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CATEGORICAL AND COMBINATORIAL APPROACHES
TO THE DETERMINATION OF EXCHANGE MATRICES

ALESSANDRO CONTU
RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, KYOTO UNIVERSITY

1. INTRODUCTION

Cluster algebras, defined by Fomin—Zelevinsky [5] at the beginning of the century, are a
class of commutative algebras generated by certain elements called cluster variables. Clus-
ter variables are grouped into distinguished subsets called clusters. Each cluster comes
equipped with a quiver, forming a seed. Through a combinatorial procedure, starting
from an initial seed, all the other seeds can be constructed. Cluster algebra structures
are ubiquitous in mathematics (see [12]). For example, in the context of the represen-
tation theory of quantum affine algebras, starting from Hernandez—Leclerc’s work [§],
many Grothendieck rings of module categories have been endowed with cluster algebras
structures. In 2024, Kashiwara—Kim—Oh—Park [11] wrote one of the most comprehensive

works on the subject, working with certain monoidal subcategories %ﬂg[a’b]’s of the cate-
gory of finite-dimensional modules of a quantum affine algebra. In order to describe their
cluster structures, they introduced the combinatorics of chain of i-bozes, sequences of in-
tervals (the i-bozes) satisfying certain conditions. Each chain of i-boxes is associated with
a monoidal seed, which consists of a collection of simple modules satysfying certain prop-
erties and an exchange matrix. Monoidal seeds correspond to seeds of the cluster algebra
structures on the Grothendieck rings. However, for most of their seeds, Kashiwara—Kim—
Oh—Park do not explicitly provide the exchange matrices. At this time, three solutions
have been proposed: in [3], we computed Kashiwara—Kim—Oh—Park’s exchange matrices
in a context of additive categorification; in 10|, Kashiwara—Kim provided deduced ex-
plicit formulas by relying on monoidal categorification techniques; finally, together with
Qin—Wei [4], we recovered Kashiwara—Kim’s formulas using the combinatorics of signed
words. In this report, we discuss the solutions proposed in [3] and [4].

2. MONOIDAL CATEGORIFICATION

2.1. The categories ‘Kg[a’b]’s. Let g be a finite-dimensional simple complex Lie algebra

and denote the set of vertices of its Dynkin diagram by I; = {1,...,n}. For simplicity,
in this review we will further assume that the Lie algebra g is of ADE type. Let U,(Lg)
be the quantum loop algebra over the complex numbers associated to g (see |7, Definition
2.1]). For each vertex i of the Dynkin diagram of g, we choose &; € {0,1} such that we
have |€; — €| = 1 whenever the vertices ¢ and j are linked by an edge. Define j; to be the
set R
I, ={(i,p) e I XZ | p—¢& €2Z}.

Let 6, be the associated Hernandez—Leclerc category (see [8])). It is a monoidal Serre
subcategory of the category of finite-dimensional U,(Lg)-modules. It follows from the
theory of g-characters (see [6]) that its simple objects are parametrized by the monic

monomials in the variables Y;,, for (i,p) in I;. Given such monomial m, we denote the
1
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associated simple object by L(m). For example, for (i,p) € _/f; and an integer k > 1, the
Kirillov-Reshetikhin module Wy, € €7 is defined as

Wli,p = L(YipYipra - Yiprh-1))-

Two simple objects M and N of ‘KQZ commute if there is an isomorphism M @ N =2 N ® M
and they strongly commute if M ® N is simple. Moreover, the simple object M is real if
it strongly commutes with itself. Let wy be the longest element of the Weyl group of g
and denote its length by /. R

Let 8 = (ix, pr)rez be an ordering of the elements of I;. For s € Z, we denote by st
(resp. s7) the smallest index k > s such that i, = i5 (resp. the greatest index k < s
such that i, = is). We assume that the sequence s is admissible, that is, it satisfies the
following conditions:

(i) ps+ = ps + 2 for any s € Z;

(ii) for s,t € Z, if iy ~ i; are adjacent vertices and ¢t~ < s <t < s¥, then p; = ps + 1;
(iii) for any k € Z, we have s;, ... s;,,, , = wo.
For a < b € Z, write [a,b] = {k € Z | a < k < b} (in the original sources, the case of
infinite intervals is also treated). Following [11, Def. 6.16], the category ng[a,b},s is defined
as the monoidal Serre subcategory of CKQZ generated by the fundamental modules L(Y;, ),
for k € [a, b].

