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Abstract. In this paper we obtain relationships between the Ricci cur-
vature, the scalar curvature, the squared mean curvature and the Rie-
mannian invariant of constant slant submanifolds in generalized Sasakian
space forms. We give an example of a constant slant submanifold in a
generalized Sasakian space form.
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1 Introduction

For a submanifold of a Riemannian manifold, there exist several extrinsic associate
invariants besides its intrinsic ones. The squared mean curvature is the most impor-
tant, among the extrinsic invariants of a submanifold, and the Ricci curvature, the
sectional curvature, di-invariant and the scalar curvature are well-known among its
intrinsic invariants.

One of the most fundamental challenges in the submanifold theory is the following:

Problem. FEstablish a simple relationship between the main extrinsic invariants
and intrinsic invariants of a submanifold.

B. Y. Chen and I. Mihai gave some solutions to the above problem. They established
sharp relationships between the Ricci curvature and the squared mean curvature of
submanifolds in Riemannian space forms and in Sasakian space forms, such that the
obtained inequalities provide upper bounds for the Ricci curvature (see [4, 14]).

In [3], B. Y. Chen showed that the Chen’s invariant dp;(= d2) of a Riemannian
submanifold in a real space form M (c) and satisfies the inequality
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In [16], T. Oprea showed that Ji-invariant (k > 3) satisfies the same inequality.
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In this way, D. Cioroboiu and C. Udriste obtained sharp relationships between
some extrinsic invariants and intrinsic invariants (see[6, 7, 8, 9, 10, 11, 18]).

In[1], P.Alegre, D. E. Blair and A. Carriazo introduced the notion of generalized
Sasakian space form such that this kind of manifold appears as a natural generalization
of the well-known Sasakian space form M(c).

In [13], F. Malek and V. Nejadakbary gave other solutions to the above problem.
For instance, in the following theorem, they established a sharp relationship between
the Ricci curvature and the squared mean curvature of submanifolds in generalized
Sasakian space forms.

Theorem 1.1. Let M™(n > 3) be a submanifold tangent to the structure vector field

in a generalized Sasakian space form M%LH(fl, fay f3)-

(i) If L is a k-plane section (2 < k <mn —1) in T,M normal to the structure vector

field at p, then for all unit vectors U € L, we have

n%(n —2)
n—1

2
+3(m”PL,kU”2 —1P[*) fo-

LRZCL(U) Z 2T —

E—1 [H|? = (n+1)(n—=2)fi +2(n = 1) f3

where H and T are the mean curvature vector and the scalar curvature of M, respec-
tively.

(i) The equality case holds identically if and only if with respect to a suitable or-
thonormal basis {e1, e, ...,eam41} of T,M such that {e1,...,e,} is a basis of T,M,
the coefficients of the fundamental form h at p take the following form

0 0 0 ... 0
0O~ 0 ... 0
0 0 v 0 [0)
. . r=n+1,
00 0 ... v ek
o O

nxn

and
h%zO, r>n+2, 1<4,5<n.

In [12], A. Lotta introduced the notion of slant submanifolds in almost contact
metric manifolds.

In this way, M. M. Tripathi, J. S. Kim and S. B. Kim established the following
relationship between the Ricci curvature and the squared mean curvature of slant
submanifolds in Sasakian space forms( see [17]).

Theorem 1.2. Let M be a (n + 1)-dimensional 0-slant submanifold isometrically

immersed in a (2m + 1)-dimensional Sasakian space form MQmH(C) such that € €
TM. Then
(1) For each unit vector U € T,M, we have

4Ric(U) < (n+1)?|H|? +n(c+3)

+{360529— (n— 1+300829)(77(U)>2 - 1} (c—1).
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(i1) If H(p) = 0, an unit vector U € T,M satisfies the equality case if and only if U
belongs to the relative null space Np.

(111) The equality case holds for all unit vectors U € T, M if and only if M is a totally
geodesic submanifold.

