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Geometric conditions for the reconstruction of a holomorphic
function by an interpolation formula
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Abstract

We give here some precisions and improvements about the validity of the explicit reconstruction of any
holomorphic function on a ball of C? from its restrictions on a family of complex lines. Such validity
depends on the mutual distribution of the lines. This condition can be geometrically described and is
equivalent to a stronger stability of the reconstruction formula in terms of permutations and subfamilies of
these lines. The motivation of this problem comes from possible applications in mathematical economics
and medical imaging.

1 Introduction

1.1 Setting of the problem and some reminders

In this paper we give some answers and improvements of the results from [9], where we deal with a special case of the general
problem of reconstruction of a holomorphic function from its restrictions on a family of analytic submanifolds. Here the setting is
the following: on the one hand, we consider for the analytic submanifolds any family of complex lines in C? that cross the origin.
Such a family can be written as

{Z€C25 Zl_njzzzo}jZI H] (1)
where the directions 1); € C are all different (we omit the special line {z, = 0}). On the other hand, let be f € O ((Cz) (resp.
f € O(B,(0, 1)) where for any fixed r, > 0, B, (0, r,) C C? is the complex ball defined as

B,(0,r) = {ZG(CZ, |Zl|2+ |Zz|2 < r§} ).

We then want to give an effective reconstruction of f from its restrictions on these complex lines. An application of some methods
from [2] yields the following interpolation formula, that we remind from [9]:
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where N > 1 and z = (21,2,) € C2. We know (see Proposition 3 from [9]) that forall N > 1 and f € (’)((Cz) (resp. f €
O(B5(0,79))), Ex(f;m) is well-defined and satisfies the following properties:

o Ey(f;n) € O(C?) (resp. Ey(f;n) € O (By(0,1)));

e Ey(f;n) is an explicit formula that is constructed with the data

{szl:"UZZ}}lSjSN >

* Vj=L...N, EN(f;n)I{ZFmZz} :f|{21=m'zz};
e VP e(C[z,2,] withdegP <N —1, Ey(P;n) =P.

One reason for the choice of a family of lines (1) is that it is well suited for the methods in [2], which readily produce
formula (2). But the essential reason comes from possible applications to the real Radon transform theory, that may have
consequences in mathematical economics and medical imaging. Indeed, let u be a measure with compact support K C R? (w.l.o.g.
one can assume that 0 € K). We want to reconstruct it from its Radon transforms on a finite number of directions, i.e. from
(Ru)(69,s) with (69),s) €S! x Rand j=1,...,N, where S! is the unit sphere of R? and

(R,u)(ﬂ(j),s) = 4 u(dx) . 3

s {xeR2, 0§j)x1+9§j)x2£s}
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As it was explained at the Introduction of [9], we consider the Fantappie transform &, of u, that is defined on the dual space
K := {5 =[Ey:&,:E,]€CP?, <&, x>#£0,Vx GK} and is holomorphic there. Explicitly,

¢, : €K — <M,i>:=f i,u(dx)

<&, x> w <& x>
(see[11]). In addition, we know that there is r, > 0 such that for all & € S' and allu € C with |u| < r (sothat[1:u6; : u6,] €K*),

T RuO.5)
- 4as
1+su

>

¢, ([1:ub; :ub,]) = j
i.e. the knowledge of (Ru)(6%,s),j = 1,...,N,s € R, allows to know the restriction of &, € O(B,(0,r4)) on every line
Loy = {(u6,,ub,), u € C} = {z € C*, 3, = 1),3,} where

n, = 09/69 eR,j=1,...,N @

(w.l.o.g. one can assume that 920) #0forallj=1,...,N).

The family of measures defined for N > 1 by uy := & [EN(<I>H; n)] (where Ey(+;n) is the above fomula (2), and &' is the
reciprocal isomorphism, whose existence is guaranteed by [11]), is interpolating in the meaning that < uy, x’fxé >=
< u, x’l‘xé > forall N > 1and k,l > 0 with k+1 < N. Since by (4) the set {nj}j21 is a subset of R, by an application of
Theorem 1.1 below, we will conclude that the family {uy}y; will approximate u in an appropriate topology. In addition, an
application of some results of Henkin and Shananin from [8] will allow to compute the reconstruction with good estimates. These
expected results are handled in [10], that is currently in progress.

