Dolomites Research Notes on Approximation

Special Issue Multivariate Approximation: Theory and Application, MATA2020, Volume 14 - 2021 - Pages 1-9

Estimates in variation for multivariate sampling-type operators

Laura Angeloni® - Gianluca Vinti®

Abstract

We prove some estimates with respect to the Tonelli variation for the multidimensional generalized
sampling operators and for a class of sampling-Kantorovich type operators in terms of the Tonelli integrals.
As a consequence, we obtain an estimate for the total variation of the same operators.

1 Introduction

In this paper we state some estimates with respect to the Tonelli variation for the multidimensional generalized sampling operators
in terms of the Tonelli integrals and, as a consequence, we obtain an estimate for the total variation of the same operators.
Moreover we also investigate some estimates for the so called mixed sampling Kantorovich operators, again in terms of the Tonelli
integrals and of the total variation functional.

In order to frame the results obtained in this paper in the context of the state of the art of the specific field, we introduce the
families of operators considered and we motivate both their role and the results, obtained so far in the scientific literature.

The role and the importance of the generalized sampling series (operators) are well known from the work of the famous

german mathematician PL. Butzer and his school at RWTH-Aaachen, where they were introduced and studied, around the 1980s,
as a mathematical tool designed to weaken the well-known and strong assumptions of the classical Whittaker-Kotelnikov-Shannon
sampling theorem ([21, 22, 23]); see also e.g., ([40, 41, 16]).
Subsequently, in [18, 19, 12], the multidimensional version of these operators was introduced and studied, while several years
later in [28], the multidimensional version of the so called sampling-Kantorovich operators ([13]) has been introduced, also
because their importance from the point of view of applications was understood, in particular as a quasi-interpolation method for
the reconstruction of digital images [32, 33, 15, 36, 25, 37, 29, 27]; see also, e.g., [13, 38, 3, 6, 30, 24, 26].

The generalized sampling operators are defined as

SN0 = Y f (5 ) xwe-), )

kezN

for every t = (tq,...,ty) ERY, k= (kq,...,ky) € ZY and w > 0, where y : RY — R is a kernel and f : RY — R is the function
to be approximated.

While estimates and convergence (pointwise, uniform or in norm) for the operators (1) have been investigated using a kind
of “direct” approach, as concerns the same results with respect to the variation, the situation appears very delicate to treat and, in
case of the Tonelli variation, the approach is not “direct”. Indeed, in [7] in order to obtain the convergence with respect to the
Tonelli variation, it has been suitable to pass through the convergence of a family of operators, called mixed sampling-Kantorovich
operators (later defined), in a suitable subspace of LP(R") (i.e., precisely the space AP(R") recalled in Section 3), exploiting a
relation between the partial derivatives of the multidimensional sampling series and the multidimensional sampling-Kantorovich
type operators acting on the partial derivatives of the function. In addition, the authors used product kernels of averaged type,
that is kernels of the form

Tm(t) == r[;zi,m(ti) @

where

m

2
Tim(t) = lf 2t +v)dy,
m —

m
2

for some m € N, and where y; : R — R is a one-dimensional kernel for everyi =1,...,N.
In case of product kernels of averaged type, the corresponding multivariate generalized sampling series and mixed sampling-
Kantorovich operators associated to j,, will be defined as
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kezZN

“Dipartimento di Matematica e Informatica, Universita degli Studi di Perugia, Via Vanvitelli 1, 06123 Perugia (Italy), Phone: 4390755855036, Fax:
+39075 585 5024, Email: laura.angeloni@unipg.it
bDipartimento di Matematica e Informatica, Universita degli Studi di Perugia, Via Vanvitelli 1, 06123 Perugia (Italy), Phone: +390755855025, Fax:
+39075 585 5024, Email: gianluca.vinti@unipg.it



/O‘Q\,\ Angeloni - Vinti 2

and

R, £)E) =D |w J )

kezN k2

’ f(—,...,u...,k—N)du Imwt —k), @

w w

respectively.

In [8] an estimate with respect to the Tonelli variation for the Kantorovich sampling operators (not-mixed) with product-type
averaged kernels, has been provided.