2.2. Monoidal categorification. Let [a,b] be an integer interval. Following [11], a

b2 is a triple

S = ({M;}iek, B, K),

monoidal seed in ‘59[

where

e K is a finite index set with a decomposition K = K [] K™, where the indices in
K*®* are called exchangeable and those in K™ are called frozen;
o B = (bjj)kxke is a a skew-symmetric matrix, called ezchange matriz;

o {M;}ick is a strongly commuting family of real simple objects in ‘@[MLE.

)

Moreover, a monoidal seed § in cgg[a,b} * is admissible if, for any k € K°*, there exists a real
simple object M} € %[a,b],g

in a short exact sequence

strongly commuting with M; for any i € K\{k} and occurring

0— Q) M* — My, o M, — ) M, "* = 0.

bix>0 birx<0

If S is admissible, its mutation in direction k is the monoidal seed

1(S) = ({ M}z U{M}, ui(B), K).

The monoidal seed S is completely admissible if it admits successive mutations in all

¥

possible directions. The category %[a’b} * is a monoidal categorification of a cluster algebra

A if there is a ring isomorphism ¢ : K(‘fg[a’b}’s) = A such that there is a completely
admissible monoidal seed & = ({M, }ick, B, K) whose image (B, (¢([M;]))icx) under ¢
is a seed of A and, for i € K, the elements ¢([M,]) are the frozen cluster variables (we
refer to [12]| for unexplained terminology).
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2.3. Monoidal categorification via i-boxes. Forgetting the second component, we
associate to the admissible sequence s = (i, px)rez the sequence W, = (ix)rez-

Definition 2.1 (|11, Section 4]).

e An i-boz of color j € I is a finite integer interval [c, d] such that j = i. = i4.
e The i-cardinality of an i-box [c, d] is the number of times that its color appears in
the sub-interval of W, corresponding to [, d].

For a finite interval [c, d], we write [c, d} and {c, d] for the largest i-boxes contained in
[c, d] with color i, and i, respectively. Sometimes, for an i-box [c, d] of color i, we will
write [c, d];. Moreover, given an i-box [c, d], we will consider the i-boxes 7[c,d] = [¢T, d "]
and 77 [e,d] = [¢7,d].

Example 2.2. Assume that g is of type Az and consider the sequence

@~ 3 1 2 3 12 1 3 2 1 3 2
Z --5-4-3-2-10 1 2 3 4 5 6

e The interval [0,0] is an i-box of color 2 and i-cardinality 1.
e The interval [—1, 1] is an i-box of color 1 and i-cardinality 2.
e The interval [—3, 6] is an i-box of color 2 and i-cardinality 4.

Let [ be the length of the interval [a, b].

Definition 2.3 ([11, Def. 5.1]). A chain of i-boxes of range |[a, b] is a sequence of i-boxes
¢ = (cx)1<k<; contained in [a, b] such that, for any 1 < s < [, the union J,.,., ¢ is an
interval of length s and the i-box ¢, is the largest i-box of its own color contained in it.

Example 2.4. Keep the sequence w, of Example 2.2. We consider the following chain of
i-boxes and the associated chain of increasing intervals. In case one interval extends to
the next one on the right (resp. on the left) we add an arrow labelled by R (resp. L).

€= (cx)i<kcs  [4h Bl B2 [2,5]z [3,6]2 [1,4]:
Usgkcs [4] [47 5] [37 5] [27 5] [27 6] [17 6]

D O S N S O

R L L R L

The previous example shows that the datum of a chain of i-boxes € = (¢x)1<r<; iS
equivalent to the data of the singleton ¢; and a sequence E € {L, R}'~!, such that, for
1 <k <, Ejis equal to L respectively R if adding ¢x,, increases the range of the interval
Uj<p<s € by one unit on the left respectively on the right. We call the sequence E the
sequence of expansion operators associated with the chain of i-boxes €.