1.2 Essential results

The essential problem is that there is no guarantee that, as N — oo, Ey(f;n) will converge to f (although it coincides with f
on an increasing number of lines). We know from [9] that in general it is not the case, i.e. there are families of lines with (at
least) an associated holomorphic function f such that Ey(f;n) will not converge. Since we are interested in a reconstruction
formula whose convergence is guaranted for every holomorphic function f, we want to determine all the good families of lines
n= (71 j)jzl for which the convergence of the associated interpolation formula Ey(+; 1) is guaranteed for every holomorphic
function. Theorems 1 and 2 from [9] give equivalent criteria for the validity of such a reconstruction: roughly speaking, the
sequence of the directions (n j)j>1 of the lines (1) must satisfy an exponential estimate of their divided differences (an operator
of successive discrete derivatives, see for example [5], [7] and [12] for the definition and essential results).

This study is related to a classical problem that is the reconstruction of a holomorphic function on a homogeneous domain of
C" from some partial data on its boundary (see [1], [3] and [4]). Here we deal with a particularly delicate case since it brings us
back to some one-dimensional sets on the boundary (the union of circles that are the intersections of the complex lines in (1) with
any sphere). The restriction of the function on these circles determines the Taylor coefficients of its corresponding restrictions to
the complex lines. It follows that the above criterion is related to the configuration of the associated circles on the boundary (i.e.,
a countable union of one-dimensional real sets). That is the essential difference with the case from Theorems 21.1 and 21.4
in [1], where the associated set has a topological closure of real dimension greater than 1.

Nevertheless, the difficulty to check the above condition on divided differences gives us the motivation to find a criterion that
is easier to understand. This leads to the following definition:

Definition 1.1. The set {n;};5; is locally interpolable by real-analytic curves if, for all { € {n,};>; (the topological closure of
{n;};51 in CP'), there exist a neighborhood V of ¢ and a smooth real-analytic curve C such that { € C and

v({n}., < c. Q)

This new geometric condition is a sufficient criterion for the convergence of the interpolation formula E(+; ) and yields the
following result, given as Theorem 3 from [9].

Theorem 1.1. If {n;};5; is locally interpolable by real-analytic curves, then the interpolation formula Ey(f,n) converges to f
uniformly on any compact K C C% and for all f € © ((Cz).

Similarly, r, being given, there is €, > 0 such that, for all f € O (B,(0,1,)), Ex(f;n) converges to f uniformly on any compact
subset K C B,(0, &, 1)

Nevertheless, this new criterion is not equivalent. Indeed, as it has been suspected in the Introduction of [9], there are
sequences of lines that are not locally interpolable by real-analytic curves and whose associated formula Ey(-; ) converges.
Proposition 1.2 below is the first result of this paper and gives an explicit example of such a family: it consists on constructing a
sequence (7););»; as the increasing union of 1/2"-nets, r > 0, of the square [0,1]+i[0,1] = {z € C, 0 < R(z2), 3(2) < 1} (so that
for all N > 1, the first N points 7),;’s are the most separated possible from each other).

Proposition 1.2. There exists (at least) one sequence (n j)j>1 that is not locally interpolable by real-analytic curves but whose
associated interpolation formula Ey(-;m) converges, i.e. forall f € O ((CZ), Exn(:; f) converges to f uniformly on any compact subset
K c C? (similarly, r, > 0 being fixed, there is &, > 0 such that for all f € O(B,(0,1,)), Ey(f;n) converges to f uniformly on any

compact subset K C By(0, £, 1,)).
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This first conclusion leads to the following question: why is this geometric criterion not (always) necessary? On the other
hand, the expression (2) of Ey(-;n) clearly involves the enumeration of the lines 7,’s. Since Definition 1.1 is a condition about
sets that does not depend on any of its enumerations, one is tempted into considerating the action of the group of permutations
Gy and check the validity of the convergence of Ey(-; (1)), where the sequence o(n) is defined from n = (n j)j>1 by

o = (o) (6)

(in order to simplify the notation, &y will mean Gy, since all the considered sequences in the paper start by j = 1).

Now o € &y being given, one could first think that Ey(f;o(n)) and Ey(f;n) are essentially the same. Indeed, if My :=
max {N,c(1),...,0(N)}, then Ey, (f;n) and Ey, (f; o(n)) both interpolate f on the N first lines corresponding to 1, ..., Ny
and 1,1, . - ., Noqv)- Nevertheless, if we change the order of the sequence of the square from Proposition 1.2 above, the associated
interpolation formula may not converge anymore. This leads to the following question: a given sequence (n j)].>1 whose associated
interpolation formula Ey(-; 0(n)) always converges under the action of any permutation o, should be locally interpolable by
real-analytical curves? We will see that the answer is affirmative as claimed by Theorem 1.3 below.

