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Two positive solutions for a nonlinear parameter-depending
algebraic system

Pasquale Candito? - Giuseppina D’Agui® - Roberto Livrea®

Abstract

The existence of two positive solutions for a nonlinear parameter-depending algebraic system is invest-
igated. The main tools are a finite dimensional version of a two critical point theorem and a recent
weak-strong discrete maximum principle.

1 Introduction
Let N be a positive integer. Consider the following parameter-depending system of nonlinear algebraic equations
Au=Af (u) (Arf)

where u = (u(1),...,u(N)),, f(w) := (f, (1)), fo,(u(2)),..., fyw(N))) € RN are two column vectors, f, : R — R is a continuous

function for every k =1,2,...,N, A is a positive parameter and A = [q;; ]y is a positive definite symmetric Z—matrix. As special
case, we consider the tridiagonal nonlinear symmetric systems

TN(a: b} b) = A’i(u)’ (Tl,i)

where the matrix A takes the shape of a tridiagonal matrix

a b 0 0
b a b 0
Ty(a,b,b) :=
0 b a b
0 0 b a NN
where a, b € R with b < 0 and
a>2|b|cos( d ), (€8]
N+1

which plays an important role to develop numerical schemes to find approximations of solutions of differential boundary value
problems, as the finite element method or the finite difference method, see for instance [15] and the therein references. For
instance, we can reduce to our setting the following second order nonlinear discrete Dirichlet boundary value problem, namely

{ —A%u(k—1) = Af (u(k)), ke[1,N], @
u(0)=u(N+1)=0,

where [1,N] denotes the discrete interval {1,...,N}, for every k € [1,N], Au(k) := u(k + 1) —u(k) is the forward difference
operator, A%u(k —1) := u(k + 1) — 2u(k) + u(k — 1) is the second order difference operator and f, (u(k)) = f(k,u(k)), being
f :[1,N] xR — R a continuous function. Indeed, by computations we can show that problem (2) is a particular case of system
(T, ) where the matrix A is given by Ty(2,—1,—1).

Tt is worth noticing that, in general, in the right hand-side of (2) as well as in that of (A,,f), the function fi(s) are not
restrictions of the same function f : [1,N] xR — R. -

To investigate the existence of two positive solutions, we combine variational methods with truncation techniques. Roughly
speaking, we solve the algebraic system (A, ;) looking for nontrivial critical points of the so called energy function I, : RN - R
defined by putting -

N u(k)
— 1 t + N
L) := EuAu—Ak;JO fif()dt, VYueR",
where, for all k € [1,N] and for all s € R,

ven_ | fils), ifs=0;
£ )= { £(0), ifs <0, ®)
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Clearly, standard arguments ensure that I, is a C! functional in R with gradient given by
VI,u =Au—7nf’(u), VueRY,
being f*(u) := (ff@(1), f; (w(2)), ..., £ (w(N)))" € RY. Hence, the directional derivative of I, at the point u € R" in the
direction v € RY is given by
a1 N
g(u) =(VLu,v)= vtAu—)LkaJr(u(k))V(k), Yu, v eRV. (€]
v

k=1

Therefore, we have that VI,u = 0 if and only if
N
viAu— 2 fruk)v(k) =0, ¥veRY. )
k=1

So, it is by now evident that (5) can be considered as the weak formulation of problem (A, ) and it is the key to study the
nonlinear system (A, ;) via variational methods. More precisely, we have that the critical points of I, are nonnegative solutions of
problem (A; ;) (see the proof of Theorem 3.1).

Finally, to guarantee that such solutions are positive, we apply a discrete strong maximum principle for problem A0

contained in [8]. However, with respect to [8], here we are able to obtain the existence of two positive solutions without requiring
the additional assumption
f:(0) #0, for some k €[1,N].

In other words, we assume that

(J1) : fi(0) =0 for every k € [1,N],

hence the system (A, ;) can admit the trivial solution.

In particular, our aim is to describe suitable intervals of parameters for which the system (A, ;) admits two positive solutions

(Theorem 3.1). To this end, we use a finite dimensional version of a two critical point theorem established in [9], see Theorem
2.2 below.

Arguing in a similar way, we can see that other difference boundary value problems, as for instance, Neumann problem,
three-point problem, etc., can be considered as special cases of system (A, ), for more details we refer to [1, 2, 17, 24].