The main results of the present paper consist of Theorems 1 and 2 of Section 3. Namely in Theorem 1 we prove that the
operators S f map BV, (R") in BV(R") and

N
VLS f Il vy < l_[ Il VLS Tl vy
i=1
forevery j=1,...,N,w>0,meN, f € BV,(R), where BV,(R") is a subspace of BV(R") introduced in Section 2.
As a consequence,

N N
VISTAI < Tlaalls D2 IVILE Mo gsny-
i=1 j=1

While the first inequality represents an estimate for the Tonelli integrals of the generalized sampling operators (with averaged
kernels) in terms of the Tonelli integrals of the function f, the second inequality gives an estimate of the total variation of the
same operators in terms of a finite sum of a kind of Tonelli integrals of f. In both the inequalities, the Tonelli integrals of the
function f are calculated with respect to the measure of the space where the function f lives, i.e. a space which is related to the
uniform partition compatible with the structure of the sampling type operators (having an admissible partition with a uniform
sampling scheme).

As concerns Theorem 2, we have reached similar results for the mixed sampling-Kantorovich operators (with averaged
kernels), i.e., K'V'ij € BV(RN) forevery j =1,...,N, w> 0, m € N, whenever f € BV,(R") and

N
;= m+1 .
VRS Mgy < ——[ Tllxells IV Margaon,
i=1
foreveryi,j=1,...,N. B
Moreover, as a consequence, we obtain the following estimate for the total variaton of Kv'f}. f,

m

N N
_ m+1 .
VIR? f1< =] [zl VL M.
i=1 j=1

In conclusion, in this paper we solve the still unsolved problem of obtaining estimates in variation for the families of operators
(3), (4) and a fundamental step to get these results are the estimates in terms of the Tonelli integrals of the operators involved
and of the function f.

Note that, in case of a step function f with compact support (see Remark 2 of Section 3), the above estimates bring to variation-
diminishing type properties for the considered operators. This property is very important in the reconstruction of digital images,
where variation diminishing plays a fundamental role as a smoothing filter on the original image (see, e.g., [8]).

2 Notations and preliminaries

In the multidimensional setting of RY, we will use the usual notation t = (ty, ..., ty) for a vector of R¥; moreover we will denote
t=(t},t;), where t/ = (t1,..., t;1, tjs, -0, ty) €RY L and also t = (¢, £, () With €], = (t,00 ey Eog, Cippseeos Liogs Liagsoos Ey).
Finally at = (aty,...,aty) and, fora #0, £ = (%, et %’) In order to study a "real" multidimensional setting we assume N > 1:
nevertheless the one-dimensional case has already been explored in [6, 8] (see Remark 1).

We will study estimates in variation for the classical generalized sampling operators (1) and for a Kantorovich version of such
operators recently introduced in [7], named mixed sampling-Kantorovich operators.

The latter are obtained replacing the value f (%) with the integral mean computed with respect to the j—th variable, hence
leading to a "mixed" Kantorovich version of (S, ),,, that is,

kj+1

(Kw,jf)(t):zz Wj_wf(ﬁ,...,u...,%v)du x(wt —k), (5)

kezZN kW} w
foreveryt e RV, w>0and j=1,...,N ([7, 9]). We refer to [13] for the introduction of the generalized sampling-Kantorovich
operators in the one-dimensional case, where the reader can find the reason for the association of the name of Kantorovich with
the generalized sampling series.

In both the definitions, y is a product kernel, that is, y(t) = nil x:(t), t € RN, is the product of one-dimensional kernels

xi ' R—=R,i=1,...,N, that fulfill the following assumptions:
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(I) y, is continuous and such that >, _, x;(t —k) =1, for every t € R;

(I1) A, := Sup,cp D ez |xi(u— k)| < +00, where the convergence of the series >, _, |x;(u—k)| is uniform on the compact
subsets of R.

We point out that the product function y is a kernel itself, i.e., it satisfies the (multidimensional) conditions

(i) x is continuous and such that Y, _,v ¥ (t —k) =1, for every t € RY;

(ii) A, 1= sup,epy > ev | x(u—k)| < +00, where the convergence of the series Y, v |¥(u—k)| is uniform on the compact
subsets of RV,

The above assumptions on kernels are absolutely natural in case of discrete operators (see, e.g., [19, 45, 15, 34, 14, 17, 31]).

