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Abstract

Constraint qualifications (CQs) play a fundamental role in the local analysis of constrained op-
timization, but their validity becomes subtle when the constraint system is degenerate. This arti-
cle reviews recent results on the four classical CQs—LICQ, MFCQ, ACQ, and GCQ—for generic
4-parameter families of smooth constraint mappings. Using the invariance of these CQs under K[G]-
equivalence and reduction, the problem is reduced to checking finitely many K[G]-normal forms of
full reductions that arise generically. We summarize the resulting complete decision tables for the
equality-only, inequality-only, and mixed cases. In particular, LICQ holds only in the regular class,
MFCQ fails whenever singular equality constraints are present and, in the inequality-only case, is
characterized by the normal-form parameter {; > 0, while ACQ and GCQ are determined by explicit
sign and parameter conditions. The classification further shows that GCQ holds on a substantially
wider range of generic classes than the stronger qualifications, so the phenomenon that only GCQ
survives is not exceptional but appears generically.

1 1FC®HIC
% H W st b
Minimize f = (f1,..., fp) : R" = R? subject to g(z) <0, h(z)=0

REZB. ZZTg=(g1,...,9¢) : R" = RO FRESHI, h=(hi,...,h): R" = R" 3HSHIK 2%
TEETHE. TNHDTEOM (9, h) BARTIRENGERLIER. 2 HRELO R OWTIE [3]
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EHREIN0. LarL, ARTHS CQ IZHMBITIER S fKIER (g9,h) DA X DIRE 2 R
HTHAHDT, #EmOARNBFHENRHEIICS ZOEFHAINS.

JR Tl R R T S L — b et 2 5 37 % 5 2 T Karush-Kuhn—Tucker (KKT) ZefFidH0m&E %
B3 h, RSB L TW3 & EaisiitE s 5 KKT S&FEEERNCIEZET 2. 2077208 AXh
2 DHIFIFEE (constraint qualification; CQ) TH D, HELHIZIX

LICQ = MFCQ = ACQ = GCQ

LWIBEAHI SR TWS [4, 5, 6]. LICQ % MFCQ &Y a2 BITHIR G102 M DIAHETiIERTE % —
7, ACQ ¥ GCQ I3t Z2i@ U CERINZ 0, EFEHEIEHEL V.

Z O R HE: 2 S 2 72, - U - SFAIEERS ST B IR K[G] & reduction
/ full reduction ZEA L, ZHHDH ¥ T LICQ,MFCQ,ACQ,GCQ BAETHE I E/RLTZS AT,
generic 72 4 237 X — XEIZEN S full reduction @ K[G]-IEME 2124 2D CQ DS EEEPE LT
[1]. BEL 2 2 EHEAFE 2] & 5.

CIZTHEELEZVDE, BFD CQ MEICHN 2 UEHEFEIEOUEZFETH 5 2 & 2mdfl (MFCQ
AR D 20D LICQ AR D 3772720, GCQ IR D Loh ACQ I D 272w, YY) d% <X CQ W8
PEOUEBGRTH 2 Z e RmTIE 9 Td, TADEDREE generic 2EFIRETH 2 VI HTH 3.
1] OIREZ, TGCQ DARILT % | BIRDFIFMITIZA L, generic 72 4 8T X =X EOFICZEBIN S
CEERLIEEIAIHD.

AROMERIIRDEY TH S, H2HT4OD CQ LEARBIZMEFRL, 3 HiT K[G]-FfHE reduction
ZEAT 5. HAHTIE generic HEDEKE EREDHEEREL, 58T CQ BRHEREMHNT 5.

2 MERE L 4 2DHKIEE

P&, g, h iZ C>™ e L, ZNoDEDZEITAREE R M(g,h) = {z e R" | g(z) <0, h(z) =0} &
T2, CQ BRAMEETH 2000, i ot € M(g,h) ZEANETBH LT =0 2ARE LT,
R CIEE R A EEHORTESE 1(0)={je{l,...,q} | g;(0) =0} 2FEHL. F7/z, dgo,dho ZZTH
FN g, h DFESICBI M T 5.

JRRC BT 2 s

L¥(g,h) = {d € R" | dg;o(d) <0 (j € 1(0), dho(d) = 0}
CEDB. )i, FATAIRERAGTF OHEHE

C*(g,h) = {d eR"

Ju, € M(g,h), z, — 0, 3t, 10, % N d}

v

¥ 5. ZHUIEHEN R Bouligand #EEDER (2, —0)/t, - d LFAETH 5. XHIHRES X C R
D %
X°={veR"|v-d<O0forallde X}

el
ZOLE4O0D CQ IERTEHINS.