In this paper,

a) We obtain other inequalities between the Ricci curvature, the scalar curvature,
and the squared mean curvature of constant slant submanifolds in generalized
Sasakian space forms such that each inequality defines a lower bound for the
Ricci curvature. Also, we obtain a sharp relationship between the scalar curva-
ture, the Riemannian invariant O, dx-invariant and the squared mean curvature
of constant slant submanifolds in generalized Sasakian space forms.

b) We obtain an equivalent condition for part (4i¢) of theorem 1.2

c) We give an example of a constant slant submanifold in a generalized Sasakian
space form.

2 Preliminaries

In this section, we recall some definitions and basic formulas which we will use later.

Let (M™,g) be a Riemannian manifold and L C T,M be a k-plane section (2 <
k <n)and U € L be an unit vector. If we choose local orthonormal basis {e1,...,ex}
for L such that e; = U, then the Ricci curvature of L at U is defined by

k
Ricp(U) == ZK(U, ei),

i=1

in which K (U, e;) is the sectional curvature of the 2-plane section spanned by {U, e; }.
If k = n, then Ricp(U) denoted by Ric(U). For each integer 2 < k < n, the Rieman-
nian invariant O on M is defined by:

O = in(gRicL(U),

k—1L

where L runs over all k-plane section fields in TM and U runs over all unit vector
fields in L. The scalar curvature T at p € M is given by

T(p) = Z K(eiaej)v

1<i<j<n
where K (e;,e;) is the sectional curvature of the 2-plane section is spanned by e; and
ej. Since K(e;,e;) =0 and K (e;,ej) = K(ej,€;), therefore

n

27(p) = Z K(e;,ej) = Z K(e;, ej).

1<i#j<n ij=1
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For an integer k > 0, let S(n, k) denote the set consisting of unordered k-tuples
(n1,ne, - ,ng) of integers > 2 such that Zle n; < n. Denote by S(n) the set of all
S(n, k) with k£ > 0 for a fixed n. In [3], Chen defined the following invariant

d(ni,na, - ,ng)(p) = 7(p) —inf{r(L1) + 7(L2) +-- -+ 7(Lx)}, p€E M,

where (ni,n9, -+ ,ng) € S(n) and L1, Ly, -+ , L run over all k¥ mutually orthogonal
subspace of T, M such that dim L; = n,. In [16], T. Oprea extended dp = 6(2) =

T — inf (T(L)) to
0 =T — Oy,

where O, is the Riemannian invariant of M.

A (2n+1)-dimensional Riemannian manifold (M, g) is said to be an almost contact
metric manifold if there exist on M a (1,1)-tensor field ¢, a vector field &(is called
the structure vector field) and a 1-form 7 such that n(¢) = 1, ¢?(X) = —X + n(X)¢
and g(¢X,¢Y) = g(X,Y) — n(X)n(Y) for any vector fields X,Y on M. Also in an
almost contact metric manifold we have ¢¢ = 0 and o ¢ = 0 and for any X € 7(M),
N(X) = g(X, &) (see for instance [2]).We denote an almost contact metric manifold by
(M, ¢,£,m,9). An almost contact metric manifold is called a contact metric manifold
if

g(X,0Y)=dn(X,Y) X,Y €TM.

A (2n)-dimensional smooth manifold M is said to be an almost complex manifold
if there exist on M a (1,1)-tensor field J such that for any vector field X € TM,

J’X = —X.

(1,1)-tensor field J is called almost complex structure. o
Let M be a submanifold of an almost contact metric manifold (M, ¢,&, 1, g). For
any vector field X tangent to M, we put

$X = PX + FX,

in which PX and FX are tangent and normal components of ¢X, respectively. A
submanifold M of an almost contact metric manifold is called an anti-invariant sub-
manifold if

op(TpyM) C T;-M p e M.

In other words, for all X € T,M, PX = 0. If a submanifold M in a contact metric
manifold is normal to the structure vector field £, then it is anti-invariant. Also,
submanifold M is called an invariant submanifold if

¢p(TyM) C T,M pe M.

In other words, for all X € T,M, FX = 0.

