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Another proof of the seven-point theorem on the
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Abstract

The five-point theorem on the Poincaré hyperbolic disk was conjectured by G. Wang in 2013 and
proved in 2021. In this report, we give an another proof of this theorem using a method of symbolic
computation and discuss an approach based on elementary geometry.
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EHE 1 (Wang et al. [4])
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a(l —[b]*) + b1 — |al?)
m= ,
1 —[al?[p]? + Ala, ] /(1 — |a]?)(1 — [0]?)

fer2 Uy Ala, b = (1 —a|*)(1 — [b]?) + |a — b]? (Ahlfors bracket).
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_ a1 —[b*) +b(1 — |af*)
- 1 — |al?[b]? '

o 5T AIIRIT B,
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-+, but finding similar formulas for the other points seems to lead to tedious computations.
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(1 —ab)|a — b| + b(a — b)|1 — ab|’ (1 —ab)|b —a| +a(b— a)|l — ab|
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R ap B, 0, EVATIRERR (0 & by EFATIRERR 0 2L B (K5 DI 0, & . Tz, K
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& b )0 L 0,0 THBTENHIEHMANE LW FA=AFTHEHDT, EWVICHLILE S,
ZDOMEDHILD v DT, ay,u, by EH—EH EICH B MDD,

LA U, ay, by BCTOERR EICHD T EIF. TOHETIERRERN,



013

w7
Lla,b], Lla.,bs], Lja*,b*] & 1 K TRD %,

AR 4

FBEC DIRZRH D 2 i a,b 2182 BHIERR C,p NERRZT W el & ZTORRD—D (HAHDNERICH

575) M2 5 a,b DRI TH ST ENALNTVS (FIZE, [1] BHK),
SEBR Lla,b] & Lla*,b*] DX (2) &0,

(ab — aBZ(a* —b*) — (a*b* — a*b¥) (i_ b)
(@—b)(a* = b*) — (a - b)(a* = b7)

fﬁzEM5ﬁ\ﬁ:%¢w_%f%5:&@e\

ab(a —b) + (@—b)
|af? — [b]?

LFB, SR (3) BRIETDT L, b FOMTHBT EHbH S,

6: *ﬁi 7: L[a” b]’ L[CL*, b*]a L[a*v b*] Li 1 1#:—67._‘)&%/)%)0

INS5ZFMLT, UTFTR 7 sUEHEO—Z IR MRS,

HE 8
3 s, u,t BERAZBZORE—ER EICH S,

BERR s, u, t DA —ERR BICH B T EB/SAIIVOFEHDNSHLNED T, i O & st WFE—ER

KHBT EERT,
=M Aabya® & Aba bt BEZR D,

Lla,b], L[a.,b.], Lla*,b*] 131 5 TRDOZDT, THIVITDEHDWMNS 35, O, s, t iZ[A—ER LD

RTH3, XM 7B3H,



014

7: 35 s, u, t FRAZZEE—ER LICH B,

#iE 9
3k, O,v ZFA—EREICHS,

B =fATF Aaa*a, & Abb b, BEZ S,
Lla,b], Lla.,b,], Lla*,b*] 131 TRHZDT, THINVITOEHNDS 3 51, k, O, v (Z[A—EHR LD
ThHs, 1

8: 31 k,O,v IXAl—EfE Fich B,

3R p,0,q EAI—EHEICH BT EITDNTE, ZAF Aaatay & Abb by & Z UL E EFRRISRYE 5,
7 RUEB R B AT ERM IR GERHIC DWW TR, SR OMEE T 5,

ARWFZED—{Bid JSPS Btk JP25K07039 DBz 3Z2> TWE T,



015

2 £ X @k
fE —3&. TERITEICD < Mih# a2z, 37 Ak, 2016.

Masayo Fujimura, Oona Rainio, and Matti Vuorinen. Collinearity of points on Poincaré unit disk and
Riemann sphere. Publ. Math. Debrecen, 105(1-2):141-169, 2024.

Matti Vuorinen and Gendi Wang. Bisection of geodesic segments in hyperbolic geometry. In Complex
analysis and dynamical systems V, volume 591 of Contemp. Math., pages 273-290. Amer. Math. Soc.,
Providence, RI, 2013.

Gendi Wang, Matti Vuorinen, and Xiaohui Zhang. On cyclic quadrilaterals in euclidean and hyperbolic
geometries. Publ. Math. Debrecen, 99(1-2):123-140, 2021.

10