In order to deal with this problem, we need to consider the following question: the sequence 1 = (n j)j>1 being fixed, if the
formula Ey(+; 1) converges, what about Ey(+;n’), where n := (n Jk)k>1 is any given (infinite) subsequence of ? On a first sight,
the answer looks positive because of the following intuitive argument: if Ey (f;7) can interpolate f on more lines than Ey/(f;7’)
does (where N’ is the number of k > 1 such that j, < N) and Ey(f; ) converges, then why should not Ey(f;7’) too? The true
answer is that this heuristic argument is false. Indeed, it is also a strong condition that is equivalent to the geometric criterion (5).
This claim and the above one are specified by the following result, that is the main theorem of this paper.

Theorem 1.3. Let = (n j)]_>l be any sequence defined as in (1). The following conditions are equivalent:

1. the set {n j}j21 is locally interpolable by real-analytic curves;

2. fordll f €O ((CZ) and all o € Gy, Ey(f;0(n)) converges to f uniformly on any compact subset K C C?;

3. forall f €O ((Cz) and all subsequence n’ = (njk) Ey (f;n’) converges to f uniformly on any compact subset K C C2.

k=1’

First, this result finally gives an equivalence, for a given sequence (n j)j between the strong geometric hypothesis (5) and

>1°
sharper conditions in terms of the validity of the convergence of the associated interpolation formula Ey(-;n). In particular, it
clarifies in which sense this geometric condition is sufficient.

Next, this results only deals with the convergence of Ey(f; n) for any f € O ((CZ) and we would like to know what happens if
we consider the same assertion with any f € O (B, (0,r,)) for any fixed r, > 0. One of the applications of Theorem 1.3 is its

generalization to the case of every complex ball B, (0, r,), as specified by the following result.

Corollary 1.4. Let n = (nj)j21 be any sequence defined as in (1) and let be r, > 0. The following conditions are equivalent:

1. the set {n f}jzl is locally interpolable by real-analytic curves;

2. there is g, > 0 such that for all f € O(B,(0,1,)) and all o € &y, Ey(f;0(n)) converges to f uniformly on any compact
subset K C B, (O, &, ro);

3. there is e, > 0 such that for all f € O(B,(0,1,)) and all subsequence n' = (njk)
any compact subset K C B, (0, &, ro).

1 En (f;m") converges to f uniformly on

As it can be noticed, these results are equivalences between a geometric condition and the validity of the convergence of its
associated interpolation formula Ey(-; 1) (i.e. in terms of functional approximation theory).
Moreover, we have another consequence that gives some precision on the speed of convergence of Ey(f;n) to f.

Corollary 1.5. When any of the equivalent conditions from Theorem 1.3 or Corollary 1.4 is fulfilled, one has in addition the following

estimate: for all K C O((CZ) (resp. K C O(B,(0,1,))) and K C C? (resp. K C B,(0, €,70)) compact subsets, there are Cy. x and
ex > 0 such that for all 0 € &y, for all n’ = (*r)jk)kz1 andall N > 1,

sup sup If@)—Ey(f;0m@)| < Cex(l—gd"

and

sup sup|f (2)—Ey (f;1)(2)] < Cex(I—e)".
feK zeK
In particular, as it has been pointed out in [9], a simple convergence of Ey(+;1) (i.e. convergence of Ey(f;n) for every
fixed holomorphic function f) implies a uniform one. This can be interpreted as a Banach-Steinhaus property for the family of
operators {Ey (+;1)}ys; in the canonical topology for the holomorphic functions (i.e. the topology of uniform convergence on
any compact subset).
Finally, the essential argument for the proof of Theorem 1.3 follows from the following result, whose proof is given in
Section 3.

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Irigoyen 4

Proposition 1.6. Let (n j)j21 be any sequence such that the set {n f}jZI is not locally interpolable by real-analytic curves. Then there

exists a subsequence (njk)k>1 of (n f)j>1 that satisfies the following conditions:

o the sequence (n jk) is convergent in CP';

k>1

o the set {n i }k>1 is not locally interpolable by real-analytic curves.

