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Abstract

In this paper we study the theory of the so-called multivariate sampling Kantorovich operators in the
general frame of the Musielak-Orlicz spaces. The main result in this context is a modular convergence
theorem, that can be proved by density arguments. Several concrete cases of Musielak-Orlicz spaces and
of kernel functions are presented and discussed.
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1 Introduction

In the present paper, we study the so-called multivariate sampling Kantorovich operators ([31]), defined by:

WTl
(I = D xlwx—1) | f fw) du (xR,
kezn k RW,IK
where f : R" — R is a locally integrable function such that the above series is convergent for every x € R", y : R" — R is a suitable
kernel which satisfies the usual assumptions of the discrete approximate identities ([21, 12, 14, 6, 7]), Ay, := ty 1 —t;, >0,
for every i = 1,...,n and k = (ky, ..., k,) € Z", with (t; Jgezn CR",
t t t t t t
Ry, = [Lu] « [Lg] ‘% [Lu] (w>0),
" wow wow wow

is the n-dimensional interval of R", and finally A, = Ay, ... Ay .

In the lasts years the above operators have been widely studied in view of their connections with the application to Signal
and Digital Image Processing ([10]).

From the theoretical point of view, the operators SZ represents the L'-extension of the generalized sampling operators
introduced by Butzer ([22, 52]), defined by means of the mean values of f instead of the sample values f (¢, /w) (see also [3]); it
turns out that these operators reduce "time-jitter" errors, that is very useful in signal processing ([12]).

Both the generalized and Kantorovich sampling operators represent approximate versions of the classical Whittaker-Kotelnikov-
Shannon sampling theorem, see e.g. [53, 20, 18, 42, 43, 44].

The behavior of the sampling Kantorovich series has been studied pointwise at the continuity points of a given bounded signal
f, and uniformly for uniformly continuous and bounded signals. Further, the behavior of S# at the discontinuity points of f has
been studied in [27]. Note that, even if the above averages make the sampling Kantorovich operators more regular, for what
concerns the convergence at the discontinuity points of f, due to technical reasons, the situation become rather delicate. This
happens also when the convergence of the above operators are studied with respect to the Jordan variation in case of functions
with bounded variation ([6, 7]).

Then discontinuous signals have been studied in some general contexts; for instance in [12, 31] approximation results have
been obtained in the setting of Orlicz spaces ([49, 2, 28]), which are very general spaces that include, for instance, the L?-spaces.
Results concerning the order of approximation have been achieved in [32, 51, 25, 26, 4]; the saturation order has been studied
in [37, 17].

The latter result allows us to apply the theory of the sampling Kantorovich operators to approximate and reconstruct images.
In fact, static gray scale images are characterized by jumps of gray levels mainly concentrated in their contours or edges and this
can be translated, from a mathematical point of view, by discontinuities (see e.g. [11]).
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For these reasons, multivariate sampling Kantorovich operators appear very appropriate for applications to image reconstruc-
tion. Moreover, some applications to civil and energy engineering have been presented in [10, 11].

In this paper, the theory of the multivariate sampling Kantorovich operators is extended to the frame of the Musielak-Orlicz
spaces ([49, 47, 54, 41, 55)), the latter provide a further generalization of the above mentioned Orlicz spaces. In this context,
our main result is a modular convergence theorem, that can be proved by density arguments. More precisely, we firstly prove that
the above family of operators converges with respect to the Luxemburg norm (which is a notion of convergence stronger than
the modular convergence) in case of continuous functions with compact support, then we prove a modular inequality for the
operators involved, and finally we exploit the density of such functions in LY(R") in order to establish the above claim.

The Musielak-Orlicz spaces include as special cases, the weighted LP-spaces, the weighted Zygmund spaces (also known as
weighted interpolation spaces), and others ([19, 40, 39]).

Moreover, several examples of kernels for which the above theory holds have been presented and discussed at the end of the
paper.

2 Notations and basic assumptions

In this paper, we will denote by N" and Z" the sets of vectors k = (k, ..., k,), where k; belongs respectively to N and Z, for each
i=1,...,n; R" is defined analogously.

We will consider on R" the usual Euclidean norm ||-||,, defined by ||g||2 = (u?+ ... +u?)"?, where u = (uy, .., u,), y; €R,
for every i = 1, ...,n. Moreover, B(x,r) C R" represents the closed ball of center x € R" and radius r > 0, i.e., the set of all the
elements u € R" such that ||£—g||2 <r.

