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Abstract

The main purpose of this work is to build a numerical method for solving an epidemiological model that
describes the spread of COVID-19 in some countries. The method is constructed using a NonStandard
Finite Difference (NSFD) discretization for the analyzed model, in order to preserve its positivity and
equilibrium points properties. Numerical simulations testify the best performance of the proposed scheme
with respect to the related Standard Finite Difference (SFD) method, the famous explicit four-stage
order-four Runge-Kutta known as RK4, and another positivity-preserving nonstandard method.

1 Introduction

Physical situations that evolve in space and time are often described with appropriate differential equations. Solving them
exactly is not always possible, and therefore it is necessary to use numerical methods [34]. Despite this, it may happen that
some qualitative characteristics of the model are a-priori known. For example, the model can represent an epidemiological
phenomenon, and therefore its exact solution is non-negative over the entire integration interval. Furthermore, if the model refers
to a periodic chemical reaction [8, 9], the exact solution is known to oscillate with some frequency [29]. Also, the equilibrium
points of the differential system to be solved can be a-priori known, as well as conservation laws [11, 20, 21] and behavior of
the solution subjected to perturbations [15]. Therefore, when selecting the numerical method, it is necessary to pay attention
to its stability properties. Usually, one only looks at the linear stability [34] properties of a numerical method. However, more
generally, given a property P of the considered model, we say that the numerical method used for its solution is P-stable if it
is able to preserve P for each choice of the discretization steps [2]. In summary, when it is not possible to calculate the exact
solution of differential equations, it is important to select a numerical method that provides a solution with the same properties
as the exact one. In this context, very useful approaches consist in the use of NonStandard Finite Difference (NSFD) numerical
methods and geometric numerical integrators. Regarding the geometric numerical integration, there are several papers in the
scientific literature that lead to the construction of methods that preserve energy, mass, positivity, and other known characteristics
of the considered problem [7, 12, 23]. Concerning the preservation of positivity, interesting articles have been written both in the
field of geometric numerical integration and NSFD discretizations [31, 32, 42]. Usually, when a method is required to preserve
positivity, it is necessary to pay a price in terms of order of accuracy, which cannot be greater than one. However, recently, some
work has been done in which, for some types of problems, this order barrier can be overcome [6, 36].

NSFD methods [2] are a generalization of Standard Finite Difference (SFD) discretizations and have been introduced to avoid
numerical instabilities [13]. In fact, they can be constructed to preserve the known properties of the analyzed model. Therefore,
the major advantage of these methods is to be dynamically consistent with the problem, with respect to one or more properties
P, for all the choices of the discretization steps [40]. By means of classical discretizations, well-known numerical methods are
obtained, such as Linear Multistep and Runge-Kutta schemes [34]. They are obtained by approximating the involved derivatives
using Taylor series expansions and their combinations. However, in practice, the qualitative properties of the exact solution are
not necessarily preserved for each step-size value. Starting from a standard numerical method, it is possible to obtain a relative
NSFD scheme, by modifying the first one according to two rules, which will be explained in the next section. These two rules
must be applied to improve the stability properties of the initial SFD method. Usually, the starting SFD method is explicit and its
modification is performed to preserve this structure. In this way, the computational cost of the NSFD method is the same as that
of the SFD one. In the scientific literature about NSFD numerical methods, the preservation of positivity [41] and equilibrium
points [2] of the model of interest are mainly investigated. Recently, it has been observed that such methods can also preserve the
possible oscillating character of the model [14]. The use of NSFD methods for differential equation models has increased over the
years, also because it has been observed that the classic routines available on software (such as the ode45 and odel5s functions
of Matlab) can fail in the numerical solution of such problems, not being able to capture their fundamental properties [35].

Currently, given the COVID-19 pandemic that has characterized the entire planet in the last two and a half years, the most
fashionable scientific models are the epidemiological ones. Furthermore, other serious respiratory diseases have characterized the
world in the past years, such as SARS (Severe Acute Respiratory Syndrome), MERS (Middle East Respiratory Syndrome), Ebola,
and others, representing a real challenge for the health system. In this context, modeling [1, 3, 4, 5, 22, 43, 45, 46] proved
to be very useful, as thanks to it, it has been possible to predict the progress of epidemics, making sure to take the necessary
countermeasures in time, preventing the health systems of the involved nations from collapsing. To derive a model for epidemics,
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the most followed route is that of compartmentalization. This means that the overall population is divided into classes, and the
obtained model can tell us how these classes of people vary over space and time. Epidemiological models have also been used in
other fields, for example to study the spread of fake news [16, 17, 18]. One of the first and most famous models, introduced by
Kermack and McKendrick, is the SIR [30], which consists of a system of three Ordinary Differential Equations (ODEs), where the
population is divided into the following categories: S(t) are healthy individuals at time t, Susceptible to infection; I(t) are Il
individuals at time t, and therefore vehicles of infection; R(t) are individuals who recovered or died at time t, therefore they
could be considered as Removed. The SIR can then be generalized by adding the dependence on space, or by adding other
categories of population, to be more refined. For example, a famous generalization of the SIR model is the SEIR [24, 33], in
which the class E(t) of individuals Exposed to the virus at time t, but not yet infectious, is added. In this work, we consider a
particular version of SIR model, consisting of three ODEs, which describes the spread of the COVID-19 epidemic in Pakistan [19].