M is called a constant slant submanifold (or 0-slant submanifold) in an almost
contact metric manifold if for any 0 # X € T,M, linearly independent of &,, the
angle between ¢X and T, M is a constant 6 € [0, 7]. The angle 6 is called the slant
angle of M. It is obvious that invariant and anti-invariant submanifolds are #-slant
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submanifold with § = 0 and 6 = 7, respectively. In a #-slant submanifold M tangent
to &, for any vector field X and Y tangent to M, we have

g(PX,PY) = cos? 0g(¢ X, ¢Y), g(FX,FY) = sin?g(¢ X, ¢Y),
and therefore for unit vector field U tangent to M, we have
|PU|? = g(PU, PU) = cos® 0(1 - n(U)2).
An almost contact metric manifold is called a Sasakian manifold if

(Vo) (V) = n(¥)X = g(X, V)&,

where V is the Riemannian connection of M. It is easy to see that a Sasakian manifold
is a contact metric manifold (see [2]).

Let (M,$,&,m,g) be an almost contact metric manifold. The plane m, C T,M
spanned by {X,$X}, where 0 # X € T,M is normal to &, is called a ¢-section of
M at p and the sectional curvature K(m,) is called the ¢-sectional curvature of .
The Sasakian manifold M is called the Sasakian space form, if there exists constant
¢ such that for any p € M and for any ¢-section 1, of M, K(m,) = ¢, and denote it
by M(c). The submanifold M of Sasakian space form M(c) is called C-totally real,
if the structure vector field of M(c) be normal to M. It is proved that in a Sasakian
space form M (c), the curvature tensor satisfies the following equality([15])

Bx,v)Z = “Eev,2)X — g(x, 2)7)

FET (X, 02)0Y — (Y, 62)6X + 29(X, 6V )07}

FE MY — 0V n(2)X + (X, Z)n(Y )e
—g(Y, Z)n(X)&}-

An almost contact manifold is called generalized Sasakian space form if

R(X,Y,)Z = f[{y(Y,2)X —g(X,2)Y}
+f2{9(X,02)0Y — g(Y,0Z)p X +29(X, Y )0 Z}
(2.1) +f3{n(Xn(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§

—9(Y, Z)n(X)¢},

where fi, f2, f3 are differentiable functions on M. We denote this kind of manifolds
by M(f1, f2, f3)(see [1]). Tt is clear that every Sasakian space form is a generalized
Sasakian space form, but the converse is not necessarily true.

Let M™ be a submanifold of 7-" " and h is the second fundamental form of M ,
R and R are the curvature tensors of M and M, respectively. The Gauss equation is

given by

(2.2) R(X.Y,Z,W) = R(X,Y, Z,W) —g(h(X, W), h(Y, Z)) +g(h(X, Z),h(Y, W)),
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for any vector fields X, Y, Z, W on M. Let {e1, -+ ,en, -+ ,eamy1} be a local
orthonormal basis of T,M such that {e1,---,e,} is a local orthonormal basis of
T,M. The mean curvature vector H(p) is

1 n
H = ﬁzh(ei’ei)’
i=1
and thus
(2.3) n?||H|?* = Z g(h(ei,ei),h(ej7ej)).
ij=1

The submanifold M is called totally geodesic if h = 0, and is called minimal if H
vanishes identically. We set

hi; :g(h(ei,ej),er>, i,7€{l,---,n}, re{n+1,--- 2m+ 1},

the coefficients of the second fundamental form h with respect to {e1,-- ,en,
: a62m+1}7 and

(2.4) 102 = 37 g(hles ) hleses)) = >0 37 (i)™

ij=1 r=n+1i,j=1
Now by (2.3), (2.4) and the Gauss equation (2.2), we have

(2:5) > Rlejseieies) =21 —n?|H|[? +||h]%
1<ij<n
Let M™ be a submanifold of an almost contact metric manifold (H2m+17 b, 6,1, 9).
For any local orthonormal frame {ey, ..., eam41} such that eq,..., e, are tangent to

M, we have g(e;, pe;) = g(e;, Pej) for any i,j € {1,...,n} . Therefore the squared
norm of P is given by

n 2 n 2
IPIP =3 (e Pe)) = > (glesséey))
i,j=1 i,j=1
Let L C T,M be a k-plane section. For any unit vector U € L, we choose a local

orthonormal basis {e1,...,eam+1} of TPM such that ey, ..., e, are tangent to L and

e1 = U. We define
k

1P U1 = 3 (90, Pey))

j=1
If L =T,M, we denote || Py U| by ||P.U]J.
We recall the following result of B.Y.Chen for later use.

