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Abstract. In this paper, we discuss some geometric properties of almost
complex Golden structure (i.e. a polynomial structure with the structure
polynomial Q(X) = X?— X +27) and we introduce such some new classes
of almost Hermitian Golden structures. We give a concrete examples.
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1 Introduction

To equip a space with a structure leads to the production of a new mathemati-
cal object and consequently to contribute to the development of science. Manifolds
equipped with certain differential-geometric structures are richer and more practical
spaces, they have been studied widely in differential geometry. Indeed, D. Chinea and
C. Gonzalez [1] obtained a classification of the (2n + 1)-dimensional almost contact
metric manifold based on U(n) representation theory, which is an analogy of the clas-
sification of the 2n-dimensional almost Hermitian manifolds established by A. Gray
and H. M. Hervella [4].

Being inspired by the Golden ratio, the notion of Golden manifold M was defined
in [2] by a tensor field ® on M satisfying ®2 = ® + I. The authors studied some
properties of this manifold and they showed that ® is an automorphism of the tangent
bundle TM and its eigenvalues are ¢ = 1+T\/5 and 1 — ¢. There are also several recent
works in this direction. And in the same article [2], they introduced the notion of
complex Golden structure as a tensor ®, of type (1, 1) satisfies ®? = &, — %I and its

eigenvalues are ¢, = % and 1 — ¢.

In this work, rely on the relationship between the almost complex structure J and
the almost complex Golden structure @, given in [2], we extract the geometric tools for
the almost Hermitian Golden structure and we use them to define certain new classes.

Aiming at our purpose, we organize this paper as follows:
Section 2 is devoted to the background of the almost complex Golden structure and
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we give some new and important properties such as Riemannian metric which is
compatible with the structure, the fundamental 2-form and others.

In Section 3 we establish an important proposition that allows us to state our main
theorem concerning the classes of almost Hermitian Golden structures. The last
section is devoted to building a concrete example.

2 Almost complex Golden manifold

The complex Golden ratio section ¢, is the root of the polynomial equation

2 —z+2 =0 ie ¢ = % where i = —1 and the secod root denoted by ¢,
satisfies ¢ = 1%\/5 =1 — ¢, is his conjugate.

Definition 2.1. [2, 3]. Let M be a C* differentiable manifold of an even dimension

and let I be the identity (1,1) tensor field. A tensor field F' of type (1,1) on M is
said to define a polynomial structure if F' satisfies the algebraic equation

QX)=X"+a, X" '+ .. +aX+al=0,

where F"~1(p), F"~2(p), ..., F(p) and I are linearly independent for every p € M.
The polynomial Q(X) is called the structure polynomial.

Definition 2.2. [2]. A non-null tensor field @, of type (1,1) and of class C* satisfying
the equation

(2.1) P2 =, "1,

is called an almost complex Golden structure on M of even dimensional.
A straightforward computation yields:

Proposition 2.1. e The eigenvalues of an almost complex Golden structure @,
are the complex Golden ratio ¢, and ¢} =1 — ¢..
o An almost complex Golden structure ®. is an isomorphism on the tangent space of
the manifold, T, M, for every p € M.
e It follows that ®, is invertible and its inverse ®,1 given by

ot = ;(@c—l).

Remark 2.3. If &, is an almost complex Golden structure then i)c =1—®,is also
an almost complex Golden structure, where [ is the identity transformation.

For an almost complex Golden structure ®., is said to be integrable if its Nijenhuis
tensor Ng_ vanishes, ([2]). That is,

(22)  No.(X,Y) = ®[X,Y] + [0 X, D.V] — o[ X, Y] — D [X, D.Y] =0,

where X, Y any two vectors fields on M.
For an integrable almost complex Golden structure we drop the adjective’
and then simply call it complex Golden structure.