The main aim of this paper is to derive a new NSFD scheme for the considered epidemiological model, that has been analyzed
in [19], where the authors propose a standard numerical method for its solution. In this work, we demonstrate that our NSFD
method is able to preserve the positivity of the exact solution and also the characteristics of the equilibrium points of the model,
both for the values of the parameters used in [19] and for others introduced here, thanks to which it is possible to describe the
qualitative spread of the COVID-19 epidemic in Bangladesh.

This paper is organized as follows. In Section 2 we recall how to construct NSFD numerical methods. In Section 3 we describe
a mathematical model for the spread of COVID-19 in Pakistan proposed in [19]. In Section 4 we derive an NSFD numerical scheme
for the model solution, capable of preserving the positivity and equilibrium points properties, also by changing its parameters. In
Section 5 we perform numerical simulations to compare the derived NSFD scheme with the related SFD method, the RK4, and
another positivity-preserving nonstandard method. In Section 6 we discuss the results obtained in this work.

2 Preliminaries

In this section, we briefly recall the properties of NSFD numerical methods and some concepts and definitions that we will use in
the paper.

Consider an initial value problem, in hypothesis of existence and unicity of the solution, described by the first-order system of
Ordinary Differential Equations (ODEs)

{y/(f)=f(t’)’)’ tel:=[t,T], @

¥(to) = Yo,
where y: I — R™and f : I xR — R™. Then, consider the time discretization { t; = t, + kh,k =0,...,N, ty = T } of the countinuos

interval [t,, T] related to (1). Let us indicate with y, the approximation of the exact solution at the grid point t;, i.e. ¥, ~ y(t;).
A very simple example of SFD discretization for the first-order derivative of the function y of (1) is

Y(t) ~ W @)

Starting form the SFD discretization (2), the NSFD rules [38, 39] allow to modify it as
Yien =W ()yi

()~ ; 3
e ()
where the two functions vy(h) and ¢ (h) are non-negative and must satisfy, for h — 0,
Y()=1+0(h),  ¢(R)=h+O(K*. @

They are called numerator function and denominator function, respectively. The property (4) allows to obtain an NSFD numerical
method that is consistent with the continuous problem (1). Furthermore, this property can be generalized to different starting
standard discretizations associated with the first-order derivative, and also if higher order derivatives are present (see, e.g.,
[2, 39]). The functions 1y (h) and ¢ (h) are usually chosen to improve the stability properties of the starting SFD method, and
even to preserve some a-priori known features of the exact solution of the reference problem (1) [37, 41].

The NSFD rules also allow to approximate the function f of (1) in a different way than the classical case. In fact, non-local
representations are granted for the non-linear terms involved in it, such as for example [38, 39]

2y2.Yi
Yiv1 T Yk

As before, the non-local representations that are introduced cannot be generic, as attention must be paid to consistency of
the NSFD method with the continuous problem (1). As for the first rule, also in this case an accurate choice of the non-local
representations can improve the stability properties of the starting SFD method, allowing the nonstandard numerical scheme to
preserve a-priori known qualitative features of the model.

In this work, we will exploit both NSFD properties (3) and (5) to construct an explicit nonstandard method for a SIR model
for COVID-19. We will prove that this method, in addition to having very good stability properties, is elementary stable and
positivity-preserving. We recall below the definitions of positivity of a system of ODEs, and of positivity and elementary stability
of a numerical method.

Y2(t) ~ Y1 Y Yt~ )

Definition 2.1. Positivity of an initial value problem [39]. The initial value problem (1) is said to be positive if the exact solution
satisfies y(t) > 0, Yt € I, starting from non-negative initial conditions.
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Definition 2.2. Positivity of a numerical method [39]. Consider a numerical method for the solution of the initial value problem
(1) on the discrete grid {t, = t,+kh,k=0,...,N,ty = T}. The numerical method is said to be positivity-preserving if the
numerical solution satisfies y, >0, Yk=1,...,N, given y, > 0.

Definition 2.3. Elementary stability of a numerical method [2]. A finite difference numerical method is called elementary stable if,
for any value of the step-size h, its only fixed-points ¥, are those of the differential system (1), and if the linear stability properties
of each fixed point are the same for both the differential system and the discrete method.

Recall that the equilibrium points, or fixed-points, of autonomous differential equations of the type y’ = f(y) are constant
vectors ¥ satisfying
f(¥)=o.
A criterion to study the linear stability of the equilibrium points lies in the analysis of the eigenvalues A; of the Jacobian
matrix J of f at . A fixed-point is

* linearly stable iff |ReA;| < 1 for all j;
e linearly unstable iff |ReA;| > 1 for at least one j.

A physical interpretation of the linear stability of equilibrium points is given by Lyapunov theory. In fact, a fixed-point j is
said to be

¢ stable if it holds
Ve>0, 36>0: if|ly,—JFll<é6 = |ly(t)—7Fll<e, Vt=0;

* asymptotically stable if it is stable and it holds
Jim [ly(e) =3Il =0.

In other words, a linearly stable fixed-point attracts, in some neighborhood, other solutions of the differential system as t — oo.
A linearly stable fixed point is stable when setting initial conditions that are close to it leads to a solution that is close to it,
and asymptotically stable when setting initial conditions that are close to it leads to a solution that converges to it. Instead, an
unstable fixed-point repulses the solutions.

