wo) = ||T'(dp)]|| and for all z,w € Y with T'(dp)(z,w) = ||T(dp)|],
z,w € L. Then F(Y,T(dy)) C Fing(L) is compact, and according to Lemma 2.6,

{F,T(d)NF(,T(do)) | d € P(X,{z,y})}

has the finite intersection property. Therefore

N 7y = () FEOT@) NFYT(d) 0.

deP(X,{zy})NPe(X) deP(X {zy})NPe(X)



Moreover, assume that T(M(X)) = M(Y). By virtue of Lemma 2.7, a bijection & :
D(Y) — D(X) can be given by

{o({z w})} = M F(X.T(p))
PEP (Y, {z,w}h)NM(Y)

for each {z,w} € D(Y).
Proposition 2.8. The bijection ® satisfies that

T(P(X, {2, y}) NM(X)) = P(Y, 2" ({z,y})) N M(Y)
for any {z,y} € D(X) and that

TH P, {z w}) NM(Y)) = P(X, ®({z,w})) N M(X)
for any {z,w} € D(Y).

The map ® induces the following equality.

Proposition 2.9. The equality T'(d)(z,y) = d(z,w) holds for alld € PM(X) and all {z,y} €
D(Y), where ®({z,y}) = {z, w}.

If the cardinality of Y is greater than 2, we can define a bijection ¢ : Y — X by

o= 1 e{y.=})

z€Y'\{y}

for each y € Y. The map ¢ is compatible with ®.

Proposition 2.10. The following equalities hold: ®({z,y}) = {¢(x), d(y)} for all {z,y} €
D(Y) and & ({2, w}) = {6~"(2). 6~ (w)} for all {z,w} € D(X).

The bijection ¢ is the desired homeomorphism and satisfies () in Main Theorem by
Propositions 2.9 and 2.10.

3 Problems

Many Banach-Stone type theorems are known. For example, isometries on function spaces
consisting of uniformly continuous functions and lipschitz functions have been researched
(refer to [5, 15]). We can expect that similar results on subspaces of metrics hold. Let
Z = (Z,dz) be a metric space, where dz is an admissible metric on Z. It is said that
d € AM(Z) is uniformly continuous with respect to dx if for every ¢ > 0, there is § > 0 such
that for any =,y € Z with dz(z,y) < 9, d(x,y) < e. A metric d € AM(Z) is called to be
lipschitz provided that there exists k > 0 such that d(z,y) < kdz(z,y) for all x,y € Z.

Problem. Establish Banach-Stone type theorems on spaces consisting of uniformly contin-
uous metrics and lipschitz metrics.



4

Acknowledgements

This article was partially supported by the Research Institute for Mathematical Sciences, an
International Joint Usage/Research Center located in Kyoto University.

References

[1] S. Banach, Théorie des opérations linéaires, Chelsea, Warsaw (1932).

2] R. Engelking, General Topology, Revised and Complete Edition, Sigma Ser. in Pure
Math. 6, Heldermann Verlag, Berlin (1989).

[3] R.J. Fleming and J.E. Jamison, Isometries on Banach spaces: function spaces, Chapman
& Hall/CRC Monogr. Surv. Pure Appl. Math. 129, Boca Raton, FL (2003).

[4] F. Hausdorff, Frweiterung einer Homéomorphie, Fundam. Math. 16 (1930), 353-360.

[5] S. Hernandez, Uniformly continuous mappings defined by isometries of spaces of bounded
uniformly continuous functions, Houston J. Math. 29 (2003), no. 1, 149-155.

[6] D. Hirota, I. Matsuzaki and T. Miura, Phase-isometries between the positive cones of the
Banach spaces of continuous real-valued functions, Ann. Funct. Anal. 15 (2024), no. 4,
Paper No. 77, 11pp.

[7] Y. Ishiki, An isometric extensor of metrics, arXiv: 2407.03030 [math.MG].

[8] Y. Ishiki and K. Koshino, On isometric universality of spaces of metrics, Topology Appl.
369 (2025), Paper No. 109394, 15 pp.

9] K. Koshino, Recognizing the topologies of spaces of metrics with the topology of uniform
convergence, Bull. Pol. Acad. Sci., Math. 70 (2022), 165-171.

. Koshino, On the Borel complexity and the complete metrizability of spaces of metrics,

10] K. Koshino, On the Borel lext d th [ zability of f ‘
Anal. Geom. Metr. Spaces (2024), Paper No. 20240014, 5 pp.

[11] K. Koshino, Isometries between spaces of metrics, Adv. Oper. Theory 10 (2025), 83,
16pp.

[12] MLE. Shanks, The space of metrics on a compact metrizable space, Am. J. Math. 66
(1944), 461-4609.

[13] M.H. Stone, Applications of the theory of Boolean rings to general topology, Trans. Am.
Math. Soc. 41 (1937), no. 3, 375-481.

[14] L. Sun, Y. Sun and D. Dai, On phase-isometries between the positive cones of continuous

function spaces, Ann. Funct. Anal. 14 (2023), No. 1, Paper No. 17, 12 pp.



[15] N. Weaver, Isometries of noncompact Lipschitz spaces, Canad. Math. Bull. 38 (1995),
no. 2, 242-249.

Faculty of Engineering

Kanagawa University

Yokohama, 221-8686, Japan

E-mail: ft160229no@kanagawa-u.ac.jp