It is immediate to see that, with the above assumptions, both the operators are well defined if, for example, f is bounded
(and therefore in particular if f is of bounded variation). Indeed if |f (t)| < L, for every t € RV, w > 0,

S.AOISL Y, Ixwt =) < 14,

kezZN

and, for every j =1,...,N,

[CMHOTEDY wﬁj‘f(%u%v)

kezZN

du||y(wt—X%k)| <L Z lx(wt—k)[<LA,.

kezZN

Throughout this paper, we will consider product kernels of averaged type, that is kernels of the form (2) where y; : R — R is
a one-dimensional kernel for every i = 1,...,N (i.e., satisfying (I) and (II)).
Of course 7, is a kernel itself and

“X_i,mnlzf _f xi(t+v)dv dtS_J f|){i(t+v)|dtdv
r|MJ- mj_mJr (6)
=lx:ll,

m
2

_ N
and also [| 7/l < [T, lxills-
It is easy to provide examples of product kernels of averaged type. Among them, it is easy to see that the central B-splines of
order n € N (see, e.g., [20, 43]), defined as

My (x) = (n_1 n Zn:(_l)i(ril) (g X _i)i_l’ x €R,

i=0

where (x), := max {x, 0} denotes “the positive part” of x € R, are kernels (they satisfy conditions (I) and (II)) of averaged type
since

M, ,(t) = M,,1(t), tE€R,
for every n € N, i.e., the averaged kernel with m = 1 generated by a central B-spline of order n is a B-spline itself of order
n+ 1. Therefore the product kernel M7 (t) := ]_[iil M, (t;) = ]_[1:’:1 M,,,(t;), t€RY,isan example of a product kernel of

averaged type to which our results can be applied.
We refer to [7, 8] for other examples of product averaged type kernels.

From now on, we will deal with multivariate generalized sampling series and mixed sampling-Kantorovich operators associated
to ¥, as defined in (3) and (4), i.e.,

GRIOGEDY f(g))zm(wt—k), teRY, w>0,

kezZN

and
kj+1

R ) i= > kaf(&u%N) du | 7, (wt—Kk),

j w
kezZN W

respectively.
Notice that j,, is differentiable and, obviously,

OJm 1 _ m m N
_atj (t)—ml;lXi,m(ti)l:Xj(tj+ 2) Xj(fj 2)], teR".

As usual, Vi, ,;[f] = sup >, |f (x;)— f (x;_;)|, where the supremum is taken over all the possible partitions a = x, < x; <
... <X, =D of the interval [a, b], is the Jordan variation of f over [a, b] and Vg[f] := supy, ;;cg Vio,»)[f ] denotes the Jordan
variation of f over R.
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By M(RM) will denote the space of all the measurable and bounded functions f : RV — R.

The concept of Jordan variation was extended in the multidimensional frame in several directions and several definitions were
proposed in the literature (see, e.g., [11]). One of the most used concepts, that is very convenient working with approximation
results, is the Tonelli variation (see [42, 39, 44]). In order to recall the definition of BV-functions in the sense of Tonelli, we
introduce the auxiliary notation

VIFI) = Vel f (=}, )], x; €RYT,
sothat VI[f]:R""! - R, j=1,...,N, where f(x},) are the j— th sections of f.
Definition 2.1. A function f € M(RY) is said to be of bounded variation (in the sense of Tonelli) if the j — th sections f (x;, -) are

of bounded variation on R for a.e. x} € R¥ and V/[f] € LY (RN, for every j = 1,...,N. We denote by BV(R") the space of
functions of bounded variation.

For the sake of completeness, we now recall how to compute the Tonelli variation of a function f, according to its classical
definition, although in this paper we will always use its integral representation (7).
Given I = ]_[f.vzl[ai, b;]and j=1,...,N one considers the (N — 1)—dimensional integrals (Tonelli integrals)

&(f) = f Vi oL G, N,
[a/,b]

L}

. 1 .
and their Euclidean norm &,(f) := {Z;V:l(dﬁ(f))z}z , where &,(f) = +o0 if ®)(f) = +oo, for some j=1,...,N.
Then

Vi[f1:=sup Y &, (f),
k=1

where the supremum is taken over all the finite families of N—dimensional intervals {J;,...,J,,} which form partitions of I, is the
variation of f on I C RV, Passing to the supremum over all the intervals I C R", we obtain the variation of f on RV, i.e.,

VIf] :=151%113VV1[f]-

We now recall the notion of absolute continuity in the sense of Tonelli.

Definition 2.2. A function f : RV — R is locally absolutely continuous in the sense of Tonelli (f € AC,,.(R")) if, for every interval
I= l_[i.v:l[ai, b;] and for every j = 1,2,...,N, the j-th section of f, f(xj., J:la
every x; S [a;.,b;.].