Lemma 2.1. (/5]). Letn > 2 and a1,--- ,a, and b are real numbers such that

n 2 n
a;) =(m-1) a? +b).
() (at+1)
Then 2ajas > b,with equality holding if and only if

a;+ax =az=---=ap.
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3 The Ricci curvature of constant slant submanifolds tangent
to the structure vector field in generalized Sasakian space
forms

In this section, we prove sharp relationships between the Ricci curvature, the squared
mean curvature, the scalar curvature, the Riemannian invariant © and Jg-invariant
of (n > 3)-dimensional constant slant submanifolds M in generalized Sasakian space
forms M(fl, fg, fg)

Theorem 3.1. Let M™(n > 3) be a 0-slant submanifold tangent to the structure

vector field in generalized Sasakian space form M%LH(fl, f2y f3).

a) If L CT,M be a k-plane section (k > 2) tangent to &, and unit vector U € L
is linearly independent of &, then

QRic,(U) > (k—1)A+ (2@ —2)(k — 1)(1 — sec? e||PU||2)

(3.1) +202((k = 1)(n 1) = 1) sec* 0||PU||4> fs+ 6 PupU| fo.

b) If L C T,M be a k-plane section (k > 2) such that §, € T,M \ L and U € L
be an unit vector, then

(32)  2Ric(U) > (k—1)A+(k—1) (2(n —9) (1 — sec? GHPUHQ)

+2/\2(n — 1) sect 9|PU|4> fs+ GHP];-,’LU”QfQ,

in which 9 9
a=ar = PO D - 2 - 31 R,
1
A= —————,
[€ = n@)U]

H and 7 are the mean curvature vector and the scalar curvature of M at p, respec-
tively.

c) The equality case of (3.1) and (3.2) holds identically if and only if respect to a suit-
able orthonormal basis {e1,ea,...,eam+1} of T,M such that {e1,...,e,} is a basis of
T, M, the coefficients of the fundamental form h at p take the following form

00 0 ... 0
0O v 0 ... O
0 0 Yo 0 [0)
. . r=n+1,
0 0 O Y ) ek
O O nxn

and hi; =0,r>n+2,1<4j<n.
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Proof. a) We choose a local orthonormal basis {e1,...,em41} of T,M such that
{e1,...,en} C TyM, L spanned by {e1,...,ex}, e1 = U, es = /\(f - n(U)U) and
en+1 parallel to H at p. For k > 3, from (2.3), with respect to this basis we have

(3.3) n2||HH2 _ Xn: g(h(ei,ei),h(ej,ej)> = (ih2+1)2'

55 =
Also, from (2.1) and (2.5), we have
(3.4) n2|HIP =27 + |Bl]* = n(n = 1) fi = 3IPI2f2 + 2(n = 1) (n(en)? + n(e2)?) f.
Set
(3.5) 6 =27 — "B H|2 — (n+1)(n — 2)f = 3P| fo

+2(n - 2) (n(e1)? + n(e2)?) .

Therefore from (3.4) and (3.5), we have

w21 = n = (117 + 6 = 241 +2(n(e0)? 4 n(ex)?) o).

From (2.4), (3.4) and the above equality, we have

n

n 2 n n n 2m+1 n r
(Z hii+1) = (’I’L - 1) ( Zi:l(hii+1)2 + Zlgi;ﬁjgn(hij+1)2 + Zr::JrZ i,j:l(h’ij>2

=1

+5 =21 +2(nen)? + n(ez)Q)fg).

We set
2m—+1 n
bi=o=2fi+2(nle)? +n(e2)?) f+ D (T2 Y Y ()
1<i#j<n r=n+21i,j=1
and a; = B and ay = ALY, for @ € {2,...,n}, then from lemma 2.1, we have

aijaz > %. Therefore

(3.6) hyfthnit > 5 - (fl - (77(61)2 +77(62)2)f3> + Xicicjen (B
2m—+1 n 2m—+1
+3 Zr::w i (hi)* + Zr::+2 Zl§i<jﬁn(h;j)2'