” almost ”
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Proposition 2.2. If J is an almost complex structure on M, then
1
(2.3) o= (1+v57),

18 an almost complex Golden structure. Conversely, if ®. is an almost Golden struc-
ture on M then

(2.4) J=—02%.-1),

Sl

is an almost complex structure on M.
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Conversely, we have,

P2 = (%(I+\/5J))2:i(l+5J2+2\/5J)

_z+§( 200 D) =0T

S

O

Proposition 2.3. For a twin pair {®., J}, on an even dimensional manifold M with
any free linear connection V, one has

(2.5) 4Ng, = 5Ny and 2V, = /5V.J.
Proof. Just using (2.2) and (2.3). O
Note that,

e For every almost complex structure J on M, the corresponding ®, is an almost
complex Golden structure on M.

e For every almost complex Golden structure ®. on M, the corresponding J is an
almost complex structure on M.

e There is a one-to-one correspondence between the set of all almost complex
structures and the set of all almost complex Golden structures on a manifold
M.
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Example 2.4. Let (7,v,2,t) be Cartesian coordinates in R*, and {8%, 8%, %, %} is

a local basis. Then the structure ®. defined by

2= (L i L v o)
bl = (o VB 2 D))
v = 55+ VB )
.2 = %(% — 56‘“8%)

is an complex Golden structure on R*.

3 Almost Hermitian Golden manifold

Recall that an almost Hermitian structure is a pair (J, ¢g) with g a fixed Riemannian
metric on M and J an almost complex structure related by

(3.1) g(JX,JY) = g(X,Y),
or equivalently, J is a g-anti-symmetric endomorphism
(3.2) g(JX,Y)+g(X,JY) =0,

Definition 3.1. An almost Hermitian Golden structure is a pair (9., g) where @, is
an almost complex Golden structure and ¢ is a Riemannian metric,
with

3

(3.3) 9(®.X,®.Y) = ig(X7 Y),
or equivalently,
(34) g(':I)chY) +g(*Xa (I)CY) :g(X,Y)

The Riemannian metric (3.3) is called ®.-compatible and the triple (M, ®.,g) is an
almost Hermitian Golden manifold.

Proposition 3.1. The operator J is a g-anti-symmetric endomorphism but the as-
sociated almost complex Golden structure (2.3) is not.

Proof. Just using (3.2) and (3.4). O
Definition 3.2. Let (M, ., g) be an almost Hermitian Golden manifold. Set

Q(X,Y) = %(mx, B.Y) — g(X.Y)),

for all X,Y vectors fields on M. § is a 2-form on M and it is called ”fundamental
2-form”.
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Remark 3.3. If (M,®.,g) be an almost Hermitian Golden manifold and Q is a
fundamental 2-form, we have

1. UX,Y)=-Q(V, X)
2. Q0. X,0.Y) = gQ(X, Y)
for all X,Y e I'(TM).
Lemma 3.2. For an almost Hermitian Golden structure (D, g), we have:
L g((Vx®.)Y, 2) = —g(Y, (Vx®:)2),
2. (Vx®c)®.Y = (I — @) (Vx®.)Y,
3. g(Vx®)®.Y,Z) = g(VxP.)Y,®.Z),
for all vectors fields X,Y,Z on M where V denotes the Levi-Civita connection.
Proof. 1. For all X,Y, Z vectors fields on M, using formula (3.4) we have:

9(Vx®.)Y,Z) = ¢g(Vx®.Y,Z)—g(®VxY,Z2)
Xg(®.Y,Z) — g(2.Y,VxZ) = g(VxY, Z) + g(VxY,0.2)
= —g(Y, (VX(I)C)Z)'
2. Using formula (2.1) we get:

(Vx®.)0Y = Vx®¥ —&.Vx0. Y

3
Vx®.Y — 5VXY — 3. (Vx®,)Y — P2VxY
(I—®.)(Vx®,.)Y.

3. Using the equation 2 of this lemma and formula (3.4) we obtain:

g((vXq)c)q)cKZ) = g((1_¢c)(vX¢6)sz)
= 9((Vx®)Y,9.2).