LICQ. it RS DI Vg, (0) (G € 1(0) &SI DENE Vh(0) (1 < k < r) A5 KHT
53,
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Vg1(0) Vg2(0)

1 EATREERS M(g) = {23 > |21| + |22|} OB, THAL 0 TlE LICQ IZB0O7L LARWAS, HEDNEHIA
125 Aal d % 3#NE MFCQ 13K D 37D,

MFCQ. dhg D7 > 70 r THYH, LHPdH3 dcToR” BIFAELT
dgjo(d) <0 (j €1(0)),  dho(d) =0

Ziili7=3. ZDXS57% d & MF-XZ FILERER.

ACQ.
C*(g,h) = L* (g, h).
GCQ.
C+(g,h)° = L+(g,h)°.
s DB

LICQ = MFCQ — ACQ = GCQ
TH3[4,5 6. LFRD 24, ZOEENAEDEAETH D I 2HAT2-0DEAH[TH 3.
Bl 1 (MFCQ IR D ILDH LICQ IZBE DLz WY) . RESHIFID AL S 72 3 Hilf9 55
g(x1, 22, 23) = (X1 + T2 — X3, —T1 + T2 — T3, T1 — To — T3, —T1 — T2 — T3)

BEZDH. IDLE
M(g) = {(z1, 22, 23) € R’ | w3 > |a1| + |22]}

THY, FlZ4 20HEARbBHEMTH S (K1) . FUSTIE 4 RO RESHRIDNTNTEETHD,
Vg1(0) = (1,1,—-1), Vga(0) = (=1,1,-1), Vgs(0) = (1,—1,-1), Vga(0) = (—1,—1, 1)
E R DAERDRY ML ST TIEARNN., LA T LICQ I3 Y iz7w. Ll
d=(0,0,1)

rBIHE
Vgi(0)-d=-1<0  (i=1,2,34)

THBHP25 diE MF-RZ L THH MFCQ 1ZE D 37D,
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T2

C*(g,h)

» T1

X 2: KRR CHEME CH (g, h), RHRFECTRIEALHE LT (g, h) 2R LK. ZOMEOHNZ CQ FEE D EEEH
MEDUGHBRTHZ Z e 2T h, AFOKRFETIE, ZOF vy 7D generic I BINZ Z L 2HS.

Bl 2 (GCQIFMDILDH ACQ IR D ITT=%LY) .
g(x1,m2) = (x1,22),  h(x1,29) = 120
BEZD. ZOr EFEITAMREEA X
M(g,h) = {(z1,0) € R? | z; <0} U {(0,z2) € R? | 25 < 0}
THD, KR ToORM
C*(g,h) = {(d,0) € R? | d; <0} U{(0,d2) € R? | dy < 0}
Y75, M5, dho =0 D THRIBLHEZ
LT (g,h) = {(d1,ds) € R* | d; <0, dy <0}

ThHab. LI=zhBoT
C*(g,h) # L"(g,h)
THH ACQ IIBOL LW, Lo Ligiry 3L

C*(g,h)° = L*(g,h)° =R%,

LRBDT, GCQIFHIID (K 2). Zoflix CQ BEREDX vy FE2MfET 2 1 FERED, Zoflo

JRRIZ BT BRI GHEIFED K[G-RITTITER A L LD, generic ZZHITIZZW.

3 K[G-[FMEX full reduction
3.1 K[G]-[Af&

579, AT KG-FEZEAT 2EZLHHTS. g,h: R" - R % g(0) = h(0) = 0 Ziliz 3l

MBI E L, a,b,c: R* R Za(z) >0, c(z) #0 23K T2, Zor =

gI:ag+bh, hI:Ch
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LEDIUL M(g,h) = M(g', 1) DS DALD. Thbb, FESHKICEORBEENT 2D, FE5H 2%
SR CAINCEE D, AESHRIANFESHRIZMA72D LTy, ETRESGHIILEDL V. 5
12, ¢: R* = R™ 2 FEMEGRYE THUE M(gogp,hop) = ¢~ (M(g,h)) TH 205, FEITalfEESIIM
S ¢ TR S, Zh o DFATARERG B RO E, 3F (germ) & LTRFINCEZ, £ b
D K[G] BETH 5.

