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The tableaux algebra, Kashiwara crystals,
and toric geometry

Pablo S. Ocal
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Abstract

This is the report on the eponymous talk given at the conference “Interactions of Repre-
sentation Theory and Related Topics” held at the Research Institute for Mathematical Sci-
ences. The aforementioned talk and this report are based on the arXiv preprint 2510.27209
and contain joint work with S. Daugherty, N. Gonzélez, B. Muniz, J. Pan, and J. Torres.

1 The tableaux algebra

Our main object of interest is a very explicitly defined algebra studied in [DGM™26], where
we refer the reader for a detailed explanation of the results presented here. We now recall the
definition and state some of the basic properties of the tableaux algebra.

Definition 1.1. Let SSYT), be the set of semistandard Young tableaux of any shape having at
most n rows and entries in {1,...,m}. Given S and T in SSYT],, of shapes A and p, respectively,
we define S x T' as the semistandard Young tableaux of shape A + p obtained by horizontally
concatenating the rows of S and 7', and then sorting the entries in each row in weakly increasing
order from left to right.

Note that we must have m > n for SSYT,, to be non-empty, and that when S,T € SSYT,
then S+ T € SSYT,,.

Example 1.2. Let m =4 and n = 3. Consider

S = Lt and T = ]2
21 3 2
4 3

111 (11]2
SxT =

21213

314

has shape A+ = (4,3,2), and indeed all of S, T, and ST are in SSYT;,,.

This operation makes (SSYT,,,*, ) into a very well behaved monoid, as it is multigraded,
cancellative, commutative, reduced, torsion-free, and is generated by the semistandard Young
tableaux which are columns.

Definition 1.3. Let k be an algebraically closed field of characteristic zero. We define the
tableauz algebra as the monoid algebra of SSYT, , and we denote it by 7.7.
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The first non-trivial tableaux algebra already offers loads of intuition for the larger ones.

Example 1.4. Let m =3 and n = 2. Then

1 2 1 1 2
]k ) Y 3 ) Y )
2 3 3
,T:;2 =
2 |1 1] 2
3 3

Given how explicitly and combinatorially defined is 7,7, we would like to emphasize that
it is possible to give explicit and combinatorial proofs of all the results concerning it. This is
illustrated by how we leverage the good properties of SSYT) to bookkeep some of the useful
properties of 7., as follows.

Theorem 1.5. The tableauz algebra T, is:
1. Finitely generated over k with the columns of SSYT,, forming a generating set.
2. An integral domain.
3. Noetherian.
4. Jacobson.
In particular, its Jacobson radical is zero.

An important observation is that the product x in 7' does not arise from an insertion
algorithm, as is typically the case for algebras defined from Young tableaux. The first place we
encountered this product was when working with combinatorial models for Kashiwara crystals
(as we will discuss in Section 2), but after digging deeper we found it in many other areas, the
other which we will be mentioning being toric geometry (as we will discuss in Section 3).

2 Kashiwara crystals

The first application of the tableaux algebra we consider is to Kashiwara crystals.

Intuitively, a crystal is the skeleton of a module of a quantum group. More precisely, given
g a (suitable) Lie algebra, denote its associated quantum group by U,(g). It is a Hopf algebra
with a triangular decomposition (see [Lus93] for more details)

Uy(9) = k[F,] @ K[KZ'] @ k[Eq]

where the indices a correspond to the simple roots of g, the F,, are polynomial generators in
negative degree, the K1 are polynomial generators in degree zero, and the K, are polynomial
generators in positive degree. A particularity of this framework is that given any fixed irreducible
module V) of g, we can always find such a decomposition satisfying that the actions of F,, Ki1,
and E, are as lowering, diagonal, and raising operators, respectively. However, in general there
does not exist a PBW basis of U, (g) where F,,, K', and E, act as lowering, diagonal, and raising
operators simultaneously for all irreducible modules V), of g (see for example [Jan96, Chapter 9]
for more details). The celebrated work of Kashiwara [Kas90, Kas91] showed that it is possible
to find a PBW basis with the desired actions in the limit ¢ — 0. Namely, in the limit U, _0(g)
there exists a basis F, K*!, E where F' and E act as lowering and raising operators with scalar
1, and K*! act as diagonal operators with scalar 0. This means that for our purposes we can
think of crystals as colored graphs, although in full generality they carry much more data, such
as a weight function and a recipe for taking tensor products of crystals.
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In type A, the three main models used to work with crystals are string polytopes, Gelfand—
Tsetling patterns, and semistandard Young tableaux. There are very explicit ways of moving
between these models, in the aforementioned order.

string polytopes «+—— Gelfand—Tsetling patterns «— semistandard Young tableaux

The literature on string polytopes developed operations to multiply them, often with the goal
of finding and understanding atomic decompositions of characters and crystals. We refer the
reader to the work of Littelmann [Lit98], Lecouvey and Lenart [LL21], Patimo [Pat25]|, and
Bossinger and Torres [BT25], just to name a few among the many authors that contributed to
this approach. An important question of interest follows.

Question 2.1. Does the multiplication of two string polytopes coincide with the tensor product
of the associated crystals?

We translated this question from a product of string polytopes into a product of semistandard
Young tableaux within the tableaux algebra, we answered this question in the negative, and we
obtained new embeddings of crystals that are similar in spirit and form to the ones the literature
of string polytopes has been interested in.

Theorem 2.2. Let T be the highest or lowest weight vector of B(u). Then the map
Or: B(A) —— BA+p)
S 5T
is a crystal embedding.