Regarding epidemic models, an alternative way to study the stability of the equilibrium points is given by the reproductive
number R, which is a threshold parameter governing the time evolution of a desease. When R, < 1, the epidemic is under
control, otherwise it spreads immeasurably.

3 Epidemiological model

Over the years, several mathematical models have been constructed to predict the spread of infectious diseases (see, e.g.,
[1,5, 25, 44, 46]).

In this section, we consider a modified version of the famous compartmental Kermack-McKendrick SIR model [30], which
is based on the subdivision of a population into three classes: Susceptible (to the disease), Infectious, and Recovered people.
Specifically, in this paper we analyze the following system of three coupled non-linear differential equations [19]:

dz—(tt) =b—k(1—aS(t)I(t))—akpS(t)I(t) —uS(t), (6a)
d;(tt) =k(1—aS()I(t)) + akBS()I(t)— (dy + v + wI(t), (6b)
—dﬁ(tt) =yI(t)— uR(t). €

Here, S(t),1(t) and R(t) represent the number in million of Susceptible, Infectious, and Removed people of the population on
day t, respectively. All the parameters involved are positive and their meaning is described in Table 1. There, we also report
the values of the parameters used in [19] on the left, and those we propose in this paper on the right, thanks to which the
qualitative trend of the COVID-19 epidemic in other countries, such as Bangladesh in the period May-December 2021 [26], can
be reproduced. The total population, denoted by N(t), is given by the sum S(t) + I(t) + R(t). Note that adding the equations
(6a), (6b) and (6¢) gives the conservation law [42]

dN(t)
dt

which describes how the total population evolves over time. It does not always happen that the sum of the components of a
system of ODEs gives a conservation law, but in this case it is necessary to take this into account in the construction of the method.
In fact, N(t) has a precise physical meaning, representing the total population at time t. Generally, compartmental models such
as the one analyzed here give rise to conservation laws of this type.

In [19], the authors prove the positivity of the model (6) and study its equilibrium points, setting parameters values for
which it is possible to reproduce the trend of the COVID-19 epidemic in Pakistan. Furthermore, they numerically solve the model
using explicit Euler method, which is the simplest and most well-known SFD-based one-step numerical scheme for initial value
problems.

=b—uN(t)—dyI(t), @)
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Table 1: Physical description of the parameters of the SIR model (6), and relative values chosen in [19] on the left, and those used in this paper
on the right.

Parameters  Physical descriptions Pakistan Bangladesh

d, Death due to COVID-19 0.02 0.015

7 Natural death 0.0062 0.0054

b Birth rate 10.7 0.018

I§ Protection rate 0.009 0.009

k Constant rate 0.00761 0.00761
a Isolation rate 0.009 0.009

Y Recovery rate 0.0003 0.9

In this work we show that by choosing other parameters values for the SIR model (6), i.e. the ones on the right of Table 1,
some explicit classical SFD methods, such as Euler method, but also the famous RK4 [28], are inefficient (they are not stable and
do not retain positivity and equilibrium points properties for some values of h). Then, starting from the explicit Euler method, we
construct an NSFD numerical scheme which is still explicit and is also endowed with very good stability properties.

The ODEs system (6) is characterized by the following properties (see [19]).

* Positivity condition. The exact solution y(t) = (S(t), E(t),I(t)) is positive over the interval [0, 00), starting from
non-negative initial conditions;

* Equilibrium points. For some values of the system parameters, such as those proposed in [19] and also the ones used
there, good approximations of the equilibrium points are the following:

— Disease-Free Equilibrium (DFE), denoted by E,,
b
E,=(8°,0,0)=(—,0,0); ®
W

— Endemic Equilibrium (EE), denotated with E* = (S*,I*,R*),
_b—(u+do+1)I"

S'=—r——, (9a)
u
k
ka(1=B)(u+dy+y—b)I*+u(u+dy+7)
r=1r (90)
u

The DFE and EE points are linearly stable, and in particular they result asymptotically stable [19] for both the pairs of
parameters in Table 1. Furthermore, the reproductive number of (6) is given by (see [19])

R, = K1 =F)b
u2

For both the pairs of parameters reported in Table 1, it easy to note that it holds R, < 1.

4 Construction of the nonstandard scheme and related properties

In this section, we derive an NSFD method to solve the ODEs system (6), proving its positivity and elementary stability.

Note that the presence of the conservation law (7) imposes constraints in the construction of an NSFD scheme. First of all, the
denominator function has be the same for all the involved equations. Secondly, if some terms appear in more than one equation,
the discretizations used for them should be the same. Considering also the positivity and equilibrium points properties of the SIR
model (6), we propose the following nonstandard method for its solution:

Sii1—S
% =b—k+kaS.I, —akfS,, I — USis1, (10a)

L, —1
% =k —kaS I, + akBS I, — (do + 1 + W)iss, (10b)

Ri;1—R
Lk YDr1 — MRy (100)

¢(h)
We take the following denominator function ¢ (h):
__ ,—akh
o= an
ak
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Note that the function ¢ (h) thus defined respects the NSFD rules recalled in Section 2, since it is non-negative and satisfies

p(h)=h— %Z(ak)+o(h3), h—0.

Below, we prove that the NSFD method (10) respects the conservation law (7), also preserving the positivity condition and
the equilibrium points properties. Firstly, note that the method (10) can be formulated as

_ ¢(b—k)+(1+ ¢pkal,)S,

S = 12
ke 1+ ¢u+pakpl, (12a)
k+(1—o¢kaS)I, + kpS, . I
Ly = ¢ ( pkaS ) + dakPfSy., k’ (12b)
1+¢(do+y+u)
M_ (120)

R =
k+1 1+ ou
Hence, the proposed NSFD scheme is explicit and has the same cost as the related standard scheme, i.e. explicit Euler method.