FEAINCIE, EOXAITHIRRE Ga(q,R), BEEATHIEEE P, L, Gup(q,R) = Ga(q,R) x P, £BX.

éfok’
CT;Q A

L F 5. HEIHEIE (g,h), (9, 1) (R™,0) — (RI7,0) 45 K[G-WIETH 5 L 1%, B2k ¢ -
(R™,0) —» (R™,0) &

A€ Gyp(q,R), B e M,,(R), Ae GL(r, R)}

A:(R™,0) = Ggp(g,R), B: (R",0) = M, (R), A:(R",0) = GL(r,R)

(g'oqs(x)) _ (A(w) B(x)) (g(x))
h o ¢(x) Orq Az) h(z)

DD DZ RS, Az) DEDDPIETH 2 Z e PAESDORE 2RO Z b L, EFUIIEERE
KON 2B T 5. ZOEFIEFATRIRER G 2 W R TR D.

PIFAEL T

3.2 reduction & full reduction

BRI 2B BB, BUARTHE TR WATFSHRP, IEHRESHNAEGEhs Zedd 5. FA
DN SWVELFTI, EETRRWAESHFNIRAANIIIIRTH DHIFRTE 5. %7z, EALESH
MoEEns5810%, BEEUEHIC LD Zh o0ED 2 H D ZARMEAGIRST 2 2 2T, FEZEXTO
HRIEEANEEEE 5. M EO®RE, Thbb

1. AIEMEAE SRR ZHIFR S %,
2. IEAIZR S HIRIAE 5 ER T ZARMAATHIR 3 5,

% reduction LR, ¥ IZ, Bo TR TOAESHBIEETH D, HoESHIDM DFEED 0
T®H 3 X 57 reduction % full reduction & FE3.
CDEERDAFEOHFERTH 5.

EE 1 (FEMEE (1)
LICQ,MFCQ,ACQ,GCQ FW\3hd K[G)-FETARETH D, X 5IZ reduction, & £ full reduction
WEoTHIREEINS.

L7zp3oT, CQ DHEIZTTOMMIEGEITHN L TEREITS> D DIZ, £7F full reduction Z& b, ZD
K[G-ERE E TR I V. Z DAL, FEAGHN D L Rl (bR 2 A S0 28172 5o T 5.
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4 —HREVE 4-NZ A —F2FFIBRIRICIRNS full reduction @ K[G]-
IEFRAZ
4.1 generic DE
b-8T X=X, HEAU CR® BXURTIRA—KZ%MH ACR ZHWT
F=(g,h):UxA—RIt"

LHABNBMWMOEDLRIETHD, Fac AXDVTE, = (ga, ha): U — RITT =2 Dililliy545%% 52 %
HDEWVS. 2] TV generic 1%, ZD XD REREDZE/M C>(U x A, R1T") {2 Whitney O C* {if
ez Ahizt & FEONHEZOBPERALRS LR T I 2ERT 5.

2] DFFERIC AU, b<4 TP THRKEVE X, generic RFIFIEHEETE, EEOEITAIRENT
@ full reduction DENFRMED L[G]-IEREDO VTR T 5. ZD55HHIE

LEEHIRIDADGE,
2. PNESHIFIDADGE,
3. FEHIK e RESHI ORE D5E,
D 3D, FEDATIE2E, FEEDATIX 108, REARTIE S BIMHN 2 [2, Tables 1-3].

4.2 IFRESEOEE

PR, g;€{1,-1} 353, @#AFOAITIE CQ HIZ LR RNROERIC LIZ> TIEHE R T.
FERBBD Y R e IERESEZ [2, Tables 1-3] ZZ S 720,

uE —J&M) 7% full reduction D
FEHIFID A TEERAFEERNBEE LR WEGE, h T 2 EEOIC
2hd

h:xlf+25jx? 2<k<5)

Ea>s
h= x? + 62:761:76% + :vg + Zij?.
j=4
CHERHRDEDR (1,k), (2) IKHIET 3.
REEEHHI D A corank(dho) = 0, TbBESHIKBERILZSEETDH 5.
full reduction 1Zd Z A (EAIZ 5 R) & %Wk 10 BEHO
B (1,k),(2),...,(10) KHEEINE. ZOD 1-jet 1T

l

g=(r1,...,2q- 1,2%— > 2,49

j=l1+1
EWVWHEHELICTE, [ 25 MFCQ OEERXELT 5. B (6),
(9), (10) W 6i, r, cij,e01,€00 REDEY 2 54 WM 5.
SR & AE SR OIS | corank(dhe) = 1 OEETH D, full reduction
(9:h) = (z1,..., 24, h)

