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What it is all about

“Subdivision defines a smooth curve
or surface as the limit of a sequence
of successive refinements.”

Denis Zorin & Peter Schroder
SIGGRAPH 98 course notes
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Subdivision curves

initial control polygon

rough, user-sketched shape

iterative refinement LA
adding new points

simple local rules

smooth limit curve ) A
finitely many steps in practice

up to pixel accuracy
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| Applications

subdivision curves in
computer-aided design

modify initial control points
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simple and efficient

curve representation -
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Subdivision surfaces

iterative, regular refinement
simple local rules

efficient
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simple and efficient
surface representation
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Subdivision curves and surfaces

vast playground
abundance of rules and schemes

standard goals

conNnvaroonNncao
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smoothness
standard limitations

artefacts at extraordinary vertices
new trend

nonlinear, geometric methods
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Subdivision curves and surfaces

Important properties
convergence
existence of limit curve/surface
smoothness of the limit curve/surface
affine invariance
simple local rules

efficient evaluation

compact support of basis function

polynomial reproduction

approximation order
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Outline

Sep 5 - Subdivision as a linear process

basic concepts, notation, subdivision matrix

Sep 6 — The Laurent polynomial formalism

algebraic approach, polynomial reproduction

Sep 7 — Smoothness analysis

Holder regularity of limit by spectral radius method

Sep 8 — Subdivision surfaces

overview of most important schemes & properties
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| Basic concept and notation

initial control polygon
sequence of control points {p?} (2D/3D) at level 0
open (i € {4,in, -+, tmaz ) OF closed (¢ € Z)

refinement rules
how to get from level j to level j+1

simplest case (interpolatory subdivision)
J+1 _ J+1 _ J
P2, = P> Poi4+1 = > Bypi_k
k

reproduce old points and insert new points
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Example Blo 611
j+1 __ J j+1 _ 1 7 1 7
P2, — Py Poif1 = 5P T 5041
Nnow Nnnintc at nld adae midnnintc
1INLOVY PU"'LJ CAL UI\U \'uy\» ||||UPU|||LJ

shape of control polygon does not change
points become denser with increasing level j
control polygon is also the /imit curve

refinement rules depend on 2 old points at most,
hence this is called a 2-point scheme

10
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Example
j+1 _ 1 7 6.7 11,7 j+1 _ 1 j ;1 7
Po; - = gPi_1tgPlitgPit1, Poip1 = 3P T5Pi41
nnnronvimatina cchamaoe (ald nointe are Mmndified)
UH’J' U/\""u‘-"'y ' A WY I AN I [ | W \Ulu rJUlllLJ Ul O |||UU|||\'UI

gives uniform cubic B-splines in the limit

convenient notation for refinement rules
even stencil [1,6,1]/8 odd stencil [1,1]/2

index offsets clear by symmetry
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The subdivision matrix

write refinement rules, one below the other,

(

\

p%j_—lz
P]é;'lll
ph
p‘é;:-l 1
p];_: 2

)

/

\

/..

1 6 1 \(.7\
8 8 8 p;_o
11 j
2 2 P; 1

2K
%% ng

16 1 o
8 8 8 i+2
)\ i)

gives the subdivision matrix S

with stencils as rows (alternating and shifted)
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= Subdivision in the limit

refinement from level j to level j+1
Pt = gpd
refinement from level O to level j
p = Spi1l= 5252 = ... = gip0
refinement in the limit

p>® = lim p/ = lim S87pY = §°p°
J—00 ]—>00

but Sis an infinite matrix, so what is 5™ ?
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= | Subdivision in the limit

local analysis with invariant neighbourhood

which initial control points determine pé?

—1 —1 —1
p’ 4 P} P
) — 2 ) — 2 ) — 2
P’ P P
p2 1 P p3
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= Subdivision in the limit

local analysis for g) in the limit (as j— 00)
(P 1\ (3 3 O (pjll\
=158 8| |w
\r1 ¢ é 5) Ve

=S

compute eigendecomposition of S

1 -1 -2 1
S=QAQ 1, Q=1 0 1|, A= 1/2
1 1 -2 1/4

andso SV =(Q-A- Q)Y =0Q-N .01
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I%Z%:? | '''''''' Subdivision in the limit

now letting j— oc

S® = |lim S7 = lim Q-N.Q~ 1—Q(I|m AHYQ L

]—>00 7]—>00
(M) (1 -1 -2y /1 00\ /g & &\ (%)
pF |=|1 o 1||looo||-3 0 % []|nd
\r°) \1 1 -2/\oo0o/\-% % -1/ \n} )

/%%%\/pc—)l\
— |1 4 1 0
— |6 & 6| |PO

\& 2 ¢/ 1P )
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Subdivision in the limit

observations

convergence requires that 1 is an eigenvalue of S

and that all other eigenvalues are smal
first row of Q' gives the limit stencil [

er
4.11/6

applying it to three consecutive contro

points

gives the limit position of the central one

works on any level

can be used to “snap” the points to the limit curve

can be used to estimate distance to the limit curve

17
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I%gz:z:; | '''''''' The 4-point scheme

Example

j+1
Po; - pz

j+1 _ J J J J
Poit1 = 15(—p_1 + 9] + ;11— Piyo)

classical interpolatory 4-point scheme [Dubuc 1986]
based on local cubic interpolation

even stencil [1] odd stencil [-1,9,9,-1]/16
invariant neighbourhood size: 5

eigenvalues of S: 1, 2, V4, Va4, /8

limit stencil [1] (true for all interpolatory schemes)
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| The general 3-point scheme

Example

i+1
Do; —0411% 1‘|‘O‘o ‘|‘O‘ 1pz—|—1

j+1
Poit1 = Bor! + 5—1pqz+1

constraints: symmetry and summation to 1
even stencil [w, 1-2w, w] odd stencil [1,1]/2

invariant neighbourhood size: 3

eigenvalues of S: 1, 2, V2—2w

certainly not convergent for w & (=%,%)

limit stencil [2w,1,2w]/(1+4w)
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Summary

initial control points{p?} and refined data {pz}

refinement rules

even stencil ., Qlg, Ol1, Oy, U1, OL_o, ... ]
Odd StenCii rﬂ2r 517 60; 5—176 22 ° ]
i+1
rules Pzz Z%pz ke P11 —Zﬁkpz k
subdivision matrlx [+ )
a1 g 01 O_o2 «_3
stencils as rows . B1 Bo B-1 B2 B-3
(alternating, - 5 8 B B B
shifted) \ az az a1 o a1 /
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Summary

local limit analysis

determine size n of invariant neighbourhood

consider local nxn subdivision matrix S

necessary condition for convergence

c
1 is the unique largest eigenvalue of S
if coefficients of even/odd stencil sum to 1, then

1 is an eigenvalue of S with eigenvector (1,...,1)

subdivision scheme is affine invariant

limit stencil given by normalized left eigenvector of
S with eigenvalue 1 (usual (right) eigenvector of S*)

21

Subdivision Schemes for Geometric Modelling — DRWA 2011 — Alba di Canazei