Proposition 3.3. For any almost Hermitian Golden structure (®.,g), we have:

2 (Vx®.)Y. (31 - 8)Z) — 3v5 (dﬂ(x, 2.Y,0.2) - SaQ(X.Y. z>)
+ g(‘I’CX, N‘I’C(Yv Z)) 5

for all vectors fields X,Y,Z on M where V denotes the Levi-Civita connection, d the
exterior derivative.
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Proof. Q is a two differential form on M, then

3dQ(X,Y, 2)

X(QY,2)) + Y (QUZ, X)) + Z(AX,Y))
o(X,Y],2) - (v, 2], X) - ([, X].Y),

knowing that

S

X(QUY.2) = X (20(Y.8.2) ~ 9(Y.2)
- %g(x (Vx®)Z) + VY, Z) + Y,V Z),
and
L No(V.2) = (Vo )2~ (Vo s@)Y +0.((V22,)Y — (Vy8)Z).
Then,
35 2240(X.Y.2) = (Y. (Vx8.)2) + (2. (Ty B.)X) + 9(X. (V22)Y).

On the other hand, using lemma (3.2) we can get

%ﬁdﬁ(x,@cx@cm = g(D.Y,(Vx®)®.2) + g(PeZ, (Va,y @) X)

+ 9(X,(Vo,29.)0.Y)
—g(Vx®.)Y,®22) — g(®.X, (Vo.y ) Z — (Va,78.)Y)

1
—9(Vx®.)Y,®22) — 5g(<I>CX, No (Y, Z))

+ 9(0X,2.((V20)Y — (Vy2)2)).

now, using formulas (3.3), (3.5) and lemma (3.2) we obtain

29 (Vx®.)Y. (31 - 8)Z) — 3v5 (dﬂ(x, 2.Y,0.2) - SaQ(X.. z>)
+ g ((I)ch N@C(Yv Z)) .
O

Theorem 3.4. Let (M, ®., g) be an almost Hermitian Golden manifold and V denotes
the Riemannian connection of g. The following conditions are equivalent:

(a) Vo.=0
(b) V=0

(c) No,=0 and dQ2=0
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Proof. For all vectors fields X,Y, Z on I'(M), we have

(Vx)(Y, Z)

XQY,Z) - QVxY, Z) — Q(Y,VxZ)

2
= S (X9(r,2.2) — g(TxY,8.2) — gV, 9.V x 7))

Sl &

Thus V@, = 0 if and only if VQ = 0. Hence (a) is equivalent to (b).

We suppose (b). Then d©2 = 0 obviously. Moreover, by proposition (3.3) we have
]\Tq;.C =0.

Conversely, we suppose (¢). Then proposition (3.3) implies V&, = 0 and hence
VQ = 0. Hence (b) is equivalent to (c). O

Definition 3.4. Let (M, ®., g) be an almost Hermitian Golden manifold. (M, ., g)
is said to be:

1. Hermitian Golden (HG) manifold if and only if N, =0

2. locally conformal Golden (l.c.G) manifold if there exists a closed one-form 7
such that:
dQ=nAQ.

3. Ké&hler-Golden (KG) manifold if and only if Ny, = 0 and dQ2 = 0 or equivalently,
Vo, =0.

4. Nearly Golden (NG) manifold if and only if (Vx®.)X = 0.

5. Quasi Golden (QG) manifold if and only if

(Vx®)Y + (Vo xP)®.Y = 0.

4  Construction of examples

Let (2,9, 2,t) denote the Cartesian coordinates in R%. Let (6?) be the frame of differ-
ential 1-forms on R* given by

1
0! = fdz, 6% = fdy, 0= ? (dz — 2zdy) , 0* = f3dt,

where f is a non-zero function on R*, and let (e;) be the dual frame of vector fields,

o190 _1(0 , 9 e_fﬁ ey L O
Yo TP F\oy 0z) oz T por

On R*, define an almost complex Golden structure ®. and a Riemannian metric g by

2P, = (e1 + \/SeQ) Q6" + (62 — \/561) ®6%+ (63 + \/564) ®6° + (e4 - \/563> ® 6,
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g:ZGi@)@i.

