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A Pieri rule for H-equivariant K-group of
semi-infinite flag manifolds

Satoshi Naito, Duc-Khanh Nguyen, Daisuke Sagaki

Abstract

We study the Pieri problem in the H-equivariant K-group Ky (Qg) of the semi-
infinite flag manifold. Motivated by the equivariant Pieri-Chevalley formula of Kato,
Naito, and Sagaki and the Pieri-type multiplication formula for quantum Grothendieck
polynomials, we formulate a conjectural Pieri rule describing the tensor product of an
arbitrary semi-infinite Schubert class with a special Schubert class. The conjectural
formula is indexed by k-Pieri chains, which are directed paths in the quantum Bruhat
graph satisfying suitable Pieri conditions.
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1 Introduction

Equivariant quantum K-theory of flag varieties is a central topic in Schubert calculus.
A fundamental problem is to obtain explicit multiplication formulas for Schubert classes.
Among them, Pieri rules describe multiplication by distinguished Schubert classes and
often admit elegant combinatorial descriptions in terms of the quantum Bruhat graph.

Let G = SL,+1(C), and let B and H be the Borel subgroup of upper triangular ma-
trices and the maximal torus of diagonal matrices, respectively. Denote by Fl,+1 = G/B
the complete flag variety of type A,. Quantum Grothendieck polynomials and quan-
tum double Grothendieck polynomials provide polynomial representatives for Schubert
classes in quantum K-theory and equivariant quantum K-theory of F'l,, respectively;
see [LMO06, MNS25a, MNS25b]. These polynomial models reveal a close relationship be-
tween the multiplicative structure of quantum K-theory and the combinatorics of the
quantum Bruhat graph.

The semi-infinite flag manifold Qg provides a natural framework for studying mul-
tiplication formulas in quantum K-theory. Its H-equivariant K-group Kg(Qg) has a
basis consisting of the structure sheaves of semi-infinite Schubert varieties, and the K-
theoretic Peterson isomorphism identifies Kp(Qg) with the equivariant quantum K-
theory of Fl,41; see [Kat23,Kat25]. Under this correspondence, the quantum parameters
are realized as translation operators.

A fundamental multiplication formula in Kz (Q¢) was established by Kato, Naito, and
Sagaki, who proved an equivariant Pieri-Chevalley formula describing the tensor product
of a semi-infinite Schubert class with a line bundle class; see [KNS20]. Their formula is
expressed in terms of semi-infinite Lakshmibai—Seshadri paths and serves as the starting
point for the present work.

The purpose of this paper is to establish a Pieri rule in Kg(Qg). We obtain a conjec-
tural explicit expansion of the tensor product of an arbitrary semi-infinite Schubert class
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with a distinguished Schubert class in the basis of semi-infinite Schubert classes. The
expansion is indexed by k-Pieri chains, namely directed paths in the quantum Bruhat
graph satisfying suitable Pieri conditions.

Our approach combines the equivariant Chevalley formula in Kz (Qg) with a combina-
torial analysis of the quantum Bruhat graph. This enables us to organize the contributing
terms into k-Pieri chains and derive the desired Pieri rule, yielding an explicit combina-
torial description of multiplication in Kg(Qgq).

2 Rreliminary

2.1 Algebraic groups

Let G = SL,+1(C) be the connected, simply connected simple algebraic group of type A,
over C. Let B be the Borel subgroup of upper triangular matrices and H the maximal
torus of diagonal matrices. We denote by R(H) the representation ring of H.

Let Q¥ =37 | Zay be the coroot lattice of G, where a , . .., a are the simple coroots,
and let Q¥ = > | Z>pa; be the dominant coroot lattice. We write P = Y1 | Zw;
for the weight lattice of G, where wy,...,w, are the fundamental weights, and denote by

Z[P] =3 ,\cpZe* its group algebra.

The Weyl group of G is W = S,41 = (s1,...,5pn), where s; = (i,i + 1) is the simple
reflection corresponding to a;. The affine Weyl group is Wy = W x QV, and we write
I/Vazf0 >~ W x QYT for the subset consisting of affine Weyl group elements whose translation
part is dominant.