DT, hH SEEDE (1,k),(2),...,(8) KHtEahs. —
ANIITESE R A ESHROARKITE L3 R TH 5.
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4.3 RICHENBZEEESDHAH

?ﬁ@ﬂé”i%ﬁ:&i, E‘Zﬁéﬁ% Ej LX&*@:%) (Si,Oé,Oéij,gol,EOQ Et@?ﬂ%ﬁ)fﬁfn% iﬂ%bi‘?‘f\‘f [2,
Tables 2-3] DA IEMBIHIES 27 TH D, K[G-ERLDOD L THAMSRTH 5. AT THE
WRAERZELDZERDEBEDTHS.

(RE=A =73
Iy RESDADHD 1-jet ITBWT, BBEDIEERES DRI
WKHND “EREOERORE. 1 >0 ¥ 505 MFCQ D
MEZIRD 5.
€j,6q-1 | MALE N ZJIHDTS. £1 DAEL D.

0 A (6), (10) 72 212N 2 distinguished quadratic terms DFF
5. X1 OAhkL 3.
a,ai; |B(6), (10) KEAZHEREY 25 4. =K - ZXROESHEDR
e LTERFBIERZERTHY, HIERTREZNALIXNT S
FEREHEOIKT CQ DEEIEEINS.
€o1,€02 |2 (9) D lowest odd-order terms DFFHXF X —&. £1 DA
2t 5.

p=108

AFROFHEINEZ DB DTIERL, ZOAHARY R MIEHNEZEHZ 124 D50 CQ DA% 57EL]
FELTRICH 5 [1, Theorem 4.2]. T7bHH, full reduction DIERE & T X — 230 0HUE, D
CQ DY IALOPEEIPSEDICHAIILS.

5 ERR:—MRINGHNERKRICHTS CQ ORLHE

Z DHiIDFEIZ [1, Theorem 4.2, Tables 4-6] ZafZtEkANT ICHEM L7 DTH 5. 2K G%EZ —CTHAX
LERDEIITAD.

FHER. EHIZ 5 20AH LICQ 223, MFCQ XRELZESHINEFEET B LMD IT, 25Tk
WG EIIZIERED AR X —& || IZE>TREDRE S, ACQ & GCQ DEFEIFFEMF I LTHF
M - T A= REHETHRRTIRED, 2 I2 GCQ 1 LICQ, MFCQ, ACQ & D& 2 2 I ThK
VAR

5.1 LICQ ¥ MFCQ

LICQ IZ2OWTIEELDTHITH 5. iHER AT RSB X F RO AN TR T—IHNTH 5
Z XX, full reduction 2% [ERIZ 2 2 W@ T 22 L e [AMHETH 372, LICQ ZWiZz 3 DIXIEAIZ T 212
Roits.

MFCQ 122\ T, AESHIFIDAD Y 7 AT 1-jet 23

ll l
g:(xl,...,xq_l,ij— Z xj+§)
j=1

j=li+1
WCHEINZE X,
MFCQ holds <—=1; >0

DK DILD. ), RERESHNZEL7 72 EFESHHOADLE L REMDYE) Tld dhy D7
70 r Ritilg7zd, MFCQ IFERIC L DK D L7720,
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5.2 FSHNDAHDIHE 1 GCQ DRILFEM

FRIZIGERRLS ESHIRDAD 2 5 2T, full reduction DH ¥ dhg =0 TH B0 5, FREALOKR
TRESHINPHEZITLEY, LT(g,h) ELIELIXEBOFETAREESG LD KEL RS, ZDkH ACQ
BARBOITH D, TR THMEIHEL L TIE GCQ BEMET 25508 D, AL MFEE 1 0@EHTH 3.

B GCQ 2D o5
(Lk) | (k=22D eg,....e, DENDD —1), FE (k>3 DD
{ea,...,en} ={1,-1})
(2) | €4y..ny6n DENDD —1

K 1: FHHIDAD 7 5 0T 5 GCQ DRI, ZOHE ACQ AL TH 5. HELZ [1, Table 4].

