Prescribed Riccl tensor in Finslerian conformal class
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Abstract. In this paper, a new geometric quantity, the trace-free horizon-
tal Ricci tensor of a Finsler manifold is proposed. The conformal changes
of this tensor, relatively to the conformal deformations of Finsler metrics
when an Ehresmann form varies, are studied. As an application, it is
shown that on a closed manifold two conformal Finsler metrics with the
same horizontal Ricci tensor must be homothetic.
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1 Introduction

A prescribed Ricci tensor is a very interesting and important problem in Geometry
and in General Relativity. For Riemannian Geometry this problem has been studied
by D. DeTurck [2] and by X. Xu [9]. Furthermore, an Ehresmann connection on the
slit tangent bundle of a Finsler manifold plays a fundamental role and is a powerfull
tool in studying Finsler Geometry (for example see Aikou-Kozma [1] and Benjancu-
Farran [4]).

In this paper, using the Chern’s curvature tensors, we introduce canonically the
notion of trace-free Ricci tensor in Finsler geometry. We investigate the behavior of
trace-free horizontal Ricci (1,1;0)-tensor BZ under the conformal change of Finsler
metrics when the Ehresmann form varies. Using this tensor, we prove mainly the
Theorem 3.1 and the Theorem 4.3.

The rest of this work is organized as follows. In Section 2, we briefly describe
the notation and convention used, but for a more detailed description we refer to
the book of Bao-Chern-Shen [3] and to the reference [8]. In Section 3, we study the
conformal change of BII}[ associated with the Chern connection V. The main result
of this Section is the Theorem 3.1, that generalizes the A. L. Besse’s result [5]. The
Section 4 prescribes the horizontal Ricci tensor in the conformal class of F. The main
result in this Section is the Theorem 4.3 that generalizes the X. Xu’s Theorem [9]
given in the book of E. Hebey.
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2 Preliminaries

Throughout this paper, M is an n—dimensional C'*° manifold. We denote by T, M
the tangent space at v € M, by TM := {J,c), To M the tangent bundle of M and
by SM := {(z,[y])} the sphere bundle of M. Set TM = TM\{0} and the natural
projection m : TM — M : w(x,y) — z. Let (2!,...,2") be a local coordinate on
an open subset U of M and (x!,...,2", y',...,4™) be the local coordinate on the open
7 1(U) C TM. The local coordinate system (z%);—1,.., produces the bases sections
{%}izl,mm and {dz'};—1,. ., respectively, for the tangent bundle TM and cotangent
bundle 7% M. We use Einstein summation convention.

Definition 2.1. A function F': TM — [0, 00) is called a Finsler metric on M if :
(1) F is C* on the entire slit tangent bundle 7'M,

(2) F is positively 1-homogeneous on the fibers of TM, that is for all ¢ > 0,
F(z,cy) = cF(z,y),

(3) the Hessian matrix (g;;(x,y))1<i,j<n With elements

10%F%(z,y)
(2.1) 9ij(®,y) = 2 oyioy

is positive definite at every point (z,y) of TM.

Given a manifold M and a Finsler metric F' on T M, the pair (M, F) is called a
Finsler manifold.

Remark 2.2. F(z,y) #0 forall x € M and for every y € T,M\{0}.

2.1 Finsler-Ehresmann connection and Chern connection

Consider the tangent mapping 7, of the restricted projection m : TM — M :
m(z,y) — . The vertical subspace of TT'M is defined by V := ker(m,) and is
locally spanned by the set {Fa%m 1 <i<mn}, oneach -1 (U) C TM.

An horizontal subspace H of TTM is by definition any complementary to V. The
bundles H and V give a smooth splitting [4, 10]

(2.2) TTM =HoV.