2.2 H-equivariant K-group of the semi-infinite flag manifold

Following [KNS20], the semi-infinite flag manifold associated with G is Qg = G(C((t)))/B(C|[[t]]).
Its H-equivariant K-group is Ku(Qq) =[],y 20 Z[P][Oq, (2)], where [Oq, ()] denotes
af

the semi-infinite Schubert class indexed by z € WaZfO_

2.3 H-equivariant quantum K-theory of the full flag manifold

Following [Lee04], let Fl,y1 = G/B be the complete flag manifold of type A,. Its H-
equivariant K-group is Ky (Flny1) = @, e Z[P][O"], where [O"] denotes the Schubert
class indexed by w € W. The corresponding H-equivariant quantum K-theory ring is

QKu(Flpt1) = Ka(Flny1) ®rey ZIP][[Q]], where Q = (Q1,...,Qy) is the family of
Novikov variables with Q; = QO‘;/ forl1 <i<n.

Theorem 2.1 (see [Kat25]). We have an Z[P]-isomorphism of commutative algebras
®: QKp(Flny1) = Ku(Qe)

such that e*[O%][Q%] — e *[Oqy, (wte)] for p € P, w e W, £ € QVF.

Definition 2.2 (Demazure operators, see [LMO06]). For 1 <i<n—1, let

1—wyi .
7r1(y) =id +—y(1d —$;)
Yi — Yi+1

acting on Frac(Z[yfl, oy, where s; exchanges y; and yii 1.
If w=s;, -5, 1s a reduced decomposition, define

@ =¥ .. 'wl(j’).

This operator is well-defined, i.e., independent of the choice of reduced decomposition.
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Definition 2.3 (Quantum double Grothendieck polynomials, see [LMO06]). Let wq be the
longest element of W = Sp41. Define

n k
63 (z.y) =[] (Z(—m’(l — Y1) Ff (21, ...,xn+1>) ,

k=1 \I[=0

where

Ff(zr,.. o)=Y [ @=@) [J-=y.

Jc{1,...,k} jeJ jeJ
|J|=l  j+1¢J

For w € W, the quantum double Grothendieck polynomial is defined by
62 () =il 63 (@,y).

Remark 2.4.
- Bylz,y) = (’5820(3:,34), the double Grothendieck polynomial;
- Qig(z,y) = Q(&y(x,y)), where Q denotes the quantization map;
- @8(:1:) = @8(33,11 = 0), the quantum Grothendieck polynomial.

Setting
17yj:17e76j7 1§]Sn7

we identify
R(H)=Z[eT, ... et =7Z[1-y)T, ..., 1 -y)F], (ID1)
RH)[Q]][z1, .-, xps1] = Z[[Ql[21, - - - 2npa)[(1 = y1) o (1= y) '] (ID2)

Theorem 2.5 (see [MNS25b]). Under the identification (ID2), there exists an R(H)[[Q]]-
algebra isomorphism

1%

U9 RU[Qfw1, -+ @p1] /19 — QK p(Flyia)

such that
@ (63(58,,7;) mod [Q) = [0Y],
where 19 is the ideal of R(H)[[Q]][x1, ..., Zni1] generated by the elements
S Mol - X e
JcIn+1 J&J jeJ JCIn+1

|J|=t J+1¢J |J|=l

where

1_Q‘a 1§j§na
1Qj:{ !

1, j=n+1

Motivated by the Pieri-type multiplication formula for quantum Grothendieck polyno-
mials &% (z) established in [NS25], we study the following problem.

Problem 2.6. Find a Pieri rule in Kg(Qg): For w € Spy1, 1 <k<n+1,

[0q(s1...5,)] ® [Oq,(w)] = Z (coefficient = ?2)  [Oq, (v)].

>0
vEWaf

3
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3 Result

The equivariant Pieri-Chevalley formula describes multiplication by line bundle classes.
To obtain a Pieri rule, one has to iterate this formula. The resulting terms are naturally
encoded by directed paths in the quantum Bruhat graph. This motivates the following
notion of k-Pieri chains.

Definition 3.1 (quantum Bruhat graph, see [NS25]). The quantum Bruhat graph QBG(Sy+1)
is the directed graph whose vertices are the elements of Sp4+1 and whose directed edges are

of the form x M y, with x,y € Spy1 and 1 < a <b<n+1, such that y = x - (a,b) and
either of the following holds:

(B) U(y) = {(z) + 1,
(Q) ((y) = l(z) —2(b—a) + 1.

An edge satisfying condition (B) (resp., (Q)) is called a Bruhat edge (resp., a quantum
edge). For a path

(a1,b1) (a2,b2) (ar,br)
To I e r
in QBG(Sp+1), we set £(p) :=r, end(p) := z,, and
wt(p) = Z (ai, bi).