We denote by C(R") (resp. C°(R")) the space of all uniformly continuous and bounded (resp. continuous and bounded)
functions f : R" — R endowed with the norm ||f ||, := Sup,egn |f (g)|. C.(R") is the subspace of C(R") consisting of functions
with compact support and M(R") is the space of all (Lebesgue) measurable functions.

Let now IT = (¢} )xezn be a sequence defined by t; = (ty,,--., tr ), where each (t;, )z, i = 1,...,n is a sequence of real
numbers with —o0 <t < t;,,, <+09, and such that lim,_, o, t, = 09, for every i =1,...,n and such that there exist A,
6>0forwhichd < Ay := g1 —t;, < A, foreveryi=1,...,n. Moreover, we denote by

by tig+1 iy Tiy+1 L, Trp+a
o = [ 252, 2 [, 2]
"k w'ow w’'ow w’'ow

the n-dimensional interval of R" identified by the sequence I = (¢, )ezn. Note that the Lebesgue measure of R,,,, is given by
AK/WH, where Ak = Akl . Akz et Akn'
From now on, we define as kernel a function y : R" — R which satisfies the following conditions:

(x1) y belongs to L1(R"), and it is bounded in a ball containing the origin of R";

Zx(x—tk)ﬂ;

kezn

(x2) for every x € R", there holds:

(x3) for some 3 > 0, we assume that the discrete absolute moment of order f of y is finite, i.e.,

mnp(x) = sup D lx—t)| lu—tllf < +oo.

USK kezn

Now, by (S%),,~, we denote the family of the multivariate sampling Kantorovich operators, of the form:

(SEf)x) = Zx(wx—tk) Z—f f(w) du (x €RM), @®

kezn k Wt

where f : R" — R is a locally integrable function such that the above series is convergent for every x € R".
We now recall the following lemma.

Lemma 2.1. Let y be a kernel, as above. We have:
@) mpe(y) < +o0;
(ii) For everyy >0
dim o > [xwx—t)l = 0,

uniformly with respect to x € R".

(iii) For every y > 0 and € > O there exists a constant M > 0 such that
j whx(wx —t )l dx < e,
[lxl,>#

for sufficiently large w > 0 and t; such that ||tk||2 <7yw.
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For a proof of Lemma 2.1, see [31].
Remark 1. In case of f € L°°(R"), by Lemma 2.1 (i), it turns out that S? f are well-defined for every w > 0. Indeed,

|(S2F))| < muo()If lloo < +00,

for every x e R" and w > 0, i.e., S,, : L®°(R") — L*°(R").
We recall the following convergence theorem.
Theorem 2.2 ([31]). Let f € C°(R") be fixed. For every x € R" we have:

lim (S2F)(x) = F(0).
In particular, if f € C(R") there holds:
Jim_[18%f = fllo = 0.

Now, we recall some basic fact concerning the Musielak-Orlicz spaces.
Let ¢ : R" x R} — R} be a function of (n + 1)-variables satisfying the following conditions:

(¢1) the function ¢ is 1-bounded, i.e., there exists a function v : ]R;r — R; and a constant M > 1 such that ¢(s,u) < M y(u),
for every s € R" and u € Rj;

(¢2) for everys € R", ¢(s,-) is convex on R} with ¢(s,0) =0 and ¢(s,u) > 0 for u > 0;

(¢3) ¢ is T-bounded, i.e., there exist a constant C > 1 and a measurable function F : R" x R" — ]RO+ such that, for every t,s € R
and u > 0 there holds:
ps—tu) < ¢(s,Cu) + F(s, 0). 2

In general, a function ¢ satisfying ((2) is said a (p-function; assumption ((2) also implies that the function ¢ is non-decreasing
and continuous with respect the variable u. From now on, for the sake of simplicity, we will denote by a ¢-function, a function

satisfying (¢ 1), (¢2) and (¢3).
The definition of T — boundedness can be found in the monograph of J. Musielak [49].

Now, we define the non-negative integral functional:

I?(f) = j o |f W) dy, 3
R

where f € M(R"). It is easy to check that I¥ is a modular on M(R") according with the definition given, e.g., in [19, 15].
The modular space generated by I is called the Musielak-Orlicz space (see e.g., [49, 15, 40]) and it is defined as follows:

LE(RY) = {f € M(R"): limI*(Af) = o} .
In particular, in view of the convexity of ¢(s, -) it is possible to prove that the above definition is equivalent to the following:
LY(R") = {f € M(R") : there exists A > 0 such that I[*(Af) < + oco}.
Further, it is also possible to define a useful subspace of LY (RR"), the so-called space of all finite elements of LY (R"), defined by:
E¥(R") := {f e M(R"): I¥(Af) < + oo for every A > 0}.