We know that if {n 1}121 (coming from any sequence (n j)jzl) is locally interpolable by real-analytic curves, then so will be

any of its subsets (finite or infinite), in particular if it comes from a convergent subsequence (n jk) Conversely, we may ask

k>1°
what happens if {n j}j>1 is not locally interpolable by real-analytic curves. Proposition 1.6 gives an affirmative answer, in the

sense that one can extract convergent subsequences that are still not locally interpolable by real-analytic curves.
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2 On the non-equivalence of the geometric criterion

In this section we deal with the proof of Proposition 1.2. We first need some reminders and preliminary results.

2.1 Some reminders
First, the following result is given as Lemma 20 from [9] and is a necessary condition for a set to satisfy the geometric condition (5).
Lemma 2.1. The topological closure of a set that is locally interpolable by real-analytic curves, has empty interior.

Next, we remind Theorem 1 as one of the essential results from [9] and that gives an equivalent criterion for a bounded
sequence (n j)j21 to make converge its associated interpolation formula Ey (+; 1).
Theorem 2.2. Let (T; j)jzl be bounded and fix any r, > 0. The following conditions are equivalent:

1. there is g, > 0 such that, for all f € O(B,(0,1,)), the interpolation formula Ey(f;n) converges to f, uniformly on any

compact subset of B,(0, &,7);
2. forallge O ((Cz), the interpolation formula Ey(g;n) converges to g, uniformly on any compact subset of C%;
3. 3R, >1,VYp,q=0,

C q
A pret) [(Tmz) ] (1p41)

The operator A, is called divided differences and is defined as follows (for any application h that is defined at the 7,’s):

+
< R @]

Ao[h](n1) = h(n1);

8)
Bprtr s i) = Bpr ooy [R1(,) (
for all p=1, AP,(np ..... m)[h]('rlpﬂ) = Pyt ) o Ly SUL Y £ .

Np+1 — Mp

A,[h] can be seen as the discrete derivative of order p of the function h. A lot its properties can be found in the references, in
particular the following one (see for example [6], Chapter 4, 7 (7.7)).

Lemma 2.3. Let {n;};>; be any set of different points and h any function defined on them. One has for all p > 0,

p+1 h (n )
A () = Do
P>(Npes1) p+l +1
e a=1 ni:l,j;éq (1g=m;)
We also deduce as an application the following result that will be useful for the proof of Theorem 1.3.

Corollary 2.4. Forall p,q >0,

7 q
A (npreinn) |:C = (Tmz) ] (T’p+1)

In particular, the bound does not depend on q = 0.

p+1

= Z p+1 :

1=1 L Lj=1j# |nl _771'| .
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x|

q
Proof. The proof immediately follows by Lemma 2.3 with the particular choice of h({) = ( ) since for all { € C, one has

7 q
()

1+[¢?

(1+|C||5|2)q - lerw) g (\/%mz)q =1

that

O
2.2 Construction of a counterexample
In this subsection, we construct the explicit sequence (n j)j>1 C Q, where Q is the closed square
Q = [0,1]1+i[0,1] = {z€C, 0<R(2), 3(z) <1}. ®

Its essential required property is that the n,’s must be the most separated possible from each other. We start by setting
n =0,1m, =1,1m3 =1+1i,1m, = i. We find the maximal number of points of Q whose mutual distance is not smaller
than 1. When it is not possible anymore, we add the maximal number of points whose mutual distance is at least 1/2, then
Ns=1/2,m6=1/2,m,=(1+1)/2, ng=1+1/2,19 =1/2+i. More generally, we will choose by induction on r > 0 the maximal
number of points whose mutual distance is at least 1/2".

Let fix r > 0 and let A, be an 1/2"-net of Q, i.e. a set of points that are at least at a distance of 1/2" from each other. One
can choose

+it
A = {Szf ,(s,t)eNZ,OSs,tSZ'}, (10)

whose cardinal is (1 + 2") (one can check that A4, = {0,1,i,1+i} = {771’772’773’774})- In addition, one has the sequence of
inclusions

Ay C A, C - CA C - 1y
The sequence n = (n j)jzl will be defined by induction on r > 0 as follows: we first choose 1;,7,,n; and 7, for the first set A,
(notice that we do not specify any enumeration for these first n;’s); next, if we assume having constructed 7y, ..., 7y, with
N, = (1+27), 12)
we define 1y ,1,...,My,,, so that
{nNr+1> . H,TIN,“} = A \A. 13)

Again, the enumeration for these 7);’s does not matter. The only important fact is that n; € .A,j for all j = 1, where r; is the first
r > 0 such that j < N,.
The sequence (n j)j21 can be defined by induction on r > 0 and one has

{nj}j21 = Ay = UAr'

r=0

As it has been specified, the enumeration of (n f)j>1 does not matter as long as one has the following important condition: for all
r=0andall j, k > 1 such that n; € A, and 1, € A.,; \ A,, then one necessarily has j < k. Equivalently, for all r > 0, the first
N, points 1,’s belong to A,..