(ag;bi) )
Ti_1——>x; 1S a quantum edge

Example 3.2. QBG(S3)

321

231 . 312
(2,3) (1,2)

213 132

(1,2) (2,3)

123

Definition 3.3 (k-Pieri chain, see [NS25]). Let w € Sy41 and k> 1. A directed path

(alvbl) (a27b2) (aTvbT)
P o I1 PN

r
in QBG(Sp+1) is called a k-Pieri chain if it satisfies the following conditions:

(P0) as <k < bs, and (as,bs) is not repeated for all 1 < s < r;

(P1) by > by > > by;

(P2) If r > 3, and if a; = as for some 1 <t < s <r—1, then (as,bs) < (ast1,bs+1),

where (a,b) < (¢,d) means (b>d) or (b=d and a < c).
Let PE(w) denote the set of all k-Pieri chains starting at w.

Example 3.4. The points in the figure below represent the labels of a 5-Pieri chain start-
ing from w = (1,2,7)(3,6,5,8):
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10

Points: (1, 8), (5, 7), (2, 7), (3, 7), (4, 6), (1, 6), (5, 6)

Theorem 3.5 (Naito, Nguyen, Sagaki). For w,v € S,y1, there exists at most one k-Pieri
chain p from w to v.
Fix 1 <k <n. Let J = {j1,j2,...,0p} C[k] ={1,2,...,k}, with 1 < j1 <jp<--- <
Jp < k. Let (B, ..., B1) be the sequence
(j17n + 1)7 (jlan)a e )6’11_.?.17%'7 cee )%7 ey (jlajl + 2)7 (jlajl + 1)7

(jQ,TZ + 1)7 (j?an)a e (jdajp)a ey (jdajé)a ey (j27j2 + 2)7 <j21j2 + 1)7

(jp—lyn + 1)7 (jp—lan)a e )ﬁmﬁ'a D) (jp—lajp—l + 2)7 (jp—lajp—l + 1)1
(jp7n + 1)7 (jp,n), ey (jpvjp + 2)1 (jp7jp + 1)7
Let (y1,---,7) be the sequence

(j17n + 1)7 (jlan)a “ee )Wa cee )%7 ey (jlajl + 2)7 (jlajl + 1)7
(jQ,TZ + 1)7 (j?an)a “ee )Wa cee )%7 ey (j27j2 + 2)7 <j21j2 + 1)7
(jp—17n + 1)7 (jp—lan)a cee )Wa ceey (jp—lajp—l + 2)7 (jp—lajp—l + 1)1
(jp7”+ 1)7(jpan)v"-a(jpvjp+2>a<jpajp+ 1),

where (jr, js) does not appear in the sequence above for any 1 < r < s < p.

Example 3.6. Forn =9, k=05, and J = 2,4,5, the red arrows represent the 3-sequence,
while the blue arrows represent the v-sequence. The labels of the chain are represented by
points in N2.

10
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Definition 3.7 (8v-chain, see [MNS25b]). Let w € Sy41, J C [k]. A Bry-chain of type J
starting from w is a directed path in QBG(S,+1) of the form:

d:w:x5%-~ﬁ>m0:ygﬂ>~~ﬂ>yt =: end(d),

=:dg, the B-part of d =:d~, the y-part of d
withs>0anda>as > --->a; > 1,
witht>0and 1 <b; <by <---<b <.

Example 3.8. A Bv-chain d of type J = {2,4,5} starting from w = (1,2,7)(3,6,5,8):

10

Points: (1, 4), (3, 5), (2, 3), (4, 8), (4, 6), (5, 7), (5, 6)

Here, dg has edges (1,4),(3,5) and d- has edges (2,3), (4,8),(4,6),(5,7), (5,6).

Lemma 3.9 (see [NS25]). Let v € Sp41, and a,b,c,d € 7.

Assume that a < b, ¢ < d, and {a,b} N{c,d} = 0. If (v; (a,b),(c,d)) is a directed
path, then so is (v; (¢, d), (a,b)).

Assume thata < b < c. If (v; (a,c), (b, c)) is a directed path, then so is (v; (b, c), (a,b)).
Also, if (v; (b,c),(a,c)) is a directed path, then so is (v; (a,b), (b,c)).

Assume thata < b < c. If (v; (a,b), (a,c)) is a directed path, then so is (v; (b, ¢), (a,b)).
Also, if (v; (a,c),(a,b)) is a directed path, then so is (v; (a,b), (b, c)).