An Ehresmann connection is a selection of horizontal subspace H of TTM.
As explained in [6], all Finsler metric F' on M induces a vector field on T'M in the
form

Gz, y) =y

G () 2

oxt oy’

where z = (') € M, y =1y’ a?c'i € TM and the elements

i _ Lo (99 99 Ogir\ j &
G'(z,y) = 19 ((%k + o Tl ) V'Y
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are y-homogeneous of degree two. The vector field G is called spray on M and the
Gi,i=1,..,n are called spray coefficients of G. Let consider the functions

Ni(z,y) : 1<i,57<n.

One says that N j’ (z,y) are Ehresmann connection coefficients on TM. Otherwise

(23) N; = _F jklgll’}/fsyrys +’Y;kyk7 Z,j,k,?",S = 1,...,TL;

where 7/, = 3¢ (g‘gf + %‘(ﬁf — aag;f) are formal Christoffel symbols of second kind.

One defines a global 7*T' M-valued C*° form on ™ by

(2.4) 0= 5 ® F(dyZ + Njdz’).

Remark 2.3.

1. For objects invariant under y +— cy, we can consider V. ]’ as Ehresmann connec-
tion coefficients on SM. In that case (we must work with)

(2.5) E a k¥ Y i yilc

T T TARI Vs T R JFijF

2. On a Finsler manifold, the local tensor z2; ® +(dy’ + Njda’) defines a global
tensor on T'M (see [3]).

In the sequel, we consider the following definitions.
Definition 2.4. Let 7 : TM — M be the restricted projection.
1. A Finsler-Ehresmann connection of 7 is the subbundle H of TTM given by
(2.6) H = ker,
where 6 : TTM —» 7*TM is the bundle morphism defined in (2.4).
2. The form 6 : TTM — 7*TM induces a linear map
(2.7) Oz :T(myy)j)ﬂM — T,M, for each point (x,y) € TM;

where z = 7(x,y). )
The vertical lift of a section § of 7*T'M is a unique section v(§) of TT'M such
that for every (z,y) € TM,

(2.8) Te(VIED) (@) = Oy  and — 0(v(E))(zy) = &)

3. The differential projection 7, : TTM —s 7*TM induces a linear map
(2.9) Tul(zy) : T(I’y)j)’M — T,M, for each point (x,y) € TM;

where x = 7(x, y). )
The horizontal lift of a section & of 7*7'M is a unique section h(§) of 7'M such
that for every (z,y) € TM,

(2.10) W*(h(f)”(z,y) = §(z,y) and G(h(f))(w,y) = O(I’y).
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Remark 2.5.

1. The vector bundle 7*T'M can be naturally identified with the horizontal sub-
bundle H of TTM or with the vertical V (see [1], [4]). Thus any section £ of
7T M is considered as a section of H or a section of V. In fact

4]

.0 .
(2.11) €= 5’@ eT(m*TM) < h(¢) = 51@ e T(H),
and
2.12 _¢ 9 D(m*TM —iFa INGY
(212)  €=¢ g5 N TM) <= v(©) =§'Fy eT(V),

where

0 _ 0 0 _y 0 A
{5xi T Ozt N; oyJ _h(ami)}i_1 n nd {Fayi ._V(a‘ri)}i_l

.....

)

are respectively horizontal and vertical lifts of the natural local frame field
{%, . %} with respect to the Finsler-Ehresmann connection H.

2. In the sequel, for g-orthonormal basis sections {e, }q=1,... ., of T*TM, we denote
respectively h(e,) and v(e,) by é, and é,4,.

The following theorem defines the Chern connection on 7*T'M.

Theorem 2.1. [8] Let (M, F) be a Finsler manifold, g the fundamental tensor asso-
ciated with F' and mw, the tangent mapping of the submersion  : TM —s M. There
exist a unique linear connection V on the pulled-back tangent bundle 7*TM such
that, for all X,Y € F(TIO“M) and for every §,n € I'(w*T'M), one has the following
properties:

(i) Symmetry:
Vxm.Y — VymX =7 [X,Y],

(i) Almost g-compatibility:

X(g(&,m) =g(Vx&n) +9(&, Vxn) +2A0(X),&,n),

where A is the Cartan tensor.