Proposition 4.1. The NSFD scheme (10) preserves the conservation law (7).
Proof. Adding the right and left side of the equations (10) gives
Nip1 — Ny
¢(h)

which is a nonstandard discretization for (7). O

= b — Ny —dolys1,

Theorem 4.2. The NSFD scheme (10) preserves the positivity of the model (6) foreachh> 0, if b>kand 8 > 1+ u/ak.

Proof. In order to prove the positivity of the NSFD method (10), we look at the rewriting (12). Since S, I, and R, representing
numbers of individuals in the population, are non-negative values, we proceed by induction assuming S, > 0, I; > 0 and R, > 0.
Remembering that ¢ (h) is non-negative for each choice of h > 0, note that to have S;,; = 0, it is sufficient that b —k > 0.
This condition is valid for both the pairs of parameters reported in Table 1.
To prove that I, > 0, we define the function g(I;) := I;,,. Note that if g(I;) has only negative critical points, and if it is
positive at I, = 0 and such that g(0) < g(I;) for at least one value of I, > 0, it automatically follows that I, ; > 0. Indeed, in this
case g(I;) would be a non-negative increasing function for I, > 0. The first-order derivative of g(I;) is given by

?BAIK* % + (14 ug)* — akd(1+pud)(Si + upS, — B(2L, + b —k¢ + )
(1+aplike +up)(1+(dy +7 +um)¢) '

g'I)=
Then, the critical points of g(I,) are given by

.- l—ug £ Vak@(+pg)(=bB + Bk +5,— BS, + ugS)
fra apke '

Note that one of the two critical points is always negative (the one with the minus sign in front of the square root). The other
critical point is negative iff

(13)

(1 +pg)(—1—ugp +akp(Bp(—b+k)+S(1—f +ug))) <O0.

This happens for each S, > 0if b > k and f# > 1+ u¢. Obviously, since ¢ assumes maximum value at 1/ak, to express the
condition > 1+ u¢ in such a way that it is independent from h, we finally assume § > 1+ u/ak. To conclude this part of the
proof, we observe that g(0) = (k¢)/(1+(d, + v +u)¢) = 0 and that lim;,_,, g(I;) = o0 = g(0).

Finally, since I, is non-negative, it also holds that Ry, > 0. O

Note that for both pairs of parameters of Table 1, the hypothesis b > k is true, while the hypothesis f > 1+ u/ak is not
satisfied. In the next remark we therefore explain why, in any case, our scheme preserves positivity even for very large values of
h, as observed numerically.

Remark 1. Let us observe that one of the two critical points (13) of the function g defined in Theorem 4.2 can be positive, if
we do not assume 3 = 1+ u/ak. Let us indicate it with I}. As seen during the proof of the theorem, I} is a minimum for g.
Therefore, if we prove that g(I;) > 0, automatically it follows that g(I;) > 0 for each I, > 0. This leads to the positivity of I ,,,
which is what we want to prove. Note that

—1+2yak¢(1+ugp)(—bB$ + Bk + 5. — BS; + upS,) + ¢(—pu+ abfke + ak(—1+ B —ug)S,)
afke(l+(dy+7+u)p) '

This quantity is always non-negative if the polynomial p(S;) = ¢, + ¢, S, + czs,f satisfies p(S;) = 0, where

co=1+¢Ww?¢ +2u(l+apk(—3b+ 2k)¢?) + afkp(4k + b(—6 + abBkd?))),

¢ =20k (—1+ B —u¢)(—3—3u¢ +abpke?),

¢ =a’k*$*(1— B +pe)*.

UES
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Then, if the coefficients ¢;, i = 0, 1, 2, are non-negative, we get a sufficient condition for the positivity of the method (10), even
when the hypothesis § > 1+ u/ak is not satisfied. By requesting, for example, ¢; > 0, i =0, 1,2, for the parameters reported
on the left of Table 1, we get 0 < ¢ < 261.06. By doing the same with the parameters reported on the right of Table 1, we
get 0 < ¢ < 119977.90. Let us observe that ¢(h) = hp(z), where p(z) = (1 —e)/z and z = akh. Since 0 < ¢(2) < 1, we

can choose very large values of h being sure that the nonstandard method (10) still preserves the positivity, for both pairs of

parameters in Table 1.
Now, we also prove that the constructed method preserves the properties of the equilibrium points of the model.

Theorem 4.3. The NSFD scheme (10) is elementary stable.

Proof. We have to prove that the equilibrium points E, (8) and E* (9) are linearly stable for the NSFD method (10), as in the

case of the continuous model (6).

