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Reconstruction of sparse exponential sums (Prony’s method)

M
Function f(x) = > ¢jeli®

We have M, f({),{=0,...,2M —1
We want ¢;,T; € C, where —7 <Im7T;, <m,j=1,..., M.

Consider the Prony polynomial
M

P(z):=1]I (=€) = Zpgz

j=1

with unknown parameters 7; and pys = 1.

M
> pef(C+m) = Zpezcg jlerm) ch TmZpee Tjt

(=0 j=1 =0

z elimp(eli) =0, m=0,...,.M—1.



Reconstruction algorithm

Input: f(¢), {=0,...,2M — 1

e Solve the Hankel system

fO)  fA) .. f(M —1) p f(M)
/ fa) - f@2) ... f(M) \ ( p(1) \ /f(MJrl)\

\ S =1 fO. . feM—2) \put)  \feM 1))

e Compute the zeros of the Prony polynomial P(z) = Zé\io pezt and

extract the parameters T; from its zeros z; = eli, j=1,..., M.

* Compute c¢; solving the linear system

M

f(@):cheTjg, ({=0,...,2M — 1.
j=1

Output: Parameters 7 and ¢j, 7 =1,..., M.



Literature

Prony]| (1795)

Roy, Kailath]

Hua, Sakar] (
Stoica, Moses

Schmidt] (1979):

(1989):

1990):

(2000):

Potts, Tasche]

(2010, 2011):

Reconstruction of a difference equation

MUSIC (Multiple Signal Classification)
ESPRIT

(Estimation of signal parameters via
rotational invariance techniques)
Matrix-pencil method

Annihilating filters

Approximate Prony method

Golub, Milanfar, Varah (’99); Vetterli, Marziliano, Blu (’02);
Maravié¢, Vetterli (’04); Elad, Milanfar, Golub (’04);

Beylkin, Monzon (’05,’10); Batenkov, Sarg, Yomdin (’12, '13);
Filbir, Mhaskar, Prestin (’12); Peter, Potts, Tasche ('11,’12,’13);
Plonka, Wischerhoff ("13); ...



Reconstruction of M-sparse polynomials
Ben-Or & Tiwari algorithm

Function f(x) = Z Cj X

0<d; <dy <. <ClM NdENQ,CJEC

We have M, f(:cé), (=0,...,2M — 1, (a:f) pairwise different)

We want coefficients ¢; € C\ {0}, indices d; of “active” monomials

Consider the Prony polynomial
M

P(z) := jl;[1 (z — T, ) Z pez’

: d;
with unknown zeros zy’ and pps = 1.



M
Prony polynomial P(z):=]]

=1
Then
M M
d; (0+
Z pef(xgt™) =Y pe > Cjﬂ?oj( ")
=0 j=1
M . .
= 3" cjay " Pay)
=1
Hence

E pef(zpt™) = —fxg™),

Compute py = P(z) = zeros ZIZOj
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The generalized Prony method (Peter, Plonka (2013))

Let V be a normed vector space and let A : V' — V be a linear operator.

Let {e, : n € I} be a set of eigenfunctions of A to pairwise different

eigenvalues \,, € C,
Ae, =\, e,.

Let
7€J

Let I : V — C be a linear functional with F(e,) # 0 for all n € I.

We have M, F(A'f) for £=0,...,2M — 1
Wewant JCI,¢c;eCilorjeJ



Prony polynomial

M
PE) == 2) =D ne!
(=0

jed

with unknown Aj, i.e., with unknown J. Hence, for m = 0,1, ...

M M M
EX_:OWF(A”mf) = sz(Z CjA“mej) =) WF(Z Cj>\§+m€j)

=0 jed (=0 jed
M
=Y o (L) ey
j€J =0
= 2 GAT'P(Aj)F(ej) = 0.
1€J

Thus, if F(A*f), £=0,...,2M —1 is known, then we can compute the
index set J C I of the active eigenfunctions and the coeflicients c;.



Application to linear operators: shift operator

Choose the shift operator S;, : C(R) — C(R), h > 0

Spf(z) == f(z+ h)

Eigentunctions of &y,

mT

Sy eli® = lileth) — (Tih oTjz T; € C,ImT) € [_E’ E)

Prony method: For the reconstruction of

f(x) = % c;eli® weneed F(S;f) = F(f(-+h)), £=0,...,2M —1.
=1

]:

Put F(f) := f(z0). F(Syf) = f(zo + ht)
zro+(¢+1)h
Put F(f) = [T f(x)da. F S = [ flz)d.
xo+Lh
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Application to linear operators: dilation operator

Choose the dilation operator Dy, : C(R) — C(R),

Dpf(z) := f(hz)
Eigenfunctions of Dy, Dy aPi = (hx)Pi = hPixPi,

We need:  APJ are pairwise different for all 5 € 1.

Ben-Or & Tiwari method: For reconstruction of

M

flx) =) cjabi,

j=1

we need F (D5 f) = F(f(h%)), £=0,...,2M — 1.