2.2 Tensor formalism on Chern’s curvatures
The tensors that will be considered are defined as follows:

Definition 2.6. Let (M, F) be a Finsler manifold. A tensor field T of type (p1,p2;q)
on (M, F) is a mapping

T mTM& ..o TM&TTM & ... TTM — @7*TM, pi,ps and g € N

p1—times pa2—times

which is C°(T'M) or C°(SM)-linear in each arguments.
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The full curvature ¢, of Chern connection V, is the (1,2;1)-tensor defined by
(2.13) P(X,Y)E=VxVyl—VyVx&—Vixy,
where X,V € T(TTM) and ¢ € I'(m*TM). Using the decomposition (2.2), we have
(2.14) Vx =Vxu +Vyv,

where X = XH + XV with X € I(#) and XV € T(V).
The full curvature ¢ can be written as

H(X,Y)E = "X, Y)E+ 0"V (X, Y)E+ 0" (X,Y)E+ 0"V (X, Y)E,
where

"X, Y)E = (XYM =VnVynf —VynVxnt —Vixyué,

"X Y)E = (X YV)E=VxuVyvE— VyvVxué — Vixn yv)E,

" (X, Y)¢ H(XY,YT)E = VxvVyné —VynVxvE— Vixv yng,

o"V(X,Y)E = ¢(XV,YV)E=VxvVyvE - VyvVyvé — Vixv yvié

As in the Riemannian case, one can define a (2,2;0) version of ¢ by the following
formula:

(I’(fv m, X, Y) = g(¢(Xa Y)fa 77)
= g(R(X,Y)&,n) +g9(P(X,Y)E n)
= R(n, X,Y)+P(nX,Y),

where R is the first Chern’s curvature tensor and P is the second Chern’s curvature
tensor. One has

(2.15) R({n, X,Y) =&(&n, X7 YT
and
(2.16) P&, X,Y)=®&n, X YY)+ 0(¢,n, XV, YH).

Definition 2.7. Let (M, F') be a Finsler manifold, R the horizontal part of the full
curvature tensor associated with the Chern connection. We define

1. the horizontal Ricci tensor Rick of (M, F) by
Ricl (¢, X) = tracey(n — R(X,h(n))E),

for any X € F(TIQ“M ) and for every &,n € T'(n*T'M). In g-orthonormal basis
sections {eq }q=1,...,n Of T*TM, we have

n

(2.17) Rici (¢, X) := Y R(¢, €q, X, éa)-

a=1
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2. the horizontal scalar curvature Scalg of (M, F) is the trace of the horizontal
Ricci tensor. ScalZ is a function on TM or on SM. In g-orthonormal basis
sections {eq to=1,...n of T*TM,

(2.18) Scalj := » Ricp (€a,éa) = Y Rlea,ep,éq,é).

a=1 a,b=1

Now, we introduce the trace-free horizontal Ricci tensor on (M, F') as follows.

Definition 2.8. Let (M, F') be an n-dimensional Finsler manifold and g its funda-
mental tensor. The trace-free horizontal Ricci tensor of (M, F') is a (1, 1; 0)-tensor on
(M, F) given by

1
(2.19) B = Ricl — ~Scalllg,
n 9

where g := 7*g that is the pullback of g by the submersion = : TM —s M ; and for
every £ € T'(x*TM) and for any X € I(TTM), 9(&, X) = g(§, 7. X), Ric? is the
horizontal Ricci tensor and Scalg is the horizontal scalar curvature of (M, F).