On the other hand by setting X =W =e; and Y = Z = ey in (2.2) and using (2.1),
we have

fit8(gen000)) o= (nler 4 n(e2)?) fs - = Ken,e0) — S350 iy,

2m+1
+ Zr:nJrl( 7112)27
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therefore
2
fi— (77(61)2 + n(€2)2)f3 + RS = K(er,eq) — 3(9(627@31)) fa
2m—+1 2m—+1
= D Mt Y (A
r=n-+2 r=n+1
From (3.6) and the above equality, we have
2m-+1 2m—+1
K(ei,e2) — ( (62»¢61) f2 = Z hi1hy, + Z (his)?
r=n-+2 r=n-+1
5 2m+1 n 2m—+1
+1 T \2
CURE P ST D ST Sl DU
1<i<j<n r=n+2i=1 r=n+21<i<j<n
On the other hand
2m—+1 1 2m—+1 1 2m-1 1 2m-+1
B8) 3 MiM—i Y (LR S Rt Y (L
r=n-+2 r=n+2 r=n-+2 r=n+2

Now by substituting (3.8) ( for & = 2) in (3.7) after simplification we get

2m+1 n

5 2
K(ei,e2) > 3 3(9(62#2561)) fa+ Z (R Z Z
1<i<j<n r=n+2 i=3
iA1V A2
2m+1 | 2l
(3.9) + Z Z (hfj>2+§ Z (hi1 + hby)?
r=n+2 1<i<j<n r=n+2
iA1V A2
5 2
> §+3(g(€27¢61)) J2-
For a > 3 from Gauss equation (2.2) and (2.1), we have
2
fi—nle))?fs+hREEY = K(er,eq) — 3(9(€a7¢61)) f2
2m—+1 2m—+1
- Z h;lhga—‘r Z ( ’i‘a>2'
r=n+2 r=n+1

From (3.6), (3.8) and the above equality with similar computation as above, we get

Kerea) > g +u(en)fs +3(leaden) ot Y ()

2 —
1<i<j<n
iZ£1VjFa
2m+1 n 2m—+1 1 2m—+1
r\2 T T \2
+ E E E E (hi;) +§ E (h11 + hie)
r= n+2 1 2 r=n-+2 1<i<j<n r=n-+2

i#1ViZa

(3.10) > g+3(g(ea7¢el)) fo+(e2)* f-
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Therefore from (3.7) and the above inequality and by substituting ¢ from (3.5), we
have

k k
2Ric (U) = QZK(el,ea)ZQ{K(617€2)+ZK(61,€Q)}.
a=2

a=3

v

(k= 1)A+6| P, U f2

(3.11) +{200 = 2)(k = Vnen)? +2((k = D)0 = 1) = 1)n(e2)? } fo.
Since

(3.12) n(er)* =1— (1 =n(e1)?), nlez) = AL —n(er)?), sec® | PU|* =1 —n(er)?,

therefore from (3.10), (3.11) and (3.12), we get (3.1).
For k = 2, with similar computation, we get (3.9). Since

Ricp,(U) = K(e1, e2),

from (3.9) and by substituting ¢ from (3.5), we get (3.1).

b) Let L' C T, M be a (k+1)-plane section such that L C L and &, be tangent to
L’. We choose local orthogonal basis {e1, ..., eamt1} of T, M such that {e1,...,e,} C
T,M, L' spanned by {ei,...,ext1}, L spanned by {ei,...,ex}, e1 = U, epy1 =
)\(§ - n(U)U) and e, is parallel to H at p. For a € {2,...,k}, with similar

computation, we have

K(eieq) = g+7](€k+1)2f3+3<g(€aa¢el)>2f2+ > (gt

1<i<j<n
iZ1ViFa
1 2m—+1 n 2m—+1 1 2m—+1
o D DR D> D )Py Dl (M hia)?
r=n42 i=2 r=n+42 1<i<j<n r=n+2
iAo i#£1ViFa
o 2 9
> S+ 3(gleasden)) fot nlerin)fo.
Therefore from (3.5) and the above inequality, we have
k
2Ric (U) =2Y K(erea) > (k—1)A+6|P: LU fo
a=2

+(k = 1) {2(n — 2)n(er)” + 2(n — Dn(exs1)?} f.