Variational methods are used to study algebraic nonlinear equations and nonlinear difference problem in many directions, as
for instance: the existence of at least three solutions for systems with indefinite coefficient matrices [19]; positive and negative
solutions in [27]; existence and multiplicity solutions for difference equations with different boundary conditions [4-8], [10-12]
and difference equations with discontinuous nonlinearities in [ 13]. For general references on nonlinear algebraic systems we refer
the reader to [20-26]. In particular, in [24] and in therein references, among the other results, you can find a review on many
problems related to nonlinear algebraic systems of type (A, ;) which includes also compartmental systems, strongly damped
lattice system and the discrete periodic boundary value problems.

2 Mathematical Background

In the N-dimensional Banach space R", we consider the two equivalent norms

N 1/2
— 2 —
lully == (D uCk?) ™ and Jullos := max Ju(k)),

k=1

for which we have
lulloo < llully < VN{ulloo- (6)

Let be u € RY, we say that u is nonnegative (u > 0), if u(k) > 0 for every k € [1,N], while we say that u is positive (u > 0), if
u(k) > 0 for every k € [1,N]. We recall that a matrix A = [a;;]y.y is said: positive definite, if u‘Au > 0 for all u # 0; positive
semidefinite, if u’Au > 0 for all u € RY. It is easy to show that the diagonal entries of any positive semidefinite matrix are
nonnegative. Moreover, if A= [a;; ]y .y denotes a positive semidefinite matrix with eigenvalues A,, ..., Ay ordered as A; <... < Ay,
we know that

Allully < u‘Au < Ayllull;, VueRY, 7

from which we have that a real matrix A is positive definite if and only if its eigenvalues are all positive.
We say that a matrix A = [a;;]yxy is a Z—matrix, if a;; < 0 for every i # j; a Z—matrix is a strongly Z—matrix iff for each
k €[2,N], one has

* there exists j <k such that q;;, <0;
* there exists i < k such that a;;, <0.

For more details on these topics see also [16]. Putting together Theorems 2.1 and 2.2 of [8], we have the following weak-strong
maximum principle for problem (4, ;)
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Theorem 2.1. Let A= [a;;]yxy be a positive definite real Z—matrix. If u € RY satisfies the following condition:
(i) eitheru(k)>0 or (Au)(k)=0, foreachke[1,N].
Then, one has u > 0. If in addition, A is a strongly Z—matrix, then, either u =0 or u > 0.

Our main tool is a two non-zero critical points theorem established in [9], that we recall here for the reader’s convenience. To
introduce such result, we need the definition of the well known Palais-Smale condition, in brief (PS). If X is a real Banach space,
we say that I, : X — IR satisfies the (PS)-condition whenever one has that any sequence {u,} such that

1. {I,(u,)} is bounded;

2. {I;(u,)} is convergent at 0 in X*
admits a subsequence which is convergent in X.
Theorem 2.2. Let X be a real Banach space and let ®, ¥ : X — IR be two functionals of class C' such that igf(b =¢(0)=v(0)=0.
Assume that there are r € R and it € X, with 0 < &(i1) < r, such that

sup W(u)
ued—1(]—o00,r]) W(ii) ®
r ®(ii)’
and, for each
®(i1) r

AeA=

w(i)’ sup  U(u)
ued—1(J—o0,r])
the functional I, = ® — AW satisfies the (PS)-condition and it is unbounded from below.

Then, for each A € A, the functional I, admits at least two non-gero critical points u, y, u, , such that I(u; ;) <0 < I(u,,).
Remark 1. It is worth noticing that the previous result guaranties the existence of two non-zero critical points for an appropriate
class of differentiable functionals. In particular, a careful reading of its proof shows that u; , is a local minimum for I,, while u; ,
is a mountain pass critical point, see also [3].

Next proposition is dedicated to study the (PS)-condition for the energy functional I,. To this end, we put

F,
Lo (k):= liminfﬁ Lo := min L (k),
so+00 g2 1<k<N
F,
L% (k) := limsup kgs) L°° := max L*°(k),
s—+00 S 1<k<N
N
W) = Y Fu(k), YueRY, ©)
k=1

where F;(s) := f f,f(t)dt for all s € R and for all k € [1,N]. We read ++.Q = 0 whenever this case occurs.
0

Proposition 2.3. Let A= [a;;]y«y be a positive definite, symmetric real Z-matrix. Assume that (j;) hold and either A < 2?—3)0 or

2/2—”00 < A. Then, the energy functional I, satisfies the (PS)— condition. Moreover,
(psy) if 21—”00 < A, then I, is unbounded from below;