Example 2.5. We write ¢! for the chain of i-boxes

el — (¢ J1h<b—at1 = ([8,0})bzs>a -

Notice that the associated pair is (b; (Ex)i1<k<p—a), Where Ej = L for any k.

Definition 2.6 ([11, §5.2|). Let € = (¢x) = (¢, (Ek)1<k<1) be a chain of i-boxes.

(i) For 1 < s <, the i-box ¢ is movable if s =1 or s > 2 and Fy_; # Fj.
(ii) For a movable i-box ¢, the boz move at s, denoted by vy, is the operation sending
¢ to the chain v,€ defined as follows
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— Move of type 1: if the color of ¢4, is different from the color of ¢y, then v,€
is obtained from € by switching the positions of ¢ and ¢4 ;.

— Move of type 2: if the color of ¢y is equal to the color of ¢, then v,€ is
obtained from € by replacing ¢, with the unique -box among 77 ¢, and 7¢;
contained in cgy.

We call a finite composition of box moves a chain transformation.

Example 2.7. We keep the sequence w, of Example 2.2.
Consider the following chain of i-boxes on the interval [1, 6]:

C= [ Pls Bl [25s [3,6: [1,5s

R L L R L
move of type 1:  15(€) = [4]; 3]2 bls  [2,5]s [3,6]2 [1,5]3

D O T N D (N

L R L R L
move of type 2:  v315(€) =4]; [3]2 25  [2,5]s [3,6]2 [1,5]3

D O T N D (T N

L L R R L

Remark 2.8. Any chain of i-boxes of range [a, b] can be obtained through a chain trans-

formation from the chain of i-boxes €. In more detail, let € = (¢x) be a chain of i-boxes
on the interval [a,b]. Let ky < k2 < ... be the elements of the set

R={kel[l,l-1]| B, = R}

We set & = Q:[f’b} and, for any 1 < s < |R|, we define €, as the chain of i-boxes of range
[a, b] with associated sequence of expansion operators

{R, if k€ Rk > kirj—ss
B =

| L, otherwise.

Then we have, for any 1 < s < |R/, the chain transformation

(1) Vi o1 © Vkigy_, © -0 va ot €y &g
By composition, we obtain a chain transformation
(2) e e

We call a chain transformation of the form (1) basic and one of the form (2) canonical.
By composing a canonical chain transformation with the inverse of a canonical chain
transformation, we obtain a chain transformation between any pair of chains of i-boxes
with the same range.

Let ¢ = [¢, d]; be an i-box of i-cardinality m. Following [11, Rem. 6.15], we associate to
the i-box ¢ the Kirillov-Reshetikhin module

M(c) =W, ..
For a chain of i-boxes € = (¢;) of range [a,b], set K(€) = {k | 1 < k < [} and let

K (€)™ be the set formed by the indices corresponding to the maximal i-boxes in €, for
any color.
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Theorem 2.9 (|11, Thm. 8.1|). For each chain of i-boxes € of range |a,b], there is an
exchange matriz B(€) such that the monoidal seed

(3) S(€) = (M(2), B(¢), K(€))

mn Cﬁg[a’b]’s 18 completely admissible and defines a monoidal categorification of the cluster
algebra A associated with B(C).

At the end of [11]|, Kashiwara—Kim—Oh—Park state the following problem for any chain
of i-boxes €

(KKOP Problem) determine explicitly the exchange matrix B(€).

We denote the quiver of the matrix B(€) by Q(¢). The quiver Q(¢") is already
known from the work of Hernandez—Leclerc [8]. Let @ be the quiver with set of vertices
I; and arrows:

e (i,p) — (i,p—2) for any (i,p) € fg.

o (i,p) = (j,p+1) for any (i,p) € I, and j adjacent to i.
We denote by @[“76175 the full subquiver of @ on the set of vertices (ix, pr)rez-
Proposition 2.10 ([9]). The quiver Q(Q[f’b}) equals Q@Y.