Put F(f) = f(x0). F(DLf) = 110

Put F(f) = [y f(x)du F(Df) = 7% ff

pj € C, z e R
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Application to linear operators: Sturm-Liouville operator

Choose the Sturm-Liouville operator £, , : C*°(R) — C*(R),

Lpqf(x) :=plx)f"(z) + q(z) f'(2),

where p(x), g(z) are polynomials of degree 2 and 1, respectively.

FEigenfunctions are orthogonal polynomials, where L, ,Qy, = A\,Gn.

p(x) q(x) An name symbol
1—-2°) | B—a—(a+B+2)z) | —n(n+a+B+1) Jacobi pP)
(1 —z?) —(2a+ 1)z —n(n + 2a) Gegenbauer CL
(1 —z7) —2x —n(n + 1) Legendre P,
(1 —z7) —x —n° Chebyshev 1. kind T,
(1 —z7) —3z —n(n + 2) Chebyshev 2. kind Un

1 —2x —2n Hermite H,
T (a+1—x) —n Laguerre L

12



Sparse sums of orthogonal polynomials
. M
Function f(x) = 2 cn; Qn,(x).
j=1

We want: ¢,; € C\ {0}, indices n; of “active” basis polynomials @,
Now, f can be uniquely recovered from

M

F(Lyof) = Ly of(x0) =) e A Qui(xo), k=0,...,2M —1.
j=1

Theorem.
For each polynomial f and each z € R, the values £]]§’q f(x), k =

0,...,2M —1, are uniquely determined by ™ (z), m =0,...,4M —2.

If p(zg) = 0, then L, ,f(xg) reduces to L, ,f(z0) = q(z0)f'(x0), and
the values Equf(:z:o), k=20,...,2M — 1, can be determined uniquely

by ") (zg), m=0,...,2M — 1.
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Example: Sparse Laguerre expansion

Operator equation

V'(2) + (a+ 1 — 2) (LY (2) = —n L1

x(Lfla)

Sparse Laguerre expansion

6
f(x) = Zl Cn, Lq(g.) () (with a = 0)
]:

Given values: f(0), £(0), ..., f1(0).

j Uz an ’flj 6nj

1| 142 | —3 | 142.0000000018223 | —2.999999999999987
2 | 125 | —1 | 125.0000000494359 | —1.000000000000034
3 91 2 90.9999998114290 2.000000000000063
41 69| =3 | 69.0000003316075 | —3.000000000000058
D 53 | —1 53.0000003445395 | —0.999999999999988
0 11 2 10.9999999973030 2.000000000000004

14



Application to linear operators: Recovery of sparse vectors

Choose the operator D : CV — CV
Dx := diag(dp,...,dny_1)X

with pairwise different d;.
Eigenvectors of D: De; = dje; 7=0,....,N —1.

We want to reconstruct

M
X:chjenj cnjE(C, O<n<...<ny <N-1.
7=1

We need F(D*x), ¢ =0,...2M — 1.
Let F(x) :=11x := Z;-V:_Ol zj. Then F(D*x) = 11D = a}x,
where aeT = (dé,...,dgv_l), ¢{=0,...2M — 1.

15



Example: Sparse vectors

Choose
D = diag(wky, wy, .., wh ),

where wy = e 2™/N denotes the N-th root of unity.

Then an M-sparse vector x can be recovered from

y = Foy N X,

oM —1,N—1
where Foyr v = (W%)M:O ! c C2MxN.

More generally, choose 0 € N with (o, N) =1 and

D = diag(w}r, w%, . .. ,wj'v(N_l)),

Then an M-sparse vector x can be recovered from

y = Foy N X,

— kiN2M —1,N—1 2M x N
where F2M7N = (wj'\, )k,K:O e C :

16



Numerical 1ssues

Let f = ) cjej with J C I and |J| =M, Ae, = vy, for n € 1.
jeJ

Algorithm (Recovery of f)
Input: M, F(A*f), k=0,...,2M — 1.

e Solve the linear system

M-—-1
> ppF(AT ) = —FAMT ) m=0,... M —1. (1)
k=0

M
e Form the Prony polynomial P(z) = Y prz¥. Compute the zeros
k=0

Aj, j € J, of P(z) and determine v;, j € J.

* Compute the coeflicients c¢; by solving the overdetermined system

F(Akf):ZCj)\t];Uj ]{ZZO,...,QM—L
JjeJ

Output: ¢;, vj, 7 € J, determining f.
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Numerical issues II (Generalization of [Potts,Tasche ’13])

Numerically stable procedure for steps 1 and 2:

Let g, := (F(AM™ )Mk =0,...,M — 1 and

m:o )

G = (F(AM™ )L = (g0 ga—1) and G = (g1...8u).
Then (1) yields
Gp = —gum,

Let C(P) be the companion matrix of the Prony polynomial P(z) with
eigenvalues A;, j € J. Then

~

GC(P) =G,

Hence A; are the eigenvalues of the matrix pencil

~

G — @G, z e C.
Now apply a QR-decomposition or SVD-decomposition to (gg ... g ).
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