(psy) ifA< 2?—3,0, then I, is coercive, i.e. lim I,(u) =+o0;
Ilullz—+00

Proof. Fix a positive A as in the assumptions. Clearly, it is enough to show that any (PS) sequence of I, is bounded in RY. Let
{u,} be a (PS) sequence of I,, that is

nEPOO I?L(un) =c,ceR nEPOO ”f‘tzl(VIl(un): V) =0. (10)
Consider the vectors uj defined by putting u:(k) := max{=+u,(k), 0}, for every n € N and k € [1,N] and, first, let us verify that
{u;} is bounded. By (6), (7), (j,), using the decomposition u, = u} —u and recalling that A is a Z-matrix, we can estimate the
derivative of I at u,, in the direction of —u

(VI (u,),—u;) (=) Au, + 2 i (0 (k)
k=1

> (—u))Aul + (u)) Au;
N

> > (—ayuy (D () + Al |12
i,j=1

> Al I,
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that is,

) VneN. an
[l 1l

Thus, by (10), we get liin |l [l = 0, which implies that {u '} is bounded in R". In addition, by (6), there exists M > 0 such
n—+0o0o
that

Al lls < (VI (u,),

0<u,(k)<M, forallke[1,N]andn €N. (12)
Now, we also prove that {u}} is bounded. Distinguish the cases:
a) A> 2’2—”00
b) A< 5k
Suppose a) holds. We only consider the case 0 < L., < +00; if L., = +00 one can work in analogy. Fix p = p(1) > 0 such that
;—’)VL <p <Lg. 13)

For every k € [1,N], there is §; > 0 such that
Fi(s) > ps®, Vs> 6.
A direct computation shows that for every k € [1, N] there exists 1, > 0 such that
Fi(s)> ps’—m, VseR'. (14

Fix n € IN. Clearly, the previous inequality ensures

N N N
W) = D R (K) 2 p i ()= 0 =pllu|z—n.
k=1 k=1 k=1

On the other hand, from (12) one has
N N N
V() = Y F(—uy (k) == fil(O)u (k) = =M Y £(0).
k=1 k=1 k=1

Hence, since [|u,||2 = [lu]||2 + |lu; |3, bearing in mind also (6), (7) and (12), one has

1 _
L(u,) = Eu;Aun -2 (\Il(u:) +W(—u;, ))
A = A
N N
< Sl =Aplllly + 2 (n +M;fk(0)) + SINM?
A > A
— N _ +112 N 2
= ( s Ap) llu |12 +A(n+M;fk(O)) +5NM
Therefore, by contradiction, if ||u’||, — +00, then one would have that lim,_, , o, I, (1,) = —00, against (10). Hence, {u’} is

bounded and our conclusion follows.
Suppose b) holds. Fix p = p(A) > 0 such that

A
L®<p< =t 15
pP<o3 (15)
For every k € [1,N], there is §; > 0 such that
F(s) < ps?, Ys>&,.
Observing that Fi(s) < 0 for every s < 0, we can find some 7 > 0 such that for every k € [1,N]
F(s)<ps*+m, VseR. (16)

Therefore, for every u € R¥, by (6) and the previous inequality, we have that

1
Lw = EutAu—A(\IJ(u+)+\I/(—u_))
A
> Sl - aw)
A A
> (220 Il + 2 - v,

Obviously, if [|ul|, — +oo at least one between ||u*||, and |[u"||, tends to +00. Hence, I, is coercive and, in view of (10), it is
obvious that any (PS) sequence is bounded. In particular, (ps,) holds.

We conclude the proof verifying (ps;). Fix {u,} in RY such that u, = u’ for every n € IN and [|u,||, — +00. Reasoning as in case
a), one has

A
L) < (5= 2p ) I+ 2.

Namely, I, is unbounded from below. O
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3 Main results

In this section, we present our main results, where we obtain the existence of two positive solutions for problem (A, ;) provided
that A is a positive symmetric real strongly Z—matrix and the continuous vector field f satisfies condition (j;).