The next result describes the effect of a box move in the associated monoidal seeds.
Lemma 2.11 ([11]). Let € = (¢x)1<k<; be a chain of i-boxes. Let s € K™ such that ¢, is

movable and write ¢s11 = [asi1,bsi1]-
(i) If the move at ¢ is of type 2, then

S(vs(€) = ({M(ex) brer(@nisy U {M (o)}, ps(B(€)), K(€)),
where
no_ [as+l>b5_+1] if ¢ = [a;_+1>bs+1]
Mic,) = {[a:+1>bs+l] if ¢ = [asq1,bsyy)-

(i) If the move at ¢4 is of type 1, then
S(vs(€)) = ({M (k) ber (o), B'(€), K(T)),

where
M(c;i‘) = M(cos(k))? B/(Q:)ZJ = B(Q:)Us(i)ygs(j)
and o, denotes transposition of s and s + 1.
2.4. An algorithmic solution. Using Lemma 2.11, we can define an algorithm to com-
pute the matrices B(€). Let € be a chain of i-boxes of range [a, b] associated with a pair
(¢, (Ex)1<k<i—1). We recursively construct the quiver Q(€) starting from the quiver Q%=
as follows: Let 71 < i3 < ... be the elements of the set

R={ke[l,l-1]| Ex = R}.
We set €5 = ¢le?) and, for any 1 < s < |R|, as in Remark 2.8, we define the chain of
i-boxes €, of range [a, b] associated to the sequence of expansion operators
R, iftkeR k> i|R|—s+1
Ey = .
L, otherwise.
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Notice that €z = € and that, for any 1 < s < |R|, the chain of i-boxes €, associated
with
(b — S, ( L, .. ,L ,R, Ei|R|—s+1+1’ Ce aEl—l))

(f|r|=s4+1—1)
can be obtained from the chain &_;) associated with

(b— S + 1,( L,...,L ’L’Ei|72|—s+1+1’""El_l))
(E1R|=s+1—1))

through a basic chain transformation. Let ¢,,,... ¢, be the i-boxes of €;,_; = (¢i); of
color #_s41 and satisfying 7; < 4jg|—s41 + 1.

Then (see [3, Lemma 4.12]) the quiver Q(€;) is obtained from the quiver Q(&€,_;) by
mutating, in order, at the vertices associated to the i-boxes ¢;,,...,¢;, . Proceeding by
recursion we obtain the quiver Q(¢).

3. A SOLUTION VIA ADDITIVE CATEGORIFICATION

For Let k£ be an algebraically closed field and denote by D = Homy(—, k) the duality
over k. Let C be a 2-Calabi—Yau k-category with suspension functor >. For an object X
of C, we denote by add(X) the full subcategory of C whose objects are the direct factors of
finite direct sums of copies of X. In the additive setting, the role of clusters is played by
cluster-tilting objetcs, that is basic maximally rigid objects. Let T; be an indecomposable
direct factor of a cluster-tilting object T = T; © Ty. Up to isomorphism, there is a unique
indecomposable object T not isomorphic to 7; such that the object T ® T} is cluster-

tilting. Moreover, as avatar of the exchange relation, there are the exchange triangles,
non split triangles

(4) T, % BYST - ST and TF S B 5 T, — ST7,
satisfying some additional conditions. If the quivers ) and @’ of the endomorphism
algebras of T and p;(T") do not have loops nor 2-cycles, then )’ is the mutation of @ at
the vertex 1.