The Jacobian J = 3f /3y := (jum 3 of the NSFD scheme (see the formulation (12)) has the following entrances:

n,m=1
) 1+ ¢pkal, . —pkal; + pkafliji, . Yo
= T iar J21 = > J31 = J2,15
1+ ou+pakpI, 1+ ¢(dy+y+w) 1+¢u
jia= pka(S(1+ou—pB)+¢pk—b)) _ 1+ ¢pka(=S; + B(ji 21k + Sks1)) _ 91
" (1+du+ pakpl)? ’ 22 1+ (dy+7+1) 2T 1+ u”
. . . 1
J13=0, Jo3 =0, J33 = 1+ d),u'
. . - . b
Evaluating the Jacobian J at the desease-free equilibrium point E, = (I_J«’ 0, 0) leads to
a; a; 4as
J(Ey)=|a, a5 agf,
a; ag dy
where
1 . _ 9ka(b(+pu—B)+$pulk—b)) o
YT Tren ? u(l+ pp)? T
_ _ab(=1+p)k¢ +u(1+¢(u—ak(b—bp +pk)¢)) _
a, =0, as = ag =0,
w(l+ud)1+(dy+71+u)d)
¢y 1
(17=0, 08=ma5, a9=1+¢u.
Solving the characteristic equation det(J(E,) — AI) = 0, where obviously
a;—A a, 0
JE)—AI=| 0 a—2 0 |,
0 ag ag—A
leads to the eigenvalues of J(E,):
det(J(E))—AI)=0 = (a;—A)as—A)ay—A)=0 = A =a;,A,=4as, A3=4d,.

Note that all the eigenvalues are reals and trivially |A,| = |15] < 1. Furthermore, A, can be rewritten as

_ (= ¢uRy)( + pp) — apk’¢?
Pl +y+ )1+ pu)

Since for the two pairs of parameters in Table 1 it holds R, < 1, then trivially A, < 1. Moreover, by doing some calculations, it is
easily shown that it is also true that A, > —1. This proves that the equilibrium point E is linearly stable for the NSFD method.
To prove that E* = (S*,I*,R*) is also a linearly stable equilibrium point for the NSFD method, we need to evaluate the

Jacobian in correspondence of it. This leads to

aj a a
J(E)=|a, a a;f,
a; ag a;
where
o = u(dy +v + p+2ak’$) + ¢, ot = pka(S*(1+pu—pB)+¢p(k—b)) @ =0
1 ¢ ’ 2 1+ pu+ pakBI=)? R
“ 2ak*ug(=1+ p —ug) o = a?BAIVk*P* + (1 + pg)® —akdp(1+ ue)c, =0
a1 +(dy+y+uwe)’ > (I+afl*k¢ +ug)*(1+(do +7v +u)d) 6 7
o = 20K ud* (=14 p — ) N oL
7+ ud)(d+(dy+y +we)’ § 1+¢u ¥  1+¢u
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o= vVulda(=1+pkA(b—dy—y—uw) +uldy + v+ ), ¢ =uldy+y+u+2apk’d +uldy+y+u)p) +co + udco,
c, =S*+upS*—p2I* +bp —ke +S*).

Subsequently, as before, it is necessary to compute the eigenvalues of J(E*), checking that they are all in modulus less than one.
In this case, the characteristic polynomial is given by

det(J(E)—AI)=0 = ((aj—A)ai—A)—aja;)(az—A)=0.

As for E,, also for E* one eigenvalue is A; = a;;, which satisfies |4;] < 1. The other two eigenvalues are easily derivable from the
characteristic polynomial, and by carrying out some algebraic calculations it is possible to see that they are in modulus less than
one, using that it holds R, < 1 for the two pairs of parameters in Table 1. This proves that E* is a linearly stable equilibrium point
and concludes the theorem. O

5 Numerical simulations

In this section, we perform numerical simulations to highlight the advantages of the proposed NSFD scheme and confirm the
theoretical properties discussed so far. Specifically, we solve the model (6) using the NSFD method (10), the related standard
one, i.e. explicit Euler, the famous and well known explicit Runge-Kutta RK4, and a nonstandard method derived by Mickens in
[42]. The comparison between the mentioned schemes shows the advantages of the nonstandard method derived in this paper,
which, unlike the classical ones, avoids numerical instabilities. Furthermore, compared to the nonstandard method by Mickens,
which is stable and preserves the positivity, our NSFD scheme is able to compute the solution with a slightly lower error.

The scheme proposed in [19] for the solution of the model (6) is simply explicit Euler method, which in this case takes the
following form:

Sis1 = Sk + h(b — k(1 — aS,Ii) — akBS; I, — uSy), (15a)
Iy = I + h(k(1 — aS, i) + akBS, I — (dy + v + w)I}), (15b)
Ris1 =R + h(yI — uRy). (15¢)

The RK4 is instead an explicit Runge-Kutta method with four stages and order four having the following Butcher tableau [10]:

1

6

Finally, the nonstandard method obtained by Mickens in [42] has been built on a slightly different version of the SIR compared
to the one we have considered here. Then, we need to modify the scheme by Mickens in order to apply it on our SIR model (6),
as follows:

NHO O NI
wlHoN| -

W~

S +¢(b—k)

. - 16
1T 4 ¢ (u+ akBl, —kaly)’ o
L I+ ¢(kap —ka)[Sp,q + Pk (16b)
T+pu+y+d) 7
R+ ¢yl
Ry = —"1 +¢$J“. (160)

Mickens has demonstrated that the nonstandard method derived in [42] preserves the positivity for each step-size value on the
version of the SIR model analyzed there. Adapting his method to the SIR model (6) considered here, then getting the scheme
(16), we have numerically observed that the positivity is still preserved for very large step-sizes, for both pairs of parameters in
Table 1.

The initial values of the functions S(t), I(t),R(t) are taken from [26, 27]. In particular, the initial conditions are S(0) = 164.7,
I(0) =0.0078, R(0) = 0.0003. The parameters values we set are those of Table 1 on the right.