5.3 AESHWDOAHDIBEE I ACQ ¥ GCQ

AESHIDOADES, 11 >07%5 MFCQ A D75, L7zh->T ACQ,GCQ dRVLT 5. HIEHN
DFRHRALGE 1L =0ThHDH, ZOLEDA ACQ ¥ GCQ DENHNS. K2 ICZDENERT.
Z 2T (1) & type (10) W3 2RI TH D,

(51:52253:—1, €q=---=€n=—1
Wz, M2 0,5, k€ {1,2,3} PIEELT
(vij <OA g <0AajE < 2)

EJA=S

v a2 2
0 < ayj,ay, <2, ajk—l—w<2\/(1 f)(lfoﬂ)

2
iz TH5.
ZDFERPSHZBEELRBRIZ, ACQ DHZLEWITY GCQ BT 200 F#ET A28 T
Ha. Thbb, GCQ 22N L hiv CQ DD F vy FIFIANIIHR TIE7 <, generic R AFES K
DT HRFINCHENS.

5.4 EEEODHFE GCQ DRRIIFEMHF

LS L P ESHFDOEEGHTIE, full reduction DB & TREZE SR Z G720 MFCQ E T
SMTHB. THITACQ b AHIZLTH 5. ZHTH GCQ BZ L DAITHILL, HAZSMIEEK 3 1ITHEIN X
ns.

6 BbHbOIC

ARTE, FRIEHICHT S 4 D0 HME CQ ZRRIZ, KG-FRMEY full reduction 12 & 2 FAZEHME,
generic 7% 4 287 X — REICHN B EREDE, BXOEMITHT 5 LICQ, MFCQ, ACQ, GCQ D54t
ERTEIRL J.

i 2 R S A,
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B ACQ DD SO GCQ D3 Y SLOFAF

(Lk) | gg=-=¢ep,=—1, FRBE>3DDegp1=| k =2 2D (gq,...,60n) # (1,...,1), FhiF
=g, =—1 (Eqt1s---s6n) #(1,...,1)

(2) |eqqa="=¢€,=-1 (Eqt2s---s6n) #(1,...,1)

(Bk) | egu1 = =€ = -1, FRE k>3 DD | (6q0...,80) #(1,...,1)
€q = =¢egp=-1

(4,k) | BHOL (Egt1s--ven) # (1,...,1) ¥l ¢, =

(5) €g—1 =Eqy1 = =¢&p = —1 (€qt1s---8n) # (1,...,1)

(6) | h=b=—-1, a<2, gg=-=¢,=-1 (€qy---sen) #(1,...,1)

(7) | ggqm2=¢€q="=ep,=—1 (€qy---ven) #(1,...,1)

(8) |eqr1=¢cyg1=€q=---=¢€n=-1 (€qs--nen) #(1,...,1)

(9) | AL (Egt1yr--ven) #(1,...,1) FlF e =1 %

72lE egp =1
(10) | (1) (€qy---sen) #(1,...,1)

% 2 FEBHPOADZ 52T 2 ACQ/GCQ DKL (I = 0 DHE) . L > 0 %5
MFCQ, ACQ, GCQ 13 TR THALF 5. B [1, Table 5].

A GCQ DD oM
(Lk) | {e2,...,ent={1,-1}

2) | {es,....en}t ={1,-1}
(3,k) | kDMEETes,...,ep, DENDD —1, E/2E k DFFETey = 1,
HBWVE {es,...,en) ={1,-1}

(4) | {esy..-,enp={1,-1}
(5) | {esy.--,en}={1,-1}
(6) | {e3,...,en}={1,-1}
(7) | {eay.--yen}={1,-1}
(8) | {eay.--yen}={1,-1}

# 3 FE e NESHIOBREAUTHT 2 GCQ DROLEMSE. 208G ACQ I AL TH 5. HILZ
[1, Table 6].
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1. LICQ &IFRIZ 9 2T LMEATL LW,
2. MFCQ R B2 E SR OFEIETARL, FESHRDOADEGEIIE L >0 LFEETH 3,

3. GCQ 1D 35 & D IEWHIPATHRIZ L, generic REHIFHICHEVTS [GCQ DAIRT ) HEHH
na,

YW 3 HICEHNXNS.
SHOBFEY LT,

1. K[G)-IEREREE 2 2 &,
2. K[G)-IERERE# 7 L3 ) X L DREER,

MET NS, FEARNSEICD oL CQ BB EMAKZ 7 L) X8 LTE AL, ThZ
TRERANCHNC K 2o T2 WHIRIALE ACQ, GCQ ZIlifbyY 7 F 7 2 7RV F v — 7 &alOHFT LD
HEHINCZ 2 X517 3725 5.

B

ARFZEIE JSPS BHFE 24H00685, 23K03123 DB #3277 DTT.
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