A notion of convergence in Musielak-Orlicz spaces, called modular convergence, was introduced in [50], which induces a
topology in LY(R"), called modular topology.
A family (f,,),~o € LY(IR") is said to be modularly convergent to f € LY(R"), if there exists A > 0 such that:

I*(Mf,—f)) —0, as w—+oo.

Moreover, in LY(R") can be also given a stronger notion of convergence, i.e., the Luxemburg norm convergence, see e.g. [15, 49].
We will say that a net of functions (f,,),~o € LY (R") converges with respect to the Luxemburg norm to f € L¥(R") if

lim 1% (A(f, — ) =0,

for every A > 0.
In conclusion of this section, we recall the following useful density result that can be deduced from Theorem 1 of [48].

Theorem 2.3. Let ¢ be a fixed p-function as above. Then:
C.(Rm) = L¥(R"),

where the symbol C.(R") denotes the closure of C.(R") with respect to the modular topology on L¥(R"), and it means that for every
f € LY(R") there exists A > 0 such that, for every € > O there exists g € C.(R") with I?*(A(f —g)) < e.
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3 The main results

We begin with the following lemma.
Lemma 3.1. For every f € C.(R") the operators S,,f belong to E¥(R") C L¥(R"), for every w > 0.

Proof. First of all we can observe that, if f € C,(R") and we denote by supp f the support of the function f, we have that
supp f € B(Q,7), for a fixed y > 0, and it turns out that R,,,, NB(0,y) =@ for every t, ¢ B(0, wy); therefore:

f f) du = 0.

Wty

It follows that:

Wl'l
2@ = 25 |xwx—t)] | J fw du
el =r Mg
is well-defined for every x € R". Now, we will show that S* f € E¥(R") C L?(R"), for every w > 0.
Indeed, for every A > 0, by using Jensen’s inequality (see e.g., [30]), assumption (¢ 1), and the change of variable t = wx —t,
we have:

IA

1¢(2S:f) fcp(m DU xwx =] If o) dx

Il exll,=r

) | P Amp oGO flleo) | ¥ wx — )| dx
el o E) Jre

Z M (Amn,o(l) ”f”oo)
mn,o(}()

IA

f |x(wx —t,)] dx

Il el =r

.oy M«p(xmn,omnfnoo)J l2(0)] de
R" - -

W mp o
113l =r no(%)

Now, denoting by 7 the number of the indexes k in the above sum, for every w > 1, we can write:

re (1] == SO0 == (05 -

< w".{zn[([g])ﬂn([g])"fl+...+1]} = w"-K. @

M (Amgo(2)11f lleo)
mn,o(l)

for every w > 0, from which the above claim holds. O

Hence, we finally have:

19 (ASif) < Azl <K,

Now, the following convergence theorem can be established.

Theorem 3.2. For every f € C,(R") there holds:
; ® Xf =
Jim 12 (a[sif—-f1) = o,

for every A > 0, where ¢ is a fixed p-function.

Proof. First of all, we have that S, f € E¥(R") ¢ LY(R"), for every w > 0, in view of Lemma 3.1. Now, we will prove that:
lim T*(A(SLf —f)) = 1ir+nwf olx, 2|(s2) )~ dx = o,
RN

for every A > 0, that is equivalent to show that the family:
(PC> A|SEAE = FOPuso

converges to zero in L}(R™), for every A > 0. In order to prove this, we will use the Vitali convergence theorem in L!(R").
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Let now A > 0 and ¢ > 0 be fixed. First of all we know that, by Theorem 2.2, the continuity of ¢(s, -), and since ¢(s,0) = 0:
Jim_ o, A[(SIA@—F@] < lim o(x, AllsEf = f]|,.) = o,

for every x € R". Moreover, in correspondence to y > 0 and ¢ > 0 above fixed, by Lemma 2.1 (iii), there exists a sufficiently large
M = M(e,y) > 0 such that:

f whx(wx —t )l dx < e,
(Il >

for sufficiently large w > 0 and ¢, such that || t || , < yw. Now, we can estimate what follows by using the same procedure used in
the proof of Lemma 3.1:

J Celx, ASEA(x))  dx
lxllo>f

< J ofx, A Z |xwx —t)]llf lleo | dx
llxll2>M

| & eill, v
.y My (o0 llea) J xGwx— )] dx.
(|3 eell, <r wi (%) lixllo> 7 -
M (Amy oG N1 1leo) KM (Amp o0 11f o)
< & S £ >
e wrmp (%) mpo(x)

for w > 0 sufficiently large.
Therefore, for ¢ > 0 there exists a set E, = B(0, M) such that for every measurable set F, with F N E, =}, we have

fm, Al(S2F) @) —f@)]) dx = f«p(x,?\l(sﬁﬁf)(z)I)dx

<[ et alsn@h e < e,
llx/ >

with D :=K M+ (Amn,o()() Ilf ||oo) Jmyo(x).
Finally, since my;4(x) = 1, and by the absolute continuity of the Lebesgue integral, in correspondence of & > 0 there exits

& > 0 such that, for any measurable set B C R" with |B] < &, we have:

f o, A|(S2)) — f())dx
B
< %J o(x, 2|(SZA)) dx + %f o(x, 22| f (0)]) dx

IA

3 f P, 22D 1) dx + 3 J Px, 221 lloe) dx
B

B

IA

f @(x, 22mp (1) Iflle) dx < e.
B

Thus, the integrals
f QA |(SEf)x) = f (X)) dx
©)
are equi-absolutely continuous. In conclusion, since all the assumptions of the Vitali convergence theorem are satisfied and
observing that A > 0 is arbitrary, the proof follows. O

Now, we can prove the following modular-type inequality for the multivariate sampling Kantorovich operators.
Theorem 3.3. For every f € LY(R"), where ¢ is a fixed @-function, there holds:

67" llxlly
mn,o(l)

—n s+t
o ZJ U F(g g—i) Ix(g)ldg} du,
mn,o()() kezn IRy, \JRT w

where the function F and the constant C > 0 are those of assumption (¢3).
In particular, if A, is uniformly bounded with respect w > 0, then the above inequality implies that S* maps LY(R") in L?(R").

I?(ASZf) < 1°(ACmyuo(x) f) + A,, A>0,

w > 0, with:
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Proof. Let A > 0 be fixed. Proceeding as in the proof of Theorem 3.2, by applying the Jensen inequality twice, and Fubini-Tonelli
theorem, we have:

I*(ASEf) < J<P x, A f If @ du [y (wx —t;)] | dx
R keZ" Ry

k

! ZW—"J {f tp(ﬁ,lmn,o(x)lf(y)l)I)((Wﬁ—tk)ldz}du
RW,lK R

mn,o(}() kezn Ag

Now, by using the change of variable wx — t;, =, and assumption ((3), we obtain:

rosif) <« —L S L o (E Ao 1F@) ) 1zl ds | du
myo(x) A w
11,0 kezn 'k RW’[K RN
5™ S+t
S D f U (222 Amao @ ) 12901 85}
< (u, ACmue(x) If W) |X(§)|d£} du

@
RN
5
mpo(x) ;Zn J;W)tk {fw 7
5§ S +t
" mn,o(l)kezz;'Lw,rk {fR"F(u £ w ) |X(S)|d5}

- 2 f so(g,ACmn,o(xnf(gn)ng Ix(é)ldi}

myo(x) kezn

Wty

o s+t
: m—msz{fF(-_ ) a5} e

S Ll J ¢ (1, ACmyo(x) 1f @) du
Rugy

mn,o(}( ) kezr

5" . .
i mn,o(l)kezz;lj;wk {JRHF(H H_T) |)((S)|ds}

Sl
= L o (w, ACmye(x) If @) du + A,
mn,o(l) n
S7"lxll
= 2N e (aCm(y) f) + A
mn,o(l)
for every w > 0. This completes the proof. O

Then we are able to prove the following modular convergence result.