In order to compute the errors of the used methods, we calculate a reference solution using the Matlab function odel5s,
requiring maximum accuracy. For the computation of the reference solution, we opted for ode15s after verifying that it is able to
satisfy the most important properties of the model. The behavior of the reference solution is shown in Figure 1.

Figure 2 shows that explicit Euler is not stable, since for h = 4 the numerical solution and the global error explode. Even
reducing the value of the step-size h, the numerical solution computed by this SFD method continues to be totally different from
the exact one, as shown in Figure 3 on the left. Instead, our NSFD method provides in the same case an accurate solution, as
shown in Figure 3 on the right. Figure 4 shows that the RK4 method provides an inaccurate and divergent solution setting h = 4.
Differently from the SFD Euler scheme and the RK4 method, the NSFD scheme derived by us reproduces very well the qualitative
behavior of the exact solution for the same step-size, as shown in Figure 5.
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Figure 1: Reference solution of (6), provided by the Matlab function ode15s.

In order to numerically confirm that our NSFD method is elementary stable, as proven in the previous section, we report
in Table 2 on the right the spectral radius of the Jacobian matrix associated with it relative to the equilibrium point E*, setting
different values of the step-size h. Note that the spectral radius of the Jacobian matrix associated with our NSFD method is less
than one for all the values of h, thus confirming the scheme elementary stability. This does not happen for the standard Euler
method, as shown in Table 2 on the left. Hence, the explicit Euler scheme is not elementary stable. To show that also the RK4 is
not elementary stable, we have solved with it the model (6) by setting initial conditions close to the equilibrium point E*. The
corresponding results, reported in Figure 6, testify to what has been said, given that the numerical solution explodes rather than
tends to the equilibrium point. Note instead, from Figure 7, that by doing the same thing with our NSFD method, the numerical
solution tends exactly to E*. We underline that it is important to have a stable method that performs well even for large step
values, as when an epidemic occurs in a population, it is crucial to predict and estimate the long-term temporal evolution of the
disease. Therefore, for long periods, it is desirable to use large step-size values, in order to have a lower computational cost, while
maintaining good performance in describing how the disease evolves over time. From this point of view, a nonstandard scheme
allows to avoid numerical instabilities, producing reliable solutions that preserve the important properties of the exact one.

Regarding the comparison between our NSFD scheme and the nonstandard method (16), we report the global error by them
at the grid point t = 2000 in Table 3. The initial conditions and the parameters used are the same ones already employed in this
section. We have numerically verified that the method (16) preserves the positivity and equilibrium point properties for very
large values of h, like our scheme. However, note that our NSFD method gives a slightly lower error than the other nonstandard
scheme. Finally, according to the NSFD rules, we show that our nonstandard method has consistency order equal to one, like
the corresponding SFD scheme. In fact, the NSFD rules (4) and (5) trivially allow to preserve the consistency of the starting
standard method. To do this, just look at Table 3, where it can be seen that halving the step-size, the global error becomes two
times smaller, thus confirming the thesis.

6 Conclusions

In this paper, we have constructed an NSFD scheme for an epidemiological model, initially used to describe the spread of the
COVID-19 epidemic in Pakistan and solved with the explicit Euler method in [19]. Furthermore, by making a different choice for
the model parameters, we have obtained qualitative results similar to the trend of the same epidemic in Bangladesh. We have
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Figure 2: Numerical solutions of (6) provided by the SFD scheme (15), setting h = 4.
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Figure 3: Numerical solution of (6b) provided by the SFD scheme (15) on the left and our NSFD method (10) on the right, setting h = 2.

Dolomites Research Notes on Approximation

ISSN 2035-6803



/OVQ\.\ Conte - Guarino - Pagano - Paternoster 74
267 267
o x10 12 x10 :
1
O === === === == == === 1 10 ¢ ]
1 1
0w oL 1 L 1
8 2 ‘ 9 8 !
© 1 o] 1
o -4F 1 © 6 1
Q 1 O 1
= \ gl !
8 -6 1 Q@ 1
2 ' = '
w -8f 1 2r 1
| 1
10F ! OF === e e e e e e e e e === I
1
1
12 : : : -2 : : :
0 20 40 60 80 0 20 40 60 80
Time t (days) Time t (days)
135 134
10 x10 0 x10 - .
1
1
8r |
» c 051 |l
3 2 1
O 6f o 1
° S
o 2 1
) 8 1
3 4f —= 1
153 = 1
o) o
o = |
45" !
2 |
[ ——— N T — N I 2 I I I
0 20 40 60 80 0 20 40 60 80

Time t (days)

Time t (days)

Figure 4: Numerical solutions of (6) provided by the RK4 method, setting h = 4.