;,b;]1 = R, is absolutely continuous for almost

It is well known that, if f € AC(RY) := BV(RY) N AC,,.(R"), (f is absolutely continuous) then the variation of f has the
following integral representation, i.e.,

VIf] =f IVf(x)dx %)

(see, e.g., [39, 44, 35, 10]). For approximation results by means of discrete and integral operators we refer, e.g., to [2, 4, 1, 5].
Working with the multidimensional version of the generalized sampling series (S,,f),~o in the L? frame, it is natural to
introduce a suitable subspace of L?(RY), namely the space A?(RY): indeed in [15] (see also [12] for N = 1) it is proved that, in
such subspace, it is possible to achieve convergence in LP? for (S,,f ),~o- Due to the natural link between convergence in variation
of a function f and convergence in L! of its partial derivatives, in order to obtain convergence results in the space BV(R") by
means of the generalized sampling series, it is natural to work again within the subspace A}(R") (see [7]). On the other side,
since the definition of the mixed sampling-Kantorovich operators is very close to that one of (S,,f),o, it is natural to expect that
convergence in L? holds for (K,,;f ), in the same subspace ([7]). For all these reasons, in the present paper A?(R") will play a
crucial role: let us now recall its definition ([15, 7] and [12] for N = 1).
We first recall the concept of admissible partition over the i-th axis, i.e., a partition %; := (x; ;) ;.ez such that
i — Xiji—1) =t A < +oo.

iji

0< A:= min inf(x
- i Ji€Z

X;;—1) < max sup(x
i=1,...N LJi 1) i=1,.,N : p(

LN ez

A sequence % = (X;)jezv C RV, %5 =(Xy 5005 Xnjy s 3= U5 0n) € ZN, is an admissible sequence if it is the cartesian product
of admissible partitions %; = (x; ;,)j,ez-
Let us fix an admissible sequence X: then the [P(X)-norm of f : RN — R is defined as

:
1F oy = { > sup |f(x)|mj} , 1<p<+oo,

jezN *€Qy

where Q; = l_[i.v:l[xi’ji,l —x;;[and A := H?}ﬂ(xi,ji — X, j,—1) is the volume of Q;. The subspace AP(R") is defined as

APRY) :={f e M(R") : ||fll;p(y < +00, for every admissible sequence %}.
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It can be proved (see [12, 15]) that AP(RN) is a proper linear subspace of L?(R") and that it contains, for example, all the
measurable functions with compact support. We refer to [15] and to [12] for other properties concerning such space. Among the
admissible sequences the sampling grid will play an important role: let us denote it as &V, i.e., =V is the cartesian product of

(kj )k EZ’] 7N'

For convenience, we also introduce the following notation: we will denote by BVA(]RAl’ ) the space of functions f € M(R") such
that the j — th sections f (x], ) are of bounded variation on R for a.e. x; € RN"! and V/[f]€ AY(RN™Y), for every j =1,...,N.

Of course, BV, (R") is a subspace of BV (R") and, for example, it contains all the functions of bounded variation with compact
support.

3 Main results
Our first result will be an estimate in variation for the generalized sampling operators.
Theorem 3.1. If f € BV,(RY), then S"f € BV(R"), w>0, m €N, and

N
||Vj[§$f]||L1(RN’1) < l_[ ”Xi“Ll(R)”Vj[f]”Zl(Z{X’l) (8
i=1
foreveryj=1,...,N
As a consequence,
N N
VISEAI<] Tladllom 2V Mo ny. ©
i=1 j=1

Proof. We can write, for every j=1,...,N, t €RY, w> 0,

Zf( )l_[xlm(wt k)[xj(wt k+§)—xj(wtj—kj—%)].

Moreover, since f is in particular bounded, by (II) for each one-dimensional kernel g, ., x;,

m m 2w
< —L Z l_llxlm(wt Il [ X (Wtj —k;+ E)| +|x; (Wt}- —k;— E)H < FL l_[AZiymij.
i#j

kezZN i#j

(t)

‘E)t

This implies that S™ f € AC;,.(RY).
Again, it is possible to write, putting in the second series k; = k; for i # j and I~<j =k;+m,