Theorem 3.4. Let ¢ be a fixed p-function with the function F of assumption (p3) such that the series A,, defined in the statement
of Theorem 3.3 satisfies:
A, —0, as w— +00. G

Then for every f € LY(R") there exists A > 0 such that:
lim I1¢(A(S2f—f)) =

w—+00

Proof. First of all, by Theorem 2.3 there exists A > 0 such that, for every € > 0 there is g € C.(R") with I?(A(f —g)) <e.
Let now £ > 0 be fixed. We choose A > 0 such that:

A A
A < min
3’ 3Cmy,

where A > 0 is fixed as above. Now, using the convexity of ¢ and Theorem 3.3, we can write:
17 (A(stf—f)) < -I“”(SA(S*f Stg))+ -I“’(3/1(S”g g))

6" lxll

i 1 A (=)

+IIPBAG—f) <
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+A, +I7(37A(S2g—g) )+ I°(3A(g—f))

57“”%”1 e (3 _ ¥ Xog—
< (1420 1 -1 + 1 (a(ste- ) + 4,

6‘”|Ix||1)
< |1+ ——F— + IY(3A(S*g— + A,
( mn,o()() ¢ ( ( w8 g))

and passing to the limsup as w — 400, we obtain the assertion in view of Theorem 3.2, assumption (5), and since ¢ is arbitrary. O

Remark 2. Note that, it is easy to find examples of T-bounded ¢-functions which satisfy condition (¢3) with F = 0 (see Section 4)
and therefore A,, = 0. For further examples of Musielak-Orlicz spaces, generated by ¢-function which satisfy the 7-boundedness
with F # 0, see e.g., [49, 16, 15].

4 Example of kernels and applications to concrete spaces

Now, we show some well-known and important class of kernels which satisfy the above assumptions (y 1) —(y3), and for which
the above results hold. For more details, see e.g., [31].
First of all, we recall the definition of the one-dimensional central B-spline of order N (see e.g., [5]):
N N-1
1 (N\(N
o) = SN (X _-) €R. 6
80 = oy o0 (3) (5 ret) ®

+

The corresponding multivariate version of central B-spline of order N is given by:
n
BY(x) := l_[ﬁN(xi), x = (X1, .0, X,) ER™ )]
i=1

The multivariate kernels Bﬁ’ satisfy assumptions (y 1) — (y3).
Other important kernels are given by the so-called Jackson type kernels of order N, defined in the univariate case by:

Ju(x) == ¢y sincZN( ), x €R, (8

2N1a

with N €N, a > 1, and ¢y is a non-zero normalization coefficient, given by:

-1
oy = [ sinc2N( U )du]
R 2Nna

For the sake of completeness, we recall that the well-known (above mentioned) sinc-function is defined as sin(7tx)/mx, if x # 0,
and 1 if x =0, see e.g., [45, 46]. As in case of the central B-splines, multivariate Jackson type kernels of order N are defined by:

e = [ Jowx, x = (21,0 X,) ER™. ©
i=1

In particular, Jackson type kernels revealed to be very useful, e.g., for applications to the engineering field, [10, 11].
Finally, as a last important class of (radial) kernels we can mention the so called Bochner-Riesz kernels of order N > 0,

defined as follows: .

V2n

where J, is the Bessel function of order A ([23]), and T is the usual Euler gamma function. Note that, even if the Bochner-Riesz

kernels do not have the tensor-product form (as instead has, e.g., the multivariate Jackson-type kernels) they work well in the

applications to imaging (see e.g., [29] for a detailed investigation and a comparison with some classical interpolation and quasi-

interpolation methods for digital image processing). For several examples of kernels, see, e.g., [8, 13, 9, 31, 33, 35, 34, 36, 38, 24].
Now, we will show how to construct non-trivial examples of multivariate Musielak-Orlicz spaces.

For instance, one can consider ¢-functions of the product-type, of the form:

ry(x) = T(N + 1) 115" Ty 2 lxll), x €RY, (10)

p(s,u) == E()P), s€R", u€eRy, (an
which satisfy the following conditions:
(F1) &:R"— Ris a continuous function, such that there exist M > m > 0 such that m < £(s) < M, for every s € R";
(F2) @ :R}y — R} is a convex function such that ¢(0) = 0, and @(u) > 0 for u > 0;
(F3) for every A, > 0 there exists A, > 1 such that:

MW < GAu), ueR;.
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In this way, it is easy to see that assumptions (¢ 1) and (¢2) are satisfied. Further, concerning (¢3) we can write what follows:

e—tu) = E—o) < %i(é)ﬁ(u) < EEPAu) = (s, A, u),

for every u > 0, where A, > 1 is the parameter of condition (F3) corresponding to A; = M /m. The above inequality shows that
¢-functions of the form as in (11) are T-bounded with F =0 and C = A,. In fact, by the above construction we can consider to
have obtained some examples of weighted Orlicz spaces.