Table 2: Spectral radius p of the Jacobian matrix with respect to the equilibrium point E* = (1.92427,0.00827,1.37783), setting different time
step-sizes, using the parameters values reported in Table 1 on the right.

h

| p of SFD (15)

| p of our NSFD (10)

0.0625
0.125
0.25
0.5

1

0.9997
0.9993
0.9987
0.9973
0.9946
0.9892

2
4
8

0.9997
0.9993
0.9987
0.9973
0.9946
0.9893

2.6821 —Instability | 0.9789
6.3642 —Instability | 0.9586

Table 3: Global error at t = 2000 by the nonstandard method (16) and our NSFD method (10), setting different time step-sizes, using the

parameters values reported in Table 1 on the right

h | NSFD (16) | our NSFD (10)

2 1.0412e—4
1 5.1485e—5
0.5 2.5600e — 5
0.25 | 1.2764e—5

6.0582e —5
2.9956e —5
1.4895e —5
7.4267e —6
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Figure 5: Numerical solutions of (6) provided by our NSFD scheme (10), setting h = 4.
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Figure 6: Numerical solution of (6) provided by the RK4 method, setting initial values S(0), I(0), R(0) close to the equilibrium point E* =
(1.92427,0.00827,1.37783) and h = 4.
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Figure 7: Numerical solution of (6) provided by the proposed NSFD scheme (10), setting initial values S(0), I(0), R(0) close to the equilibrium
point E* = (1.92427,0.00827,1.37783) and h = 4.
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shown that, by carefully setting the function ¢ (h) and the non-local representations in accordance with the NSFD rules, it has
been possible to construct a method with very good stability properties, capable of preserving the positivity and equilibrium
points features of the exact solution of the analyzed model. Numerical tests have confirmed that the constructed nonstandard
method performs better than both the related standard scheme, and also than the famous Runge-Kutta RK4. Furthermore, the
numerical tests have showed the convenience of the method we have obtained also compared to another positivity-preserving
nonstandard scheme.

Acknowledgements

The authors Conte, Pagano and Paternoster are members of the GNCS group. This work is supported by GNCS-INDAM project and
by the Italian Ministry of University and Research (MUR), through the PRIN 2020 project (No. 2020JLWP23) Integrated Mathem-
atical Approaches to Socio-Epidemiological Dynamics (CUP: E15F21005420006) and the PRIN 2017 project (No. 2017JYCLSF)
Structure preserving approximation of evolutionary problems. We thank the anonymous reviewers for the valuable comments and
suggestions received.

References
[1] R.M. Anderson. Population Dynamics of Infectious Diseases Theory and Applications. Chapman and Hall, 1982.

[2] R. Anguelov, J.M.S. Lubuma. Contributions to the mathematics of the nonstandard finite difference method and applications. Numer.
Methods Partial Differ. Equ., 17, pp. 518-543, 2001.

[3] R. Anguelov, Y. Dumont, J. Lubuma, E. Mureithi. Stability Analysis and Dynamics Preserving Nonstandard Finite Difference Schemes for a
Malaria Model. Math. Popul. Stud., 20(2), pp. 101-122, 2013.

[4] A.J. Arenas, J.A. Morano, J.C. Cortes. Non-standard numerical method for a mathematical model of RSV epidemiological transmission.
Comput. Math. Appl., 56(3), pp. 670-678, 2008.

[5] N.T.J. Bayley. The Mathematical Theory of Infectious Diseases. Hodder Arnold, 1975.

[6] S. Blanes, A. Iserles, S. Macnamara. Positivity-preserving methods for ordinary differential equations. Esaim Math. Model. Numer. Anal.,
56(6), pp. 1843-1870, 2022.

[7] C.J.Budd, M.D. Piggott. Geometric Integration and its Applications. Handb. Numer. Anal., 11, pp. 35-139, 2003.

[8] M.A. Budroni M.A., G. Pagano, B. Paternoster, R. D’Ambrosio, D. Conte, S. Ristori, A. Abou-Hassan, E Rossi. Synchronization scenarios
induced by delayed communication in arrays of diffusively-coupled autonomous chemical oscillators. Phys. Chem. Chem. Phys., 23(32), pp.
17606-17615, 2021.

[9] M.A. Budroni M.A., G. Pagano, B. Paternoster, R. D’Ambrosio, D. Conte, S. Ristori, A. Abou-Hassan, E Rossi. A Model for Coupled
Belousov-Zhabotinsky Oscillators with Delay. Conference Proceeding for 14th WCCM-ECCOMAS, DOI: 10.23967 /wcem-eccomas.2020.026,
2021.

[10] J.C. Butcher. Numerical Methods for Ordinary Differential Equations, Third Edition. John Wiley & Sons, 2016.
[11] A. Cardone, G. Frasca-Caccia. Numerical conservation laws of time fractional diffusion PDEs. Fract. Calc. Appl., 25(4), pp. 1459-1483, 2022.

[12] D. Conte, G. Frasca-Caccia. Exponentially fitted methods that preserve conservation laws. Commun. Nonlinear Sci. Numer. Simul., 109,
106334, 2022.

[13] D. Conte, N. Guarino, G. Pagano, B. Paternoster. On the advantages of nonstandard finite differences discretizations for differential problems.
Numer. Anal. Appl., 3(25), 2022.

[14] D. Conte, G. Pagano, B. Paternoster. Nonstandard finite differences numerical methods for a vegetation reaction-diffusion model. J. Comput.
Appl. Math., 419, 114790, 2023.

[15] R. D’Ambrosio, G. Giordano, B. Paternoster, A. Ventola. Perturbative analysis of stochastic Hamiltonian problems under time discretizations.
Appl. Math. Lett., 120, 107223, 2021.

[16] R. D’Ambrosio, G. Giordano, S. Mottola, B. Paternoster. Stiffness analysis to predict the spread out of fake information. Future Internet,
13(9), 222, 2021.