Zf( )l_[)(lm(Wf —k;)- )(](Wt k+r;)+

keZN 1;&)

z( S
5 ' k;—m
Z_ZZ[( )f(#’ )}l;[xlm(wr k-2, (e + )
k/

S%Z ,Z[ '3][ ( )]lem(wt k)x,(wt k+2)

keZNl €z 4]

k/

e (8 sl

Therefore there holds

k/
J. f dt<wZ VR[ (W’)]f l_[)&m(Wt k)xj(wt —k;j+— )dt
RN K/ ezN-1 RN £
= > = vf[f]( )]‘[uxlmnm 122y < IVLF Moy~ 1)1_[||x1||L1(R),
k;.eZNfl i#j

by (6). By Proposition 1 of [7], V[S"f] = fRN |V§$ f (t)| dt and therefore, by the previous inequality we have that S™f
are in BV(R"): being also all the sections of Su’j‘ f of bounded variation and locally absolutely continuous, Vj[§$ f ](x;.) =

Dolomites Research Notes on Approximation ISSN 2035-6803
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I

%ol (.4)

3 Lu)| du, ae. x) € RN~1, and therefore
j

N
VLS £ Mg gewry < l_[ 2l @ IVILS My
i=1
The estimate (9) follows immediately by the previous one and the obvious inequality V[S™f] < Z;V:l VIS flllagv—y. O

We point out that, of course, the main part of the above result is the first estimate: indeed in case of positive kernels y;,
i=1,...,N, since the L'—norm of y; turns out to be 1, inequality (8) becomes

”Vj[g‘?;f]”Ll(RN*l) < ||Vj|:f]||el(2§j-1))-

Notice that [[V/[S7 f || 1en-1y is the Tonelli integral of S f, &, (S f): in other words, we have a variation diminishing-type
estimate for the L'—norm of the sections of the operators in terms of the Zl(Zx ~1)—norm of the sections of the function. Working
with the generalized sampling operators, it is natural to expect that we cannot obtain an estimate in terms of the L!—norm of the
sections of f, since their L'—norm can just be estimated in terms of the £!—norm of f (see [15]) on the sampling grid: we could
think to the £'—norm of the variation of the section of f as a kind of Tonelli integral in the setting of BV, (R"), instead of the
classical Tonelli integrals in BV (RN).

We now prove a similar estimate in variation for the mixed sampling-Kantorovich operators (Kxfj w0, j=1,...,N.

Theorem 3.2. If f € BV,(R"), then Ku’j‘jf €BV(RN) forevery j=1,...,N, w>0, m€N, and

N
- m+1 .
VR f Moy < —— [ Tl IV Moo, (10)
=1

foreveryi,j=1,...,N.
As a consequence,

N N
P m+1 .
VIR F1< —=[ Tlallog 21V Uf Moy
=1 j=1

Proof. Let us first consider the case i = j.

gm
Wj

Since f is in particular bounded, (t) exists for every t € RV. Indeed, for every j =1,...,N, t € RV, there holds

al:%;(t)z WHZ Z |:fk kﬂ]f(k_ u) du] l_lllm(Wt )[x; (ij—kj+%)—Xj(ij—kj—%)], 11

kezZN W Tw i#j

and hence, using (II), for every t € RV,

<—LZl_[|xlm(wt kN[%(Wt —k; +%)’+

m :
kezZN i#j i#j

7 m

m 2w
xj(wtj—kj—5)|]<—L Ay, A, <+oo.  (12)

f
(t)

This implies that K", f € AC,,.(R") and therefore we have, for a.e. x; € R" ™,

J oK™ f Jb
w,J
du= sup
R [a,b]eR J 4

at
Now, putting in the second series of (11) k; = k; for i # j and I~<j = k; + m, we can write

K™

w,] ’ _ m / _ irm ’
(x},u) at]- (Xj’u) du= [as,};l]ER V[a,b][KW’jf(Xj’ )] =V [Kw’jf](xj) (13)

J

oKR™ f K’ m
T2 [y () inison s s 3
£ o > w i#i 2
2 ' ()
w J - 7 A m
- — d im i —k ( i —k; _)'
mkz;][f[kjmkm]f(w u) u]nx, wt, =k (wt; =k + 5
€7 W i#]

If we now put, in the second integral, v =u + 7, then

v"fjf kj
1, kezNJkkH [ ( u) f(w u—;):| dul;[)(lm(wt k))(,(wt —k;+ 2)
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and therefore

K. f k]

‘ )| <7 D Vi g | f —J [ Tzmve, =l |1, (e, - +%)|

m e i#j

m+1 K]
<w—— VR|:f(—],~) l_llxlm(wt (wt —kj+ = )|
m w 2
k;eZN—l 1 i#j
Then, by (13),

s 3K$f m+1 [ K’ m
IVILR™ £ Mty = || —=2 <w—= | > Ve|f| 2. )| [ [lramwti =kl |2, (we;—k; + = )| dt
g ; m w 2