Moreover, for any object X of C, there is the approximation triangle of X by T, a
certain triangle of the form

(5) SIIX T =T — X,

such that 7" and 7" are objects of add(T").
Our solution via additive categorification to Kashiwara—Kim—Oh—Park’s problem relies
on the following result by Palu:

Theorem 3.1 (Palu’s generalized mutation rule [13]). Assume that C is algebraic and let
T =@, Ti and T = @,,;T; be two basic cluster tilting objects in C. Consider, for
each summand T} of T', the approximation triangle of T} by T':

ST — EBTf“ — @Tf“ — T

Define the matriz P = (pij)ijes by pij = cuj — Bij. Then the matriz P is invertible and
the matrices associated to the quivers of the endomorphism algebras of the cluster tilting
objects T and T" are linked by the following formula:

BT/ - P_IBTP_t,
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where P~t denotes the inverse of the transpose of P.

In order to exploit Palu’s formula, we need the following:

(1) A suitable 2-CY category C.

(2) For any chain of i-boxes €, a cluster tilting object T(€) in T whose associated
endoquiver is B(€).

(3) For any cluster-tilting object T7'(€), the approximation triangles with respect to
T (e

In order to address the first point, we will look at Amiot’s cluster categories [1]. We

refer to [12] for the definition and basic properties of cluster category. We endow @“’b]’s

with the potential W1** given by the alternated sum of the cordless cycles of @[a’b} *. Let
J1@ be the associated Jacobi algebra.

Proposition 3.2 (|3, Prop 6.1]).

(1) The Jacobi algebra J** (w,) is finite-dimensional.
(2) The quiver with potential (Q1**= Wt} s rigid.

It follows from the general theory that the cluster category associated to the quiver
with potential (Q[*%*, W@ is Hom-finite, Krull-Schmidt, 2-Calabi—Yau and it contains
a canonical cluster-tilting object, whose associated quiver is @[“’b]’s. This cluster category
is suitable for proving these general properties. Nevertheless, to construct and to work
with our cluster tilting objects, an alternative model is more convenient.

For a given arrow « : a — b of @W’]’s, where i, # J,, we define its orbit as the set or
arrows {0 : ¢ — dl|i. = i,, iq = ip}. For each pair of lines 7, j such that the associated
Dynkin indices are adjacent, remove from the quiver @[“’b]’s the orbit of the second arrow
from the right connecting the line ¢ and the line j and replace each removed arrow with
a relation like in the figure:

ba = dc

We denote by A the algebra associated to the resulting quiver with relations.
Proposition 3.3 ([3, Prop 6.8]). The algebra A is of global dimension at most 2.

Following Amiot’s theory, the previous results allows us to define the generalized clus-
ter category C4 as the orbit category of the derived category of A. In particular, there
is a functor from the module category of A to C4. Moreover, by construction, this cate-
gory is triangle equivalent to the cluster category associated to the quiver with potential
(Qlatls Wlebl) and, therefore, it inherits all its properties.
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Example 3.4. Let g be of type A3 and [a,b] = [1,9]. The following diagram shows the
construction of the algebra A and Amiot’s equivalence.

[ [ [ [ [ [
NN SN Ny N T\
[ [ [ — [ [ ] [ ]
AN SN S AN N4
[ ] [ ] [ ] [ [ [
Quiver Q9= Quiver with relations of A

\, /

C(@[l,Q],aw[l,Q]) = CA

Working in the category C4, we define a cluster-tilting object for each chain of i-boxes
¢ in [a,b]. We denote by m; the m-th vertex from the right on the line i of Q%% and
by P, the associated indecomposable projective A-module. Let 7 be in Iy and m, k be

non-negative integers such that (m + k); is a vertex of @[“’b}’s . We define the additive
K R-module K R(i,k,m) as the quotient

Pml. — P(m_,_k)i — KR(i, k‘, m) — 0.
Let ¢ be an i-box contained in [a, b] of color ¢ and cardinality k. Then there exists an i-

box [¢, b}; in ¢ and a non-negative integer m such that (m+Fk); is a vertex of Q¥ and

T ™[c,b}; = ¢. We associate to the i-box ¢ the additive K R-module T'(¢) = K R(i, k, m)
For a chain of i-boxes € with range [a, b] we define the A-module T'(€) by

T(€) =EPT(c).

el

Viewing T'(€) as an object of the cluster category, we have the following.