Some concrete examples of weighted Orlicz spaces generated by ¢-function of the form (11) can be obtained by choosing, for
instance, s

llsll3 +1

E(s) = +1, sER", (12)

and as function ¢ one of the following:
G =, ) = ulog(ute), 13

for every u > 0, where 1 < p < 4+00, a > 1, and 8 > 0. Obviously, it is easy to show that the above product-type ¢-functions
satisfy conditions (F1), (F2), and (F3). The Musielak-Orlicz spaces generated by ¢ = & {; are the so-called weighted L?-spaces,
and that ones generated by ¢ = & 0, are the weighted Zygmund spaces.

Furthermore, if £ = 1 in the above examples, i.e., ¢ = @ and does not depend on the parameter s, we found the case of the
Orlicz spaces considered in [12] for functions of one-variable, and in [31] for the multivariate case. In particular, the functions
{, and @, generate the well-known LP-spaces, and Zygmung spaces, respectively.

Further, we can also consider the Musielak-Orlicz space generated by the following ¢-function:

ps(s,u) 1= 'O -1, s€ER", ueR], 14

y > 0, where the function ¥ satisfies the inequality of condition (F1) for suitable 0 < m < M. By simple computations, it can be
shown that also ¢-functions of the form as in (14) are T-bounded with F =0 and C = (M/ m)/". As an example of function ¥
one can consider again, e.g., the function ¥(s) = £(s) defined in (12).

In the Orlicz-case, when ¥(s) = 1, for every s € R", we have:

Fa(w) = e —1, u€Ry,

y > 0, which generates the well-known exponential spaces.

Acknowledgments

The authors are members of the Gruppo Nazionale per ’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of
the Istituto Nazionale di Alta Matematica (INAAM).

Moreover, the first author has been partially supported within the 2018 GNAMPA-INdAM Project entitled: “Dinamiche non
autonome, analisi reale e applicazioni”, while the second author within the projects: ricerca di Base 2017 dell'Universitd degli
Studi di Perugia - "Metodi di Teoria degli Operatori e di Analisi Reale per Problemi di Approssimazione ed Applicazioni", and ricerca
di Base 2018 dell’'Universitd degli Studi di Perugia - "Metodi di Teoria dell’Approssimazione, Analisi Reale, Analisi Nonlineare e
loro Applicazioni".

References
[1] M. G. Armentano. Error estimates in Sobolev spaces for moving least square approximations. SIAM J. Numer. Anal., 39(1):38-51, 2001.

[2] A. Abdurexit, T. N. Bekjan. Noncommutative Orlicz modular spaces associated with growth functions. Banach J. Math. Anal., 9(4): 115-125,
2015.

[3] T Acar, A. Alotaibi, S.A. Mohiuddine. Construction of new family of Bernstein-Kantorovich operators. Math. Methods Applied Sci., 40(3):
https://doi.org/10.1002/mma.4559, 2017.

[4] BN. Agrawal, B. Baxhaku. Degree of approximation for bivariate extension of Chlodowsky-type q-Bernstein-Stancu-Kantorovich operators.
Appl. Math. Comp. 306: 56-72, 2017.

[5] G. Allasia, R. Cavoretto, A. De Rossi. A class of spline functions for landmark-based image registration. Math. Methods Appl. Sci. 35:
923-934, 2012

[6] L. Angeloni, D. Costarelli, G. Vinti. A characterization of the convergence in variation for the generalized sampling series. Annales Academiae
Scientiarum Fennicae Mathematica, 43: 755-767, 2018.

[7] L. Angeloni, D. Costarelli, G. Vinti. A characterization of the absolute continuity in terms of convergence in variation for the sampling
Kantorovich operators. In print: Mediterranean J. Math., DOI: 10.1007/s00009-019-1315-0, 2019.

[8] L. Angeloni, G. Vinti. Convergence in variation and rate of approximation for nonlinear integral operators of convolution type. Res. Math.,
49(1-2): 1-23, 2006.

[9] L. Angeloni, G. Vinti. Convergence and rate of approximation for linear integral operators in BV ¥-spaces in multidimensional setting. J.
Math. Anal. Appl., 349(2): 317-334, 2009.

[10] E Asdrubali, G. Baldinelli, E Bianchi, D. Costarelli, A. Rotili, M. Seracini, G. Vinti. Detection of thermal bridges from thermographic images

by means of image processing approximation algorithms. Appl. Math. Comput., 317: 160-171, 2018.