Theorem 3.1. Let A be a positive definite symmetric real strongly Z—matrix and let f be a continuous vector field fulfilling condition
(j1)- Let c be a positive constant and let w € RN be a vector with 0 < w'Aw < A,c?. Assume that

Zsrenax Fi(s) ZFk(W(k))

. k=1 oo
(]2) C—<7Ll mny — o> A’N

1 wtAw v | A c?
Then, foreach A € A, := 5 max{ ——,— 1, E ~

Leo
D Fw(i)) D max F(s)
k=1 k=1

, problem (A, i) admits at least two positive solutions.
€[0,c]
Proof. Obviously, by (j,) the interval A, is well-posed. We apply Theorem 2.2 by putting
X=RY, d=w, &)= %utAu, YueRY, 17
and I, := ® — AW, where ¥ is the function introduced in (9). Clearly, ® and ¥ are two functions of class C! with il}}f ®=9(0)=
W(0) =0. Taking r = %cz, by (6) and (7), we observe that

d(u)<r= |lulle <c. (18)

Therefore, we have that

sup  W(u) Zmaka(s)

ued—1(J—o00,r]) 2 1= setoe]
< — 19
r A c2 (19)
On the other hand, we observe that,
N
o) > F(w(k)
w k=1
=2 . 20
d(w) N ) ) (20)
> awiw(i)
ij=1
Hence, owing to (j,), combining (19) and (20), we get
sup ¥(u)
cI>(11)Is)r \I/(W)
r d(w)’

being in particular A; C A.
Clearly, one has 0 < ®(w) < r. Thus, for every A € A,, owing to (ps;) of Proposition 2.3, we get that the function I;, = ® —A¥
satisfies the (PS)-condition and it is unbounded from below. Therefore, I, admits at least two non-zero critical points u; j, u ,.
Fixed k € [1,N], one has that either u, ;(k) > 0 or (Au, ;)(k) > 0, i = 1,2, owing to (j;). So also condition (i) of Theorem 2.1
is verified and this implies that such solutions are positive. So, the proof is completed. O

Remark 2. In the proof of Theorem 3.1, exploiting that A is a positive Z-matrix, we can obtain that u, ,, u, , are two non-negative
solutions of problem (4, (), testing the weak formulation (5) with —u; ,, i = 1,2, without using condition (i) of Theorem 2.1.

Let A be a positive definite symmetric real strongly Z—matrix and let f be a continuous vector field fulfilling condition (j,).

Put,
N

o)=Y ay,

ij=1
some useful consequences of Theorem 3.1 are the following results.
Corollary 3.2. Assume that o (A) > 0. Let ¢ and d be two positive constants with d < ¢ such that

Z max Fk(s) ZFk(d)
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1 o(Ad?* A A c?
Then, for each A € A, := 3 max N(—), ke M e SN SN problem (A; ;) admits at least two positive solutions.

Lo [ 2
F.(d F,
’; W(d) kzn%gncc] «(s)

Proof. We apply Theorem 3.1 by choosing w(k) = d for every k € [1,N]. Clearly, to get our conclusion it is enough to verify that

A
c. Arguing, by contradiction, we have that ¢ > d > \| —2=¢, from which it follows that

o(A)
Zgl[ngk(s) D @)
k=1

wiAw < A,c?, thatis d <

(A)

>

> M k=1
c? o B I ) B
which contradicts our assumption (js). O
Corollary 3.3. Let c and d be two positive constant with d < c such that
Z max Fk(s)
sefo Fe(d) Loo } -
_ < = ke[1,N].
(Ja) = ; min akkdz’ " , for some [1,N]
1 agd® Ay 11 c . .. .
Then, for each A € A3 := | — maxy ——=<, — —— |, problem (A; ;) admits at least two positive solutions.
2 Fi(d) Lo f-

max F (s
Zs€[0c] k( )

Proof. We apply Theorem 3.1 arguing as in the proof of Corollary 3.2, by choosing w(k) = d and w(k) = 0 for every k € [1,N]
with k # k. O

Corollary 3.4. Assume that

Z max Fi(s)
) . =1 s€[0,c] 1
(Js) 2§£C—z < ELOO-
(S)
(Jg) There exists k €[1,N] such that lim sup =+4o00.
s—0+
1Ay A c? , - .
Then, for each A € A, 1= 21 ? sup — |, problem (A, ;) admits at least two positive solutions.
c>0 -
F,
Zggoaf] k(s)

Proof. We apply Corollary 3.3. For simplicity, we give the proof only for L, < +00. If L, = +00, the proof is analogous. By

Z max Fi(s)
=1 s€[0,c] 1
(js) there exists ¢ > 0 such that ———< A_L‘X" In force of (jg), there exists d < ¢ such that,
¢ N
F-(d
RONGS
d2 An
Thus, condition (j,) of Corollary 3.3 is verified. So, the proof is completed. O