Theorem 3.5. Let € be a chain of i-boxes on [a,b]. Then the object T(€) of C4 is
cluster-tilting.

When € = Q:[f’b], we have T(Q:[f’b]) = A, the canonical cluster tilting object. In particu-

lar, its endoquiver is Q(Q[i“b]). Moreover, working in the module category and projecting

to the cluster category, we have the exchange triangles
KR(i,k,m) — KR(i,k —1,m+1) ® KR(i,k+1,m) — KR(i,k,m + 1) EN
and the approximation traingles
ST'KR(iy k,m) = P, — Panrry, — KR(i, k,m).

Finally, by showing that for any box move of type 2 at a vertex s we have T'(v4(€)) =
ps(T'(€)), we conclude that the endoquiver of 7'(€) is the desired quiver (). Therefore,
by applying Palu’s theorem, we obtain an expression for the associated matrices:

B(T(€)) = P(¢)'B(T(¢“"))P(e)~,

where the matrix P(€) is obtained through the approximation triangles.
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4. A SOLUTION VIA SIGNED WORDS

4.1. Combinatorics of signed words. Let [ be in N and let C' = (c;;); jes, be the
Cartan matrix of g. A signed word of length [ on I is a sequence h = (el )1<,<; Where,
for any k, e, € {1} and hy € I. Denote hy = exhy and |hy| = hy. For any 1 < j k <1,
let hy; ; denote the sequence (hy)sefj-

We denote K (h) = [1,(] and consider the set of frozen indices

Kh)"={sec K)|3te[s+1,1, hy = hs}
For any k € K(h), we define k[1] as

(6) E[1] = min({k" € [k + 1,1] | |hw| = |hg|} U {+00}.
Following [2], for any signed word h, let B(h) = (b k) (jk)eK () x K(n) De the matrix
(en k=[],
—&j j = k[1],
B €kClh, ], hy| i) = ek, J <k < j[1] <k[1],
(7) bjk = { €kClh;|,[hy] €k = —Ek[1]; J<k< k[l] < j[l]a
—EiChny | Ekpr] = &5, K < J < K[1] < 1],
—€iCm el €5 = —En) k< g < g <k[1],
0 otherwise.

\

According to [14], we consider the following operations on signed words and the effects
on the associated matrices (notice the similarity with the combinatorics of i-boxes). Let
h = (hy,)kep,y be a signed word.

e The left reflection of h is the operation sending h to the signed word h' =
(— hl,h[zl) Then B(h") = B(h)

e Let j bein [1,] — 1] such that h; and h;, have different signs. Then the flip of h
at j is the operation sending h to the signed word h' = (hyjoay e, hy hy ).
Then

(BW) i hy =,
Example 4.1. Suppose that g is of type A3 and consider the signed word
h=(-1,-2,2,2,3,-3,1,2).
e Left reflection of h: h' = (1,-2,2,2,3,-3,1,2).

B = {o—mlB(h) it by £ 0,
) )

e Flipof h' at j =5: h" = (1,-2,2,2,-3,3,1,2).

Let € = (cx)kep1, be a chain of i-boxes on [a,b] and let (E})1<k<; be the associated se-
quence of expansion operators. Following [4], the associated signed word h(€) = (hy)i<x<
is defined as follows

e we set h, equal to the color h; of the i-box ¢y;
o for any 2 < k <, we set h;, = e, h;, where hy, is the color of the i-box ¢; and the
sign g is defined by

1, lf Ek—l = L,
—1, lf Ek—l - R
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Example 4.2. Consider, in the A3 case, the following chain of i-boxes on the interval
[1,6]:

¢ [4h [5]3 Bl [2,5]z  [3,6]x [1,4
R L L R L

Then the associated signed words is

h(€) = (1,-3,2,3,-2,3).

It is easy to see from the definitions that B(¢!*") = B(h(¢!*™)). Moreover, if B(¢) =
B(h(¢)), then B(vs(€)) = B(h(v(€))). Combining these two points leads to the equality
B(€) = B(h(€)) [4, Thm. 1.1].
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