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Costarelli - Vinti 15

[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]

[20]
[21]
[22]

(23]
[24]

[25]
[26]
[27]
(28]
[29]

[30]
[31]

[32]
[33]
[34]

[35]
[36]

[37]
[38]

[39]
[40]

[41]

[42]
[43]
[44]

[45]

E Asdrubali, G. Baldinelli, E Bianchi, D. Costarelli, L. Evangelisti, A. Rotili, M. Seracini, G. Vinti. A model for the improvement of thermal
bridges quantitative assessment by infrared thermography. Appl. Energy, 211: 854-864, 2018.

C. Bardaro, PL. Butzer, R.L. Stens, G. Vinti. Kantorovich-type generalized sampling series in the setting of Orlicz spaces. Sampl. Theory
Signal Image Proc., 6(1): 29-52, 2007.

C. Bardaro, H. Karsli, G. Vinti. On pointwise convergence of linear integral operators with homogeneous kernels. Integral Trans. Special
Funct., 19(6): 429-439, 2008.

C. Bardaro, I. Mantellini. On convergence properties for a class of Kantorovich discrete operators. Num. Funct. Anal. Opt., 33(4): 374-396,
2012.

C. Bardaro, J. Musielak, G. Vinti. Nonlinear Integral Operators and Applications. De Gruyter Series in Nonlinear Analysis and Applications,
New York, Berlin, 9: 2003.

C. Bardaro, G. Vinti. Some estimates of certain integral operators in generalized fractional Orlicz classes. Num. Funct. Anal. Optim., 12(5&6):
443-453, 1991.

B. Bartoccini, D. Costarelli, G. Vinti. Extension of saturation theorems for the sampling Kantorovich operators. In print in: Complex Analysis
and Operator Theory, DOI: 10.1007/s11785-018-0852-z: 2018.

L. Bezuglaya, V. Katsnelson. The sampling theorem for functions with limited multi-band spectrum 1. Zeitschrift fiir Analysis und ihre
Anwendungen, 12: 511-534, 1993.

A. Boccuto, X. Dimitriou. Modular convergence theorems for integral operators in the context of filter exhaustiveness and applications.
Mediterranean J. Math., 10(2): 823-842, 2013.

PL. Butzer. A survey of the Whittaker-Shannon sampling theorem and some of its extensions. J. Math. Res. Exposition, 3: 185-212, 1983.
PL. Butzer, R.J. Nessel. Fourier Analysis and Approximation I. Academic Press, New York-London, 1971.

PL. Butzer, S. Riesz, R.L. Stens. Approximation of Continuous and Discontinuous Functions by Generalized Sampling Series. J. Approx.
Theory, 50: 25-39, 1987.

D. Constales, H. De Bie, P Lian. A new construction of the Clifford-Fourier kernel. J. Fourier Anal. Appl., 23(2): 462-483, 2017.

L. Coroianu, D. Costarelli, S. G. Gal, G. Vinti. The max-product generalized sampling operators: convergence and quantitative estimates. In
print in: Appl. Math. Comput., https://doi.org/10.1016/j.amc.2019.02.076: 2019.

L. Coroianu, S.G. Gal, LP- approximation by truncated max-product sampling operators of Kantorovich-type based on Fejer kernel. J.
Integral Eq. Appl., 29(2): 349-364, 2017.

L. Coroianu, S. G. Gal. Approximation by truncated max-product operators of Kantorovich-type based on generalized (&, ¥)-kernels. Math.
Methods Appl. Sciences, https://doi.org/10.1002/mma.5262: 2018.

D. Costarelli, A.M. Minotti, G. Vinti. Approximation of discontinuous signals by sampling Kantorovich series. J. Math. Anal. Appl., 450(2):
1083-1103, 2017.

D. Costarelli, A.R. Sambucini. Approximation results in Orlicz spaces for sequences of Kantorovich max-product neural network operators.
Res. Math., 73(1): Article 15, DOI: 10.1007/s00025-018-0799-4, 2018.

D. Costarelli, M. Seracini, G. Vinti. A comparison between the sampling Kantorovich algorithm for digital image processing with some
interpolation and quasi-interpolation methods, submitted, 2018.