Now, we point out some consequences of the previous results for the tridiagonal system (T, ;) when the diagonal field f is
super-linear at +o00 and it is with separable variables, i.e. f; :[1,N] x R — R is defined by putting, for all k € [1,N] and s € R,

fi(s) :==a(k)g(s), sLiJlrnoo @ =400, 21

where a: [1,N]— R" and g : R — R is a continuous function. To simplify notations we put

(a): Za(k), G(s)ng(t)dt, sER.
0

k=1
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Corollary 3.5. Let a, b, c and d be four constants with a> 0, b <0, c>0and 0 <d <c. Let g : R — R be a continuous function

fulfilling (21) with g(s) = 0 for every s € [0,c]. Assume that (1) holds. In addition, suppose that

G(c) a+2bcos(m/(N+1)) G(d)

) o < oNt2v—1p @

aN +2(N—1)b d?> a+2bcos(m/(N+1)) c?
25%(a)  G(d)’ 25(a) G(c)

Then, for every A € ] [, system (T, ;) admits at least two positive solutions.

Proof. Since the tridiagonal matrix Ty(a, b, b) has eigenvalues given by

Ak=a+2bcos( kn
N

s k:1:2:---:N: 22
) =

as you can see, for instance in [18, Theorem 2.2], by (1) it turns out to be a positive definite symmetric strongly Z—matrix being
b < 0. By (21), we have L., = +0o0 and our conclusion follows at once by applying Corollary 3.2. O

Corollary 3.6. Let a, b, c and d be four constants with a >0, b <0, c>0and 0 <d <c. Let g : R — R be a continuous function
fulfilling (21) with g(s) = 0 for every s € [0,c]. Assume that (1) holds. In addition, suppose that

G(c)  a(k)(a+2bcos(n/(N +1))) G(d)

< .
(r2) c2 ax(a) dz
a d* a+2bcos(n/(N+1)) c2 [ . . .
Then for every A € — ) ——|, system (T, ;) admits at least two positive solutions.
Jor every ]Za(k) 6(d) 25(a) Gl YT AL P

Proof. Arguing as in the proof of Corollary 3.5, our goal is achieved by applying Corollary 3.3. O

An interesting consequence of Corollary 3.4 is the following

Corollary 3.7. Let g : R — R be a continuous function fulfilling (21) with g(s) = 0 for every s € [0,c]. Assume that (1) holds. In
addition, suppose that

(y3) lim _g(s) =400
s—=0t §
+2b N+1 2
Then, for every A € ]0, d cos(r/( ) sup ¢ [, system (T, ;) admits at least two positive solutions.
2% (a) 0 G(c) e

Remark 3. We highlight that a careful reading of the proofs of Corollaries 3.5, 3.6 and 3.7 shows that the sign condition on the
function g can be removed just replacing G(c) with max,c(, . G(s). Indeed, it is useful only to guarantee that max,c[o.; G(s) = G(c),
however in this way the typical behaviour of the functions that could satisfy the assumptions (y;) and (y,) should be more clear.
Roughly speaking, the function s — % has a peak near the point d.

Moreover, we would like to observe that we obtain at least two positive solutions, even though the algebraic system investigated
admits the trivial solution, i.e. if g(0) = 0. In particular, if g(0) > 0, then is evident that (y;) is verified and we obtain the same
interval of parameter described in [8, Theorem 3.3].

Finally, we give an application of Corollary 3.7 to the difference Dirichlet boundary value problem (2). See, also [7, Theorem
1.1] where at least one positive solution is obtained when g(0) > 0.

Example 3.1. Let g : R — R be a continuous function fulfilling (21) with g(s) > 0 for every ¢t € [0, c]. Assume that

(ys) lim @ = +o00.
s—0t S
— 2
Then, applying Corollary 3.7 with the tridiagonal matrix T(2,—1,—1), for every A € ]0, w su % [, problem
c>0 c

{ —A%u(k—1)=Ag(u(k)), ke[1,N], 23)

u(0)=u(N +1)=0,
admits at least two positive solutions.

Remark 4. We remark that [14, Theorem 1.1] gives a larger interval of parameters for the existence of two solutions for problem
(23) where the energy functional I, is constructed exploiting an equivalent norm in R¥ involving the forward difference operator
Au(k) :=u(k + 1) —u(k).

In the one dimensional case, a nice application of Corollary 3.7 is contained in the following

Example 3.2. Let g : R — R be a positive continuous function fulfilling (21). Then, one has that the equation

x=2g(x), xeR,

1 2
admits at least two positive solutions for every A € ]0, 3 sup % [, provided that condition (y5) holds.
c>0 c
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