Assume thata < b < c. If (v; (a,b), (b, c)) is a directed path, then either (v; (b,c), (a,c))
or (v; (a,c), (a,b)) is a directed path. Also, if (v; (b,c), (a,b)) is a directed path in the
quantum Bruhat graph, then either (v; (a,c), (b, c)) or (v; (a,b), (a,c)) is a directed
path.
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(bye)

&
R

(a,¢)

(c,d)

(a,b)

(a,b)

(be)

&
<

(a,¢)

(bye)

(a,b) /

&
<

(ay¢)

(a)b)

We say that two paths in QBG(S,,+1) are equivalent if they can be transformed to each

other by a series of rules in the lemma.

For each k-Pieri chain p starting from w €

Theorem 3.10 (Naito, Nguyen, Sagaki).

Snt1, there exists a unique By-chain d starting from w such that p and d are equivalent.

Example 3.11. The Bv-chain and 5-Pieri chain in the previous Examples are equivalent

by the following transformation:

(1,4),(3,5),(2,3),(4,8),(4,6),(5,7),(5,6)
(3,5),(1,4),(2,3),(4,8),(4,6),(5,7),(5,6)
(3,5),(2,3),(1,4),(4,8),(4,6),(5,7), (5,6)
(2,5),(3,5),(1,4),(4,8),(4,6),(5,7), (5,6)
(2,5),(3,5),(1,8),(1,4),(4,6),(5,7),(5,6)
(2,5),(1,8),(3,5),(1,4),(4,6),(5,7),(5,6)
(1,8),(2,5),(3,5),(1,4),(4,6),(5,7),(5,6)

(1,8),(2,5),(3,5),(4,6),(1,6),(5,7), (5,6)

(1,8),(2,5),(3,5),(4,6),(5,7),(1,6), (5,6)

(1,8),(2,5),(3,5),(5,7),(4,6),(1,6), (5,6)
(1,8),(2,5),(5,7),(3,7),(4,6),(1,6), (5,6)

(1,8),(5,7),(2,7),(3,7),(4,6),(1,6), (5,6)

The corresponding chains are illustrated below.



Path 0

=N WA U N ® ©

1 2 3 4 5

(1,4), (3.5), (2.3). (4.8), (4.6). (5.7), (5.6)
Path 4

A

12 3 4 s

N W A U O N © ©

(2.5), (3.5), (1.8). (1.4), (4,6). (5.7), (5.6)
Path 8

1 2 3 4 5

N W A U O N ® ©

(1.8), (2.5), (3.5). (4,6). (5.7). (16). (5.6)

For J C [k], set €5 := > €;, where ¢j = wj — wjyq for 1 <j<n+1.
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Path 1

=N WA U O N ® ©

1 2 3 4 5

(3,5), (1,4), (2,3), (4.8). (4,6), (5.7). (5,6)
Path 5

N W A U O N © ©

1 2 3 4 5

(2,5), (1.8), (3.5). (1.4), (4,6). (5.7). (5,6)
Path 9

et

1 2 3 4 5

N W A U O N ® ©

(1,8), (2.5), (3.5, (5.7). (4,6). (1.6). (5.6)

jeJ

Path 2
10
9
8
7
6 v
5 =
7
3
2 4
1

1 2 3 4 5

(3,5), (2,3), (14), (4.8). (4,6), (5.7). (5,6)
Path 6

1 2 3 4 5

N W A U O N © ©

(18), (2.5), (3.5, (L4), (4,6). (5.7). (5.6)
Path 10

=

1 2 3 4 5

N W A U O N ® ©

(18), (2.5), (5.7). (3.7). (4.6). (1.6). (5.6)

Path 3

=N WA U o N ® ©

12 3 4 5

(25). (3,5), (1,4, (4.8, (4.6), (5.7), (5.6)
Path 7

b

12 3 a5

N W A U & N © ©

(1,8). (2,5), (3.5), (4.6), (L6), (5.7). (5.6)
Path 11

M N W A U o N ® ©

1 2 3 4 5

(18). (5.7), 2.7), (3.7). (4.6). (1L6). (5.6)

The correspondence established in Theorem 3.10 suggests that the equivariant Pieri—
Chevalley formula in K (Q¢) admits a description in terms of k-Pieri chains. This leads
to the following conjectural Pieri rule.

Conjecture 3.12 (Naito, Nguyen, Sagaki). It holds that [Oq.(s1...sk)] ® [Oqe(w)]

_ Z Z e|J|61—e’rLd(pﬁ)6J(71)|J|+e(p’7)[OQG(end(p)tWt(p))],

JCIK] pePF(w)

where pg 1= dg and p := dy, with d is the unique By-chain that is equivalent to p.
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