2.3 Differential operators on Finsler manifolds
In this paragraph, we give some fundamental differential operators on (M, F).
Definition 2.9.
1. Let 7 : #*TM — TM be the canonical mapping defined by 7(z,y,v) = v. For
a smooth function u on M, the gradient of u, noted by Vu, is the section of
7T M, given by
(2:20) () (Ve(a,)s €)= dtin(a ) (TE),
for every section £ € T'(7*T'M) and for any (x,y) € TM. Locally, one has

o o
Oxt Ox7"

(221) vu(ﬂc,y) = gij (J}, y)
2. For a C section ¢ € T'(n*TM), we define the horizontal divergence by

(2.22) divte = traceg (7] — Vh(n)f)

and the vertical divergence by

(2.23) div¥'& = traceg (1 — Vy(pé) ,

where g is the fundamental tensor associated with F and V is the Chern con-
nection.
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Remark 2.10. In the local basis sections {%}zzln of the bundle 7#*T M, we have:

g )
- He 45
(2.24) div"§ = gg (Vdiif’ axj)
and
(2.25) divVé =gg (Vo € 9
' Fai™> 02 )"

Definition 2.11. Let (M, F') be a C*° Finsler manifold and u a C*° function
on M.

1. The Hessian of u is the mapping
H, : D(x*TM) x T(TTM) — C>®(TM) such that

(2.26)  H,(&,X) =g(¢, Vx(Vu) VEen"TM,VX € TTM.

2. The horizontal Laplacian and the vertical Laplacian of u are respectively defined
by the following relations:

(2.27) Ay = —divfvu
and
(2.28) AVu = —div¥ Vu.

Lemma 2.2. Let u € C®°(M). The Laplacians of u, A¥w and AVu, can be given in
term of the Hessian of u by

(220)  AMu= —trace, ((&,1) = Hi(&h(n)),  &neT(x"TM),
and
(2.30) AVu = —trace, ((¢,m) = Hu(&,v(n)), &nel(n*TM).

Furthermore, in g—orthonormal basis sections {eq}a=1,...n, one has

(231) Ay = _ZHu(eavéa)
a=1
and
(2.32) AVu=—=>"Hy(eq,éqsn).
a=1

Proof. By definition of horizontal Laplacian and vertical Laplacian. (]



48 G. Nibaruta, S. Degla, L. Todjihounde

3 Conformal deformations of Finsler metrics and
Besse-type result

In this section, we first review some concepts concerning the conformal changes of
Finsler metrics [11]. Then, using these concepts, we study the conformal changes of
the trace-free horizontal Ricci tensor.

Definition 3.1. Let F and F be two Finsler metrics on manifold M. Two fundamen-
tal tensors g and g, associated with F' and F respectively, are said to be conformal
if there exists a C*° function u on M such that g = e2 “g. Equivalently, g and g are
conformal if and only if F = eF. In that case, F' and F are said to be conformal or
conformally related.

We obtain the following result.

Theorem 3.1. Let (M F) be an n-dimensional Finsler manifold and g the funda-
mental tensor of F. IfF = eI is_a Finsler metric conformal to I then the trace-free
horizontal Ricci tensors BH and BH, associated with F and F respectively, are con-
formally related by

n—2
g (AHU—I— ||Vu\|§)g—|—Zu

(31) B =B —(n—2)(H, — duodu) -
where Z,, is the (1,1;0)-tensor on (M, F) given by

+Z [ (e, O(éq, h(Vu))) +

n

(n ; 2)9(@(@“ €a), Vu)| g(§, m X)

[9(0(X, h(O(é4, h(£)))); €a) — 9(O(éa, W(O(X, h(£))), €a)]

+ D [9((Vx©)(éa, h(§)), €a) — 9((Ve, 0)(X, h(£)), €a)]

_|_
= 1= 1

[9(©(e, 1(O(€a, 1)), €a) — 9(O(éa, (O (Es, ))), €a)] 9(€, ™ X)

1

:}Hﬂ
M= "=

8
o
I

(3.2) - [9((Ve,©)(€a, ), €a) — 9((Ve,O)(€s, &), €a)] g(€, me X),

1

S
M=

o>
I

for every € € T(x*TM) and X € T(TTM) with (0,2;1)—tensor © defined by

O(X,Y) = (AB(X),m.Y, ) + (AB(Y), 1. X, 0))f — (A(m. X, .Y, 0)) 0 B)f

+
and the (0,1;1)—tensor B := %ai(%zg" —yly" )88; 8;51 ® dat .