Proof. Let A, and Z, be the highest and lowest weight vectors of B(u), respectively. Then
Sx Ay = | wo(A4,)] and SxZ, = |S I wea(Z,)]

which are insertions and thus crystal embeddings. This argument also justifies why in general
S % T does not come from an insertion algorithm. g

3 Toric geometry

The second application of the tableaux algebra we consider is to toric geometry.

Note that 7, is always Koszul, which can be argued succinctly in terms of the operation
*. This allows us to decompose 7, as two disjoint pieces that do not interact. One piece is a
polynomial ring in two or three variables, depending on whether m = n or m > n, respectively.
The other piece is comprised of the columns of semistandard Young tableaux where the operation
* forces the so-called product relations.

Theorem 3.1. Let EP = G", \ F" where G* = {T € SSYT,(1%), 1 <k < n},

n 1 1 m 1
7 2 7 2 , 2
! = (m=n), and F} = (m #n).
n-1| |n-1 n—1
n n

The tableauz algebra can be decomposed as

k[E™
T = kG = Sl @ Ky

Moreover, T, is a PBW algebra as well as a Koszul algebra.
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This poses two interesting questions.
Question 3.2. What is the ideal of product relations P, ?
Question 3.3. What is the size of a minimal generating set of P}, ¢

Both of these questions are related to toric geometry, and we answer them cleanly. The
following result answers the first question.

Theorem 3.4. The zero locus V(P),) is a toric variety.

Proof. Tt can be checked that P is a prime binomial ideal, so the claim follows by well known
work of Eisenbud and Sturmfels. g

In fact, the diagonal (or single-indexed) tableaux algebra is isomorphic to the Gelfand—Tsetlin
semigroup. In turn, the Gelfand—Tsetlin semigroup is a flat degeneration of the Pliicker algebra:

Pliicker algebra

T =0T, =

(initial ideal of the ideal of Pliicker relations)’
so it is natural to seek a similar description for 7,7. The following result achieves this.

Theorem 3.5. Let m > n, let Q) = ﬂzzl P, where P, C SL,, is the maximal parabolic
subgroup given by

kxk

(m —k) x (m —k)

and let L® be the tensor product of the ample generators of Pic(SLy,/Py). Then the tableauz
algebra T, is a flat degeneration of the algebra of global sections EBQI‘(SLW/Q%, L%), and the

zero locus V(P is a toric degeneration of the partial flag variety S Ly, /QT,.

The proof heavily relies on work of Hibi [Hib87] and work of Gonciulea and Lakshmibai [GL96].
As for the second question, the following result deals with it.

Theorem 3.6.

1. There exists an explicit construction of a minimal generating set of the product relations
Pl . It can be abbreviated in the following notation:

B = {T T — Lt 7/ - Ry | T, T € Gnm}

2. There exists an explicit formula for the minimal number of generators of P, namely the
cardinality | B |, which exclusively depends on m and n.

As a consequence of the two theorems above, namely leveraging the relation between 7, and
with toric geometry, we find that B}, is a Grobner basis of P)},. This means that we have in fact
counted three sets: the minimal number of Pliicker relations in the partial flag SL,,/Q%,, the
incidence relations between the different Grassmannians in SL,,/Q",, and the minimal number of
Pliicker—Grassmann relations within each Grassmannian Gr(z,m). All the formulas we found are
new, and for the first two cases just mentioned, they are the only known formulas. In particular,
it is worth mentioning that we do not use the well known fact that the minimal number of Pliicker
relations is the sum of the incidence relations and the Pliicker—Grassmann. That fact turns out
to be a consequence of our computations.



005

References

[BT25]

[DGM*26]

Lara Bossinger and Jacinta Torres. Unveiling crystal embeddings: New perspectives
on string polytopes and atomic decompositions, 2025.

Spencer Daugherty, Nicolle Gonzalez, Barbara Muniz, Pablo S. Ocal, Jianping Pan,
and Jacinta Torres. Structure and geometry of the tableaux algebra, 2026.

[GL96] N. Gonciulea and V. Lakshmibai. Degenerations of flag and Schubert varieties to
toric varieties. Transform. Groups, 1(3):215-248, 1996.
[Hib&7] T. Hibi. Distributive lattices, affine semigroup rings and algebras with straightening
laws. In Commutative algebra and combinatorics (Kyoto, 1985), volume 11 of Adv.
Stud. Pure Math., pages 93-109. North-Holland, Amsterdam, 1987.
[Jan96] Jens Carsten Jantzen. Lectures on quantum groups, volume 6 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 1996.
[Kas90] Masaki Kashiwara. Crystalizing the g-analogue of universal enveloping algebras.
Comm. Math. Phys., 133(2):249-260, 1990.
[Kas91] Masaki Kashiwara. On crystal bases of the QQ-analogue of universal enveloping alge-
bras. Duke Math. J., 63(2):465-516, 1991.
[Lit98] Peter Littelmann. Cones, crystals, and patterns. Transform. Groups, 3(2):145-179,
1998.
[LL21] Cédric Lecouvey and Cristian Lenart. Atomic decomposition of characters and crys-
tals. Adv. Math., 376:Paper No. 107453, 51, 2021.
[Lus93] George Lusztig. Introduction to quantum groups, volume 110 of Progress in Mathe-
matics. Birkh&user Boston, Inc., Boston, MA, 1993.
[Pat25] Leonardo Patimo. The charge statistic in type A via the affine Grassmannian. J.
Algebra, 679:169-211, 2025.
The University of British Columbia, Osaka Metropolitan University,
Vancouver, BC, Sumiyoshi, Osaka,
Canada. Japan.
E-mail address: socal@math.ubc.ca E-mail address: y26177q@Qomu.ac.jp