The frame (e;) is orthonormal with respect g,

1 1
Der = 3 (61 + \/562) , D.ep = 3 (62 - \/561) )

1 1
Pees = 5 (63 + \/564> ) Peeq = 5 (64 - \/563) ,

and g is compatible with ®.. Let Ng_ be the Nijenhuis torsion tensor of ®.. [,] being
the Lie bracket of vector fields. By direct calculations, one checks that

No,(e1,e2) = No,(e3,e4) =0,

Ng,(e1,e3) = —%(fles + (f2 4+ 2z f3)es) = —No, (€2, €4),

No, (e1,€e4) = —%((fz +2af3)es — frea) = Ny (e2,¢3),

where f; = %, which implies that, (R*, @, g) is a Hermitian Golden manifold if
and only if /
fi=rf=f3=0.

Moreover, in our example, the fundamental 2-form 2 has the shape
Q=-200"N0%+0>N0*) = —2f%(dx Ady — 22 dy A dt + dz A dt),
so, we obtain

dQ

—4f(f3 dz Ady Adz — (2zf1 — fu+ f)dz Ady A dt
+ A da:/\dz/\dt+(f2+2xf3)dy/\dz/\dt>
= 2(dInf—di) AQ,

for n = 2(d Inf — dt)7 (R*, ®.,g) is a locally conformal Golden manifold. Conse-
quently, (R*, ®,, g) is a Kihler-Golden manifold if and only if f = ce! where ¢ € R.
For the last two classes, we calculate the components of the tensor V®.. Using the
Koszul formula for the Levi-Civita connection of a Riemannian metric

29(v€i8j7ek> = _g(ei’ [ej’ekD + g(ej7 [ek’eiD + g(ek7 [eivejbv

we get

- fa 1 1

Ve e1 = -5 (f2+2xf3)ea — faes — pea, Veea = zes+ 5 (f2+22f3)en,
f / f f
1 1
Ve, €3 = faer — Fem Ve €4 = %61,Ve2€1 = %62 - ﬁes,
1 —1

Ve, €2 = —%61—f363—%64, Ve,e3 = F€1+f3627 Vese4 = %627 Veger = FCQ_]T;%’
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1 1 fa f
Vesea = Fel - F(fz +2xf3)es, Vegesz = 72 (f2 +2xf3)e2 + f464 + f;
3 3
v€364 == *%637 ve461 - f'];l €4, ve462 = F(fQ + 2:17f3)€4,

Ve,es =3fsea, Ve,ea= ﬁ(h + 2z f3)ez — 3fses — %61

Knowing that (V,®.)e; = V., P.e; — 2.V, e;, then we obtain

—~

\if(velcb Jer = f o+ 2 f)en + o i L (f = fa)ea+ faen,
T (Vaboes = f3(fa+ 20fa)en + faea = 1 (f = Files
\iﬂvel@ Jes = 7%@ es == 5(f = fi)es = foea
%(vegb Jeu = 7(v@;b es = —fser + 75 L(F - fes,
7(%@) L= —fea+ 1/ = ies

T(Veg‘b c)es = f4(f — fa)es + fzeq,

T(Veg‘b c)er f21 (fo + 2z f3)es

7(V63<I> c)e2 f2 (fz + 22 f3)ea

%(Veg,‘b c)es =5 (fz + 2z f3)e

ﬁ(veybc)ezx = %Ql(fz + 2z f3)es
%(Veﬂ) Jer ?}f; s+ 7 5 (fo+ 22 f5)es,
%(Vm@) - 5 3 o+ 2efs)es + fé

e (Vea®oes = 5 (fa+ 20 fi)en

e (Ve®oer = 5 (fa+ 20 fi)er

Now we will make V&, =

O

(i.e., Kéhler-Golden case) we get the following equations:

fot+2xf3=0, f—f1=0, fi=/f3=0,
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and moreover that these equations are equivalent to the following OED
f=fi=0, with f=[f().

Solving the differential equation we obtain f = ce! with ¢ € R. Which confirms the
previous result.

For the Nearly Golden case (i.e. (Vx®.)X =0 ), we get the following equations:

f2+217f3:07 f7f4:03 f3:07

which give

f=A(x)e.

Unfortunately, in this family of almost Hermitian Golden manifolds, there are no
manifolds properly Quasi Golden.
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