Proof. The equation (3.1) follows from the relationship between the two Chern con-
nections V, V associated with F and F respectively:

VxmY = VxmY + du(m, X)m,Y + du(m,Y)m, X — g(m X, 7Y )Vu+ O(X,Y)
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where © is the (0,2;1)-tensor on (M, F') given by
O(X,Y) = (A(B(X),m.Y, ) + (A(B(Y), 1.X, 0))f — (A(m. X, m.Y, B(h(e))))*

with ()* the dual section of 7*T' M to the Cartan tensor A and with the (0, 1; 1)—tensor

1 06 (F? . . ou 0 ,
- i i, T J
(3.3) B: Fayj(Qg yy) - x.®d:z:.

For every section £ of 7*T'M and for every section X of TTM we have, from Definition
(2.8)

~ —H 1 —~—H_
We get, from the conformal changes of curvatures associated with V and %, that
~ . 1
B]I%{(va) = (Rlcg - Escalgﬂ)(fa){)
n—2
S22 (AR 7ul2) g6 X)
—(n—2)(H, —duodu) (&, X)

+ [9(Vu, O(éa, h(€)))g(eas ™ X) = 9(Vu, O(X, h(€)))gad]

- Z (72, €2)g(O(X, (E)), €0) — 9(7u, €0)g(O(éa, (E)), m. X)]

+§:1[g(®(éa,h(w)) €a)g(&, mX) — g(O(X, h(Vu)), ea)g(ea; E)]

+2=2 b§_j [9(7u,0) + 9(O(@, h(Vw), 1) g(€, 7. X)

- Z [9(O(X, h(O(é0, h(E)))), ) ~ 9(O(é0, M(O(X, h(E))), 0)]

- Z 9((Vx0) (60, 1(6)), €0) ~ 9((V2,0) (X, B(E)), 0]

5 3 10006 b0, ) ~ (605 ) )] (6 7. )
3.0 i 2 (700 ) (V2O a6, )

where O := O(é,4,6). Putting the equation (2.19) in the right hand side of the
equation (3.4) we obtain the relation in (3.1) and (3.2). O

Remark 3.2. If F is a Riemannian metric, we obtain the results in [5] for the
Riemannian case.
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Corollary 3.2. If the Finsler-Ehresmann form 0 is invariant under the conformal
change of Finsler metric, that means © = 0, the trace-free horizontal Ricci tensor and
the horizontal Laplacian behave like in Riemannian case.

4 Finslerian prescribed horizontal Ricci tensor

In this section with prove main results of this paper. We have

Lemma 4.1. Let (M, F') be a Finsler manifold, {%}195” the natural and {e, }1<a<n
the special g-orthonormal bases sections for the pulled-back bundle m*T M. Then

(i) uflgijui =0ap, fori,j,a,b=1,...,n.

(i) ugu%Fagg;j =0ap, fora,B8=1,..,n—1.
Proof. The bases {%}193” and {e,}1<q<n can be expressed in term of each other

via the n x n-matrix (uf) or its inverse (uf) as follows [3]

i 9 d 9 a
€aq = Upy—— an - = uleg.
g oxt "
(i) By (4.1), we have
Sy = g(u 0 u ——) = ulgiul
ab @Gy’ bal'j aJdr) Yy

(ii) By (4.1) and (2.1) we have

_ ; ; (OF OF O*F ;
— daad =t J
daf = UaGijly = Uq (ayi i + Fayiayj> Up:

O

The following Lemma gives the relationship between the Hessian and the horizon-
tal Laplacian both associated with F' when the horizontal Ricci tensors Ricg and
——H
Ricz are equal.
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Lemma 4.2. Let F and F be two conformal Finsler metrics on a manifold M and,
—H ~
Ricg and Ricg their respective associated horizontal Ricci tensors. If F = o 1F

= . H
and Ricg = Ricy, then

[(ATp) g] (e, )
n 19p d¢p .
n—2¢ o é)xrw teAbbe
11 " Op Op
n—2p oxt Ox™

3=

Hy(ep, &) = —

Y Ul Appe

n

— > 19(0 (e, h(Ou)), ) = 9(O(Ea, h(O4), é0)]

— L 9((V2,O)abs €a) — 9((Ve, Ot €a)]

(4.1) 23 [9((Ve,0)avs €a) — 9((Ve, O)ups ca)]

where {eq }a=1,...n i the special g—orthonormal basis sections for the vector bundle
7*TM and where the quantities ¥" and Agpe are given by Y" := %B‘Zi (%29” —yly")

PR B o 4] o ; i o J ok ; I
and Agpe = ugupus Al 577, 5075 5or) With ug, uj, ug the C*-functions on TM.

Proof. Let {ep}p=1,....n be the special g—orthonormal basis sections for the pulled-back

——H
bundle 7*T'M. Then, on the one hand, if Ricg = Ricg we have

Bg(eb, éb) =

Ricr. — - (Z Ricy (7, h@))) 5] (ebsé)

(42) = Bg(eb,éb).

On the other hand, from Theorem 3.1 we get

Bg(eb,éb) = BIFJ(eb,éb)
R N R Ay
+(2 —n)g(Vu, On) — 29(0©(h(Vu),é), ep)

"2 R (n—2)
+3 | 2g(ea O0éah(wu)) +

(4.3) +K,

9(Oqa, Vu)| guy
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where
Ku = 31006 h(Ow) ) o0l h(Ow) )
+ nl [9((Ve,O)av ea) = 9((Ve, O)op, €a)]
2 O hOw) ) - o0 (O )
(4 3 (7)o )= 972, Ol )]

Combining (4.2) and (4.3), we get

(n—2)Hy(eré) = Wuvm@—@ﬂu

+(2 = n)g(Vu, Op) — 29(O(h(Vu),é), ep)

n
2 (n—2)
- a,@ Aa;h \ aas
#32 |Zotea O b)) + B O )
(4.5) +K,.
Since e* = ¢!, we have Vu = f%Vga, H, = fin + ﬁVga ® Ve and
Ay = —%AH — éWp ® V. Thus, by the Lemma (4.1) we have the following
transformations
[}
1 0p 0 ;

4.6 B=—— " — ®dx’

(4.6) go@:c’”w ox? ©a

with ¢" = % (yin — F;g”) . Then

1 0p
47 B(é, = T
(17) @) = —SgEve
[ ]
g (Vu,04,) = —ABh(Vu)),eq, eq) + 2A(Vu,B(é,), €q)
1 9p Oy ;

48 - 2 "6 Anae-

(4.8) 02 Ozt &de ueA
So (4.5) transforms to

. 1 n 10p 0p .,
H¢(€b,6b) = 7EAH¢+ m;axz axrﬂ} ’LLC.A(mC
1 1 9p dp ; ®

4.9 - - > "uy aac — 7Ku
(49) n—2¢ = o' axrw ueA n(n — 2)

Hence from equation (4.9) we btain the relation in (4.1). O
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Now we prove the following
Theorem 4.3. Let F and F be two conformal Finsler metrics on a closed, oriented
——H
manifold M of dimension n > 3 and, Ricg and Ricg their respective associated

~ ——H

horizontal Ricci tensors. If F = ¢~ 'F and Ricy = Ricg then ¢ s constant. In
other words, on a closed manifold, two conformal Finsler metrics that have the same
horizontal Ricci tensor must be homothetic.