D. Costarelli, R. Spigler. How sharp is the Jensen inequality ?. J. Inequalities Appl., 2015:69, 1-10, 2015.

D. Costarelli, G. Vinti. Approximation by Multivariate Generalized Sampling Kantorovich Operators in the Setting of Orlicz Spaces. Bollettino
U.M.IL, 9(IV): 445-468, 2011.

D. Costarelli, G. Vinti. Degree of approximation for nonlinear multivariate sampling Kantorovich operators on some functions spaces. Num.
Funct. Anal. Optim., 36(8): 964-990, 2015.

D. Costarelli, G. Vinti. Pointwise and uniform approximation by multivariate neural network operators of the max-product type. Neural
Networks, 81: 81-90, 2016.

D. Costarelli, G. Vinti. Saturation classes for max-product neural network operators activated by sigmoidal functions. Res. Math., 72(3):
1555-1569, 2017.

D. Costarelli, G. Vinti. Convergence for a family of neural network operators in Orlicz spaces. Math. Nachr., 290(2-3): 226-235, 2017.

D. Costarelli, G. Vinti. Convergence results for a family of Kantorovich max-product neural network operators in a multivariate setting.
Math. Slovaca, 67(6): 1469-1480, 2017.

D. Costarelli, G. Vinti. An inverse result of approximation by sampling Kantorovich series. Proc. Edin. Math. Soc., 62(1): 265-280, 2019.

D. Costarelli, G. Vinti. A quantitative estimate for the sampling Kantorovich series in terms of the modulus of continuity in Orlicz spaces.
Constr. Math. Anal., 2(1): 8-14, 2019.

D. Cruz-Uribe, P Hasto. Extrapolation and interpolation in generalized Orlicz spaces. Trans. Amer. Math. Soc., 370 4323-4349, 2018.

L. Diening. Maximal function on Musielak-Orlicz spaces and generalized Lebesgue spaces. Bulletin des Sciences Mathematiques, 129:
657-700, 2005.

C. Donnini, G. Vinti. Approximation by means of Kantorovich generalized sampling operators in Musielak-Orlicz spaces. PanAmerican Math.
Journal, 18(2): 1-18, 2008.

J.R. Higgins. Five short stories about the cardinal series. Bull. Amer. Math. Soc., 12: 45-89, 1985.
J.R. Higgins. Sampling theory in Fourier and Signal Analysis: Foundations. Oxford: Oxford Univ. Press, 1996.

J.R. Higgins, R.L. Stens. Sampling theory in Fourier and Signal Analysis: advanced topics. Oxford: Oxford Science Publications, Oxford Univ.
Press, 1999.

Y. S. Kolomoitsev, M.A. Skopina. Approximation by multivariate Kantorovich-Kotelnikov operators. J. Math. Anal. Appl., 456(1): 195-213,
2017.

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘A\,\ Costarelli - Vinti 16

[46] A.Krivoshein, M.A. Skopina. Multivariate sampling-type approximation. Anal. Appl., 15(4): 521-542, 2017.

[47] L.D.Ky. New Hardy Spaces of Musielak-Orlicz Type and Boundedness of Sublinear Operators. Integral Equations and Operator Theory,
78(1): 115-150, 2014.

[48] I Mantellini. Generalized sampling operators in modular spaces. Comment. Math., 38: 77-92, 1998.

[49] J. Musielak. Orlicz spaces and Modular Spaces. Lecture Notes in Math., 1034, Springer-Verlag, Berlin, 1983.
[50] J. Musielak, W. Orlicz. On modular spaces. Studia Math., 18: 49-65, 1959.
[

51] O. Orlova, G. Tamberg. On approximation properties of generalized Kantorovich-type sampling operators. J. Approx. Theory, 201: 73-86,
2016.

[52] S.Ries, R.L. Stens. Approximation by generalized sampling series. In: Constructive Theory of Functions’84, Sofia, 746-756, 1984.
[53] C.E. Shannon. Communication in the presence of noise. Proc. LR.E., 37: 10-21, 1949.

[54] A. Swierczewska-Gwiazda. Nonlinear parabolic problems in Musielak-Orlicz spaces. Nonlinear Analysis: Theory, Methods & Applications, 98:
48-65, 2014.

[55] D. Yang, S. Yang. Musielak-Orlicz-Hardy Spaces Associated with Operators and Their Applications. J. Geometric Anal., 24(1): 495-570,
2014.

Dolomites Research Notes on Approximation ISSN 2035-6803



	Introduction
	Notations and basic assumptions
	The main results
	Example of kernels and applications to concrete spaces