From (3.12) and the above inequality, we get (3.2).
c) Assume that the equality case of (3.1) for all unit vectors U € L is true. From

k k
2Ricr(U) = 2ZK(el,ea):Z{K(el,eg)—FZK(eheQ)}.

a=3

= (k=1)A+6|PLU|*f
+{200 =2k = Dn(er)? +2((k = D —1) = 1)n(e2)*} fo,
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(3.9) and (3.10), we have

hi, =0 r>n+2, 1<i<n,
hi; =0 r>n+1, 1<i<j<n,

therefore
k kg
+1 1 _
S =30
a=2 B=2
Since h{{" At > 2, from the above equality, we have

b
h?frlhzzl = 9’
in which o € {2,---,k}. Therefore by lemma 2.1, we can complete the proof. The
converse statement is straightforward. The proof of equality case of (3.2) is similar.
O

Theorem 3.2. Let M™(n > 3) be a 0-slant submanifold tangent to & in a generalized

72m+1(f1»f27f3)-

Sasakian space form M
a) If L CT,M be a k-plane section(k > 2) such that £, € L, then

n?(n —2)

P~ (0 + 1) (0 - 2)

(3.13)  2RicL(&) > (k—l)(?r—

—wmﬁﬁ+%n—mh)

in which H and T are the mean curvature vector and the scalar curvature of M at p,
respectively.

b) The equality case holds identically if and only if respect to a suitable orthonor-
mal basis {e1,ea,...,eami1} of T,M such that {e1,...,en} is a basis of T,M, the
coefficients of the fundamental form h at p take the following form

00 0 ... 0

0O v 0 ... 0

0 0 v 0 [0)

.. . r=n+1,
00 0 ... v/,
O 0]
nxn
and
hi; =0, r>n+2, 1<i,j<n.

Proof. We choose local orthonormal basis {e1, ..., €241} of Tpﬂ such that {e,...,e,} C

T,M, L spanned by {e1,...,ex}, e1 = £ and e,y is parallel to H at p. From (2.1),
(2.2) and (2.5), we have

(3.14) n?|H|I> =27 —n(n — 1) f1 = 3| P|* f2 + 2(n — 1) f3 + || 1]|?,
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Set
n’(n — 2) 2 2
(3.15)  0:=27 — — ——[H|" = (n + 1)(n = 2)f = 3| P[*f2 + 2(n — 2) fs.
Then from (3.14) we have
(3.16) n?|H|* = (n = 1)(|[hl]* + 6 — 2f1 + 2f3),
and substituting (2.3) and (2.4) in the above equality, we get

n 2 2m+1 n
(thjl) :(n—l)(z (s D DN (ans LRI S N (S +6—2f1+2f3).
i=1 i=1 1<i#j<n r=n+21i,j=1
Now set
2m—+1 n
P SSTEID M T Db S
1<i#j<n r=n+21,j=1
a; = h"t!and ay = h’ffrl for a € {2,...,n}, then from lemma 2.1, we have ajas > g.
Therefore
)
i R P P 3 + Z (h?j+1)2
1<i<j<n
2m+1 n 2m—+1
oy =D D ATITE SN I
r=n+2i=1 r=n+21<i<j<n

On the other hand from (2.1) and the Gauss equation, for a € {2,...,n}, we have

2m—+1 2m—+1
fi—fs=Klei,ea) — Z hi1hoo + Z (h1a)?
r=n+1 r=n+1
Therefore
2m+1 2m+1
fr—fs+ TS = K(erea) = > hihh,+ Y (hi,)°
r=n+2 r=n-+1

By comparing the above equality and (3.17), we obtain

2m—+1 2m—+1
K(ei,ea) — Z hi1hte + Z (hia)®
r=n-+2 r=n+1
5 2m+1 n 2m—+1
S D R DD YU S DTN
1<i<j<n r=n+2 i=1 r=n+21<i<j<n
By using (3.8), we have
5 2m+1 n
n+1
Klenew = 0+ Y 03P+t Y Y0
1<i<j<n r=n+42 i=2
iZ1ViZa it
2m+1 1 2m+1 5
+ Z Z (hfj)2+§ Z (hi1 + hi)? > 3
r=n+2 1<i<j<n r=n-+2

i#1ViZa
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Therefore
: 5
Ricp (&) = O;K(el,ea) > (k=1)3.
By substituting ¢ from (3.15) in the above equality, we get (3.13). O