U DRYG 5! BN wezn-1 L i#j
_m+1 1. k] . m m+1
2 le[f](—J) f W[ Tl Ove =k 5 (wey =+ 3 )| d < 2=V Doy 1)]_[||x1||L1(R>
m k;eZN—lw w RN i#j

rm

Let us now take i # j. First notice that, similarly to (11) and (12), for i # j there holds f (x},u)| du= Vi[IZ'M’zjf](x;),

R

a.e. x; € RV, Moreover, similarly to (14),

m 2 k’
L =2 52 [ o ()] Tlawton ol e ) o+ )}

kezZN 1#i

Putting in the second series I~<l- =k; for i # j and l~<j =k;+m,

mf k' K[ k—m m
W J Jot i -
at keZNf b f —W,Uj —f W w U5 || dy; | |X1,m(Wt1 —k)xi (Wti —k; + 5 )

w 1#i

w? K, _ m
Siszm o itz | f (?“j" duy [ | e =k (wei =i+ 3
€.

1A

L3
Vitign fimety | F 0t

k/'/i m
+...+ V[ki;’l%] [f (ﬁ,uj,-):| dujl_[)ZZ,m(th —k)xi (Wti —k; + E)

1A

k//
i js m
kj+1]V [f](v ) du; l_[)(lm(th kl))(l( i kl+3).

l#i

woTw

woTw

=z Z),

K] ezN-2 k€L

s\&“
=
=+
s
ke
g
N
—_—

Therefore there holds

VAR F Wrcavry = f
RN

—= m
sWZJ J-k - v[f]( ji )du [ 1170wt =k ‘L (- 1+5))dt
RN k“ ezN—2kjezJ [ - w

1#i

l 1 m
= J f](’ ) f [ Tizntwe =kl [ (wei =k + 5 )| dx
k EZN —2kj€z Y 5,5 RN £
= N—2 f" K +1 f]( j) duj l_[ “)Zl,m“Ll(R)Hli”Ll(R)
kjez

dt

oK™ f
()

K] eZN W l#i
1 ‘ k//
< > —=>7 sup VIFI| 2y | [ [Mumlelxdie < IV llag-, H [Py
k;’iGZN*Z w kjez u,e[i kJWH 1#i
and hence inequality (10) follows.
The second estimate follows again taking into account that V[K" f1< Zivzl ViK™ i Mo gen-1)- O
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Remark 1. Throughout the paper we have assumed that N > 1. Similar estimates in variation in the one-dimensional case
have already been obtained: we refer to [6] for case of the generalized sampling series and to [8] for the case of the sampling-
Kantorovich operators (notice that, for N = 1 the mixed sampling-Kantorovich operators obviously coincide with the classical
sampling-Kantorovich operators).

Remark 2. a) We point out that Theorem 3.1 can be viewed as a generalization of Proposition 5 of [7]. Indeed, let us consider
a step function f with compact support [a,b] C R, [a,b] c RY, where a,b€ Z", a; < b;,i=1,...,N, and f(x) = f(i)
for every x €[1, j[, i.e., f is constant on each interval of a grid of multi-dimensional intervals of the form [i, j] C [a,b],
withi,j €2z, and |j,—i,| =1, v=1,...,N, that form a partition of [a,b[. Then it is not difficult to see that, for such
function, V/[ f ] is also a step type function on the same grid and therefore the £'(ZN~!) and the L'—norm of V/[f ] actually
coincide. This implies that, in this case, the thesis of Theorem 3.1 says that the Tonelli integrals of E;’; f are smaller than

the Tonelli integrals of f multiplied by l_[?]:l %Il 1), and therefore, passing to the Euclidean norm, we obtain the thesis
of Proposition 5 of [7].

b) We finally point out that, in case of the same step-type function of a), the mixed sampling-Kantorovich operators coincide
with the classical Kantorovich operators (therefore Theorem 3.2 becomes Theorem 1 of [8]) and also with the generalized
sampling series: hence, as pointed out in Corollary 1 of [8], the sharper estimate

N
VIR? f1=VIR"F1=V87f] < [ [l VIIF]
=1
actually holds for every i,j = 1,...,N. As a consequence, we also have
N N
VIR® f1=VIR"F1=VIS"F] < [ [Illng D VIFL
=1 i=1
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