[17] R. D’Ambrosio, P Diaz de Alba, G. Giordano, B. Paternoster. A Modified SEIR Model: Stiffness Analysis and Application to the Diffusion of
Fake News. Lect. Notes Comput. Sci., 13375, pp. 90-103, 2022.

[18] P Diaz de Alba, L. Fermo, C. van der Mee, G. Rodriguez. Recovering the electrical conductivity of the soil via a linear integral model. J.
Comput. Appl. Math., 352, pp. 132-145, 2019.

19] R. Din, E.A. Algehyne. Mathematical analysis of COVID-19 by using SIR model with convex incidence rate. Results Phys., 23, 103970, 2021.
20] G. Frasca-Caccia, PE. Hydon. Numerical preservation of multiple local conservation laws. Appl. Math. Comput., 403, 126203, 2021.
21] G. Frasca-Caccia, PE. Hydon. A New Technique for Preserving Conservation Laws. Found. Comput. Math., 22(2), pp. 477-506, 2022.

22] A.B. Gumel, R.E. Mickens, B.D. Corbett. A non-standard finite-difference scheme for a model of HIV transmission and control. J. Comput.
Methods Sci. Eng., 3(1), pp. 91-98, 2003.

[23] E. Hairer, C. Lubich, G. Wanner. Geometric numerical integration illustrated by the Stornier-Verlet method. Acta Numer:, 12, pp. 399-450,
2003.

24] S. He, Y. Peng, K. Sun. SEIR modeling of the COVID-19 and its dynamics. Nonlinear Dyn., 101(3), pp. 1667-1680, 2020.
25] E Hoppensteadt. Mathematical Theories of Populations: Demographics, Genetics and Epidemics. SIAM Publications, 1975.

[
[
[26] https://www.worldometers.info/coronavirus/country/bangladesh.
[27] https://www.indexmundi.com/bangladesh.

[

28] W. Hundsdorfer, J. Verwer. Numerical Solution of Time-Dependent Advection-Diffusion-Reaction Equations. Springer Series in Computational
Mathematics, 2003.

Dolomites Research Notes on Approximation ISSN 2035-6803



/OVQ\,\ Conte - Guarino - Pagano - Paternoster 77

[29]
[30]
[31]
[32]
[33]

[34]
[35]

[36]
[37]

[38]
[39]
[40]

[41]
[42]
[43]

[44]
[45]
[46]

L. Ixaru, G. Berghe. Exponential Fitting. Springer, 2004.
W.O. Kermack, A.G. McKendrick. Contributions to the mathematical theory of epidemics-I. Bull. Math. Biol., 53, pp. 33-55, 1991.
S. Kopecz, A. Meister. On order conditions for modified Patankar-Runge-Kutta schemes. Appl. Numer. Math., 123, pp. 159-179, 2018.

S. Kopecz, A. Meister. Unconditionally positive and conservative third order modified Patankar-Runge-Kutta discretizations of production-
destruction systems. BIT Numer. Math., 58, pp. 691-728, 2018.

M.Y. Li, H.L. Smith, L Wang. Global dynamics of an seir epidemic model with vertical transmission. SIAM J. Appl. Math., 62(1), pp. 58-69,
2001.

J.D. Lambert. Numerical Methods for Ordinary Differential Systems: the initial value problem. John Wiley & Sons, 1991.

D. Lacitignola, E Diele. Using awareness to Z-control a SEIR model with overexposure: Insights on Covid-19 pandemic. Chaos Solit., 150,
111063, 2021.

A. Martiradonna, G. Colonna, E Diele. GeCo: Geometric Conservative nonstandard schemes for biochemical systems. Appl. Numer. Math.,
155, pp. 38-57, 2020.

R.E. Mickens, A. Smith. Finite-difference Models of Ordinary Differential Equations: Influence of Denominator Functions, J. Franklin Inst.,
327(1), pp. 143-149, 1990.

R.E. Mickens. Nonstandard Finite Difference Models of Differential Equations. World Scientific Publiscing, 1993.
R.E. Mickens. Applications of Nonstandard Finite Difference Schemes. World Scientific Publishing, 2000.

R.E. Mickens. Dynamic consistency: a fundamental principle for constructing nonstandard finite difference schemes for differential equations.
J. Differ. Equ. Appl., 11(7), pp. 645-653, 2005.

R.E. Mickens. Calculation of Denominator Functions for Nonstandard Finite Difference Schemes for Differential Equations Satisfying a
Positivivity Condition. Numer. Methods Partial Differ. Equ., 23(3), pp.672-691, 2006.

R. E. Mickens. Numerical integration of population models satisfying conservation laws: NSFD methods. J. Biol. Dyn., 1(4), pp. 427-436,
2007.

R.E. Mickens, T. M. Washington. A note on an NSFD scheme for a mathematical model of respiratory virus transmission. J. Differ. Equ. Appl.,
18(3), pp. 525-529, 2012.

J.D. Murray. Mathematical biology. Springer, 1993.
A. Weber, M. Weber, P Milligan. Modeling epidemics caused by respiratory syncytial virus (RSV). Math. Biosci., 172(2), pp. 95-113, 2001.
K. Wickwire. Mathematical models for the control of pests and infectious diseases: a survey. Theor: Popul. Biol., 11(2), pp. 182-238, 1977.

Dolomites Research Notes on Approximation ISSN 2035-6803



	Introduction
	Preliminaries
	Epidemiological model
	Construction of the nonstandard scheme and related properties
	Numerical simulations
	Conclusions