Proof. Suppose F = 0 'F and RICF = RICF We have, from the relationship
between the two Chern connections V, V associated with F and F respectively that

AH n— n—2 .
0 = (-58-02 )lelﬁg+()H@> (0082
¢ @
n 9 9p i oo Ao .
2 ot a.’L'T¢ Aaac +—= 2 8xl 8xrw uc-Aaac

+Z eb7 ab))aea) 7g(e(éaah(@bb))aea)}

(4.10) + Z ((Ve,0)abs €a) = 9 ((Ve,O)ub€a)] -

Putting (4.1) in (4.10) we obtain

0 = -Z-p arp- C Dy
£13 [ (00, h(Ow) ca) — 9 (60, h(On) )]
a,b=1
(111) S (Ve O ) — 9 (Ve O]
a,b=1

In order to compute the equation (4.11),
we set [y = ZZ,b:1 [9 (©(ér,h(Oup)),e0) — g (O(éq, n(Ow)), €q)]. Then by relations
(4.7) , we have

I, = [g (G(éba h(@ab))ﬂ ea) -9 (G(éﬂﬂ h(ebb))a ea)] g(ec; ec)

1

10
< (p¢> [Aab( AaacAbbc} .
1

M= £

4.12 =
(4.12) 2 \pow

Since Agpe is zero whenever any of its three indices has the value n, by Lemma 4.1,
the relation (4.12) becomes

1 8()0 r 2 2 aQF -2 n—1
I, = (cp@x"w) (uf.Az]k) <FW> QBZZI [(§a6)2*5aa553]

@13 = -nE-n (;) 1912 (¢ Ais0)° (Faigfy)
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Now set I3 = >0 1 [9((Ve,0)abs €a) — 9 (Ve,O)tb; €a)]. By the symmetry of V, we
get

I3 = (9 (es(Oap) — O(Ve,ea,€5) — O€q, Ve, €), €0)
=1

— g(ea(Ow) +20(Ve, e, 1), €q)]

(4.14) _—

Q

Putting relations (4.13) and (4.14) in equation (4.11), we obtain

2 1 (n—1)
0 = —=(n—1)=Ap— Vol |2
R DoAY - = 1Velly
n—1)(n—2) 1 sk n2( . OPF \ 7’
4.15 — v ij F— .
( ) n ((p)Q H <p||g (1/’ AZ]’“) ayzayj
Multiplying this last equation by ¢? we obtained
H 2 9°F \* 2 (. 1k 2
(4.16) (2pa%0 +nllvelly) (Fg 505 )+ (=299l (08 i)™ = 0.

By integration of equation (4.16) on TM and by using integration by parts, we obtain

(4.17) (n—2) /TM [WIQ <<Fa§i;;j> + (w’“Aijkf)] np =0

n(n—1
where np = Pl)ﬂi A" dw, is the 2n-form on TM called volume form of (M, F)
[7] with w := g;i dz* the Hilbert form.
Since n > 2, the integrand in the left hand side of (4.17) is nonnegative. It has to
vanish. In particular |[V¢| = 0. Hence ¢ is constant. g

5 Conclusions and Suggestions

The trace-free horizontal Ricci tensor is very important in Finsler geometry because
it measures the defaut of a Finsler manifold to be horizontally an Einstein space. In
particular, every (locally) Minkowski space is (locally) horizontally Einstein. Thus
when a Finsler metric is Riemannian, the tensor B reduces to the Riemannian
traceless Ricci curvature [5].

With the trace-free horizontal Ricci tensor, it was classified conformal transfor-
mations preserving pointwise horizontally Finslerian Ricci tensor. By the Theorem
3.1, we are studing Finsler manifolds which are conformally Einstein. Furthermore,
we plan to investigate in the future the second Chern’s curvature tensor for Finsler
non-Riemannian manifolds.
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