Corollary 3.3. Let M™(n > 3) be a 6-slant submanifold tangent to § in a generalized

Sasakian space form M2m+1(f1, f2, f3).

a) For any integer 2 < k < n, we have

26k > 2T—B+1Ln£{B1, BQ, Bg},

in which L runs over all k-plane section in T,M and U runs over all unit vectors in
L and

B:= "2 |2 4 (n+1)(n—2)f1 + 3| P|2fa,

n—1

By = L { <2(n — )k — 1)(1 — sec? 9||PU||2)
+202((k = 1)(n — 1) — 1) sec! 9||PU||4> fs + 6||Pk,LU||2f2} ,

By = (2@ = 2)(1 = sec? 0] PU1?) + 22%(n — 1) sec? 9|PU|4> fs + 22511 P U2 o,

Bs:=2(n—2)fs, A= =t

where O, H and T are the Riemannian invariant, the mean curvature vector and the
scalar curvature of M at p, respectively.

b) For any integer 2 < k < n, we have

< s
25k~, ~ B iI’lé {Bl, BQ, B3},

where 0, = 7 — O,.

c) The equality case of (a) and (b) holds identically if and only if respect to a suitable
orthonormal basis {e1, €2, ..., eami1} of TyM such that {e1, ..., e,} is a basis of T,M,
the coefficients of the fundamental form h at p take the following form

00 0 ... 0
0 ~ O 0
0 0 v 0 1o}
. . r=n+1,
00 0 ... v s
O O nxn

and hi; =0,r>n+2,1<4j<n.
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Corollary 3.4. Let M™(n > 3) be a 0-slant submanifold tangent to £ in a generalized

Sasakian space form M2m+1(f1, f2, f3).

a) If U € T,M be an unit vector, linearly independent of &,, then
(3.18)  2Ric(U) > mnA+%nm<m1m1m&mew)

+A2n sect 9||PU||4> f3 + 6| P U|? fo.

in which 2 )

n“(n—2

Ai=27r — ﬁHHW —(n+1)(n—2)f1 = 3| P[] f2,
1
A= ———————
1€ = n(U)U]|

H and 7 are the Riemannian invariant, the mean curvature vector and the scalar
curvature of M at p, respectively.

b) The equality case holds identically if and only if respect to a suitable orthonor-
mal basis {e1,e2,...,eamy1} of TpM such that {e1,...,en} is a basis of T,M, the
coefficients of the fundamental form h at p take the following form

00 0 ... 0
0 v 0 0
000 ... v/
and hi; =0,r>n+2,1<4,j<n.
Proof. In theorem 3.1, let L = T,M. We get (3.18) from (3.1) with k = n. O

Corollary 3.5. Let M™(n > 3) be a 6-slant submanifold tangent to £ in a Sasakian
space form Mzmﬂ(c).

a) If U € T,M be an unit vector, linearly independent of &,, then

G > Ric(U) > G_{Mezw

e+ 2O D) e

(n—1)%
3

1
—3{IP0IR - 31PP - 1PUIP +

_ 2 _
7ng3%8mpU2+’gmnm%&mpUH}f41%

in which

c—1

c+3 )
4 b)

)+ {(1 —n) + (n—2)sec? || PU||*> + 3| PU||*} (

’I'L2 9
G = "L H|P + (n = 1)(
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1
A= ——
lg = n(@U]

H and 7 are the mean curvature vector and the scalar curvature of M at p, respec-
tively.

b) The following assertions are equivalent:
(i) For each unit vector U € T,M, we have Ric(U) = G at p.

(i) On M, we have

1 n%(2n — 3) 5 nn—12 c+3 5 1 9 9
- g2+ M ET 0y 3 R U - <P - P
o= e M s fymoe - e - o
—1)? —2 A2 -1
L= n=2) e pip? + A — 2)sect o PO b (C22)
3 3 3 4
(#i) p is a totally geodesic point.
Proof. 1t is obvious from Theorem 1.2 and Corollary 3.4 by taking f; = (01-3) and
fzzfszi(cll)- O

4 The Ricci curvature of invariant and anti-invariant
submanifolds tangent to structure vector field in
generalized Sasakian space forms

F. Malek and V. Nejadakbary obtained some results for anti-invariant submanifolds
in generalized Sasakian space forms (see [13]). If M be an invariant submanifold
tangent to £ in a generalized Sasakian space form and L C T, M be a k-plane section
normal to §,, we obtain same result as theorem 1.1. In this section we are going to
prove other results for invariant submanifolds in generalized Sasakian space forms.

Corollary 4.1. Let M™(n > 3) be an invariant submanifold tangent to £ in a gener-

alized Sasakian space form M2m+1(f1, fay f3)-

a) If L CT,M be a k-plane section (k > 2) tangent to &, and unit vector U € L is
normal to &y, then

2RicL(U) > (k—1)A+ +2((k ~1)(n—1)— 1)f3 + 6| Py, LU fo.

in which
n%(n —2)

A =27 —
T n—1

IH|* = (n +1)(n = 2)f1 = 3P| f2,

H and 1 are the mean curvature vector and the scalar curvature of M at p, respec-
tively.

b) The equality case holds identically if and only if respect to a suitable orthonor-
mal basis {e1,ea,...,eam+1} of TpM such that {e1,...,e,} is a basis of T,M, the
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coefficients of the fundamental form h at p take the following form

00 0 ... 0
0O v 0 ... O
0 0 Yo 0 [0)
. . r=n+1,
00 0 ....v/,.
O O nxn

and hi; =0,r>n+2,1<4j<n.

Proof. Tt is obvious from theorem 3.1 because n(U) = 0, n(ﬁp - n(U)U) =1, A=1,
and from (3.12), sec? 0| PU||*> = 1. O

Corollary 4.2. Let M™(n > 3) be an invariant submanifold tangent to £ in a gener-
—2m+1

alized Sasakian space form M (f1, f2, f3).
a) If L C T,M be a (n— 1)-plane section normal to §,, then for all unit vectors
U € L, we have

2(p —
2 Riey(v) > 20— 72

n_2 — |H|? = (n+1)(n —2)f1 +2(n — 1) f3 — 3| P||? fa,

in which H and T are the mean curvature vector and the scalar curvature of M at p,
respectively.

b) The equality case holds identically if and only if with respect to a suitable or-
thonormal basis {eq, e, ..., eami1} of TpM such that {e1, ..., e,} is a basis of T,M,
the coefficients of the fundamental form h at p take the following form

0 00 ... 0
0 v 0 ... 0
0 0 Yoo 0 [0)
S . r=n+1,
0 00 ... v (n—1)x (n—1)
O O nxn

and hi; =0,r>n+2,1<4,j<n.

Proof. Let U € L be an unit vector. Since ¢ is normal to L, therefore n(U) =
0, n(gp — n(U)U) =1, A = 1, and from (3.12), sec?§||PU||> = 1. Also ¢(U) is
normal to U. We choose local orthonormal basis {e1,...,eam+1} of T, M such that
{e1,...,en} C T, M, L spanned by {e1,...,en_1}, e1 = U, ea = ¢(U), e, = &, and
ent1 is parallel to H at p. Therefore ||P,_1),,U|*> = 0. The proof is completed from
part (b) of theorem 3.1. O

Example 4.1. The standard complex Euclidean space C™ with coordinates (z1, 22, . . ., 2,)
such that for any 1 < i < n, z; € C is an almost complex manifold vxith almost struc-
ture J induced by multiplication by +/—1. In [1], it is shown that M =R x; C" is a
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generalized Sasakian space form with

f/ 2
_( 2) ) - 2 + o

f f f
where f = f(t) > 0. We define submanifold M = R x; I" of M such that I =
(—1,1) x (—1,1). Tt is easy to see that M is an invariant submanifold in M(fy, f2, f3)-
A lower bound for the Ricci curvature of this submanifold and any k-plane section

L C T,M can be obtained by Theorems 3.1, 3.2 and Corollary 3.4. Also The lower
bound for the Riemannian invariant O on M can be obtained by Corollary 3.3.

1\ 2 "
[ T

fo=0, f3=
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