We can deduce the following preliminar result.

Lemma 2.5. The sequence (n j)j>1 is well-defined and is dense in Q. In addition, (nf)j>l satisfies the following condition:

Vr>0,¥j<N, =(1+2"), 0 €A,. 14

Proof. The last assertion immediately follows from (12) and (13). In order to prove the density, let consider z € Q, € > 0 and
let be r > 0 such that 1/2" < ¢. There is ;. € A,,, such that im(njz)—ﬁ(zﬂ <1/2" and |3(njz)— S(z)| < 1/2™1, then
|an —z| <V2/21 <1/2" <e.

O

In order to prove Proposition 1.2, we first need to give an estimate of the divided differences {AP }p21 associated with (n i)jzr
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2.3 A bound for the associated divided differences

We start by the following preliminar result that is a lower bound for the products that appear on the expression of the A,’s given

by Lemma 2.3.
Lemma 2.6. Let consider the sequence (nj)j21 from Lemma 2.5. There is P, > 2 such that, forallp = P, andallq=1,...,p+1,
one has
p+1
[T In—n = exp(—9p).
j=Lj#q

Proof. Let fix any p > 2 and let consider the unique r > 0 such that
(1+27)° < p+1 < (1+27).

Now let fix n, withg=1,...,p+1,i.e.

sq Fitg .
Ny = o where 0 < s, t, < 2.
. o sj+it; . .
Similarly, for all n; #n, with j=1,...,p+1, one has n; = o with 0 <s;, t; <27 and (sj, tj) # (sq, tq). Since |sj —sqi

(resp. |t}- — tq| < 2"), then

k

t—t]} € {1....27}.

It follows that n; € Dy, (nq), where D, (nq) is defined for all k € N by

= max{lsj—sq s

q,]

Dk("]q) = {Z=S;—rit,(s,t)ezz’max{|s—sq|,|t—tq|}=k}_

We first want to estimate card [Dk (nq) N {nj, 1<j<p+1,j# q}] forall k =1,...,2". We start by noticing that

Dy (qu) = & (nq) \ S (nq) >
where S, (nq) is defined for all k € N by
Sk(nq) = {z = S;it , (s,t) e z?, max{|s—sq|,|t—tq|} < k} .
Since on the one hand, one has for all k > 0, that
card [ S, (nq)] = card[S, (0)] = card {z = s—;—rlt L (s,0)eZ?, —k<s,t < k} = (2k+1)?%,

and on the other hand, §;_; (nq) C S (nq) for all k > 1, it follows by (17) that

card [Dk (nq)]

card [ S, (nq)] —card[ S 4 (qu)]
(2k+1)* —(2k—1)* = 8k.

IA

card[ D (ng) n{n;, 1<j<p+1,j#q}]

Next, one has forall k =1,...,2", and all n; € D; (nq) (with n; = el ;ltj s
sl lo-el) _
R

Finally, the estimates (19) and (18) together yield for all k =1,...,27,

I1 Ing—n;| = ( k )card[pk(mﬁ{m’stpﬂ,#q” > (k )Sk,

or or
Di(ng)n{nj, 1<j<p+1,j#q}

(15)

<2r

(16)

17

(18)

(19)

the second inequality being valid since 0 < k/2" < 1. By applying the following partition (justified by (15) and Lemma 2.5),

27‘
{77],]:1,,1)‘*‘1’]7&(1} = U[Dk(ﬂq)n{ﬂp1SJSP+1,J7+-Q}]
k=1
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(one indeed has 1 < k < 2" by (16)), we can deduce that

p+1 2r 2" k 8k
[]l=nl = T1 [ =il | = T1(5)
j=1,j#q k=1 Dk(nq)n{nj,1§j5p+l,j7éq} k=1
a 1<k, (k
— r — 2r+3 _ i i
= exp|:kz_l:8kln(k/2 ):| = exp|:2 X ZrkZ:EZY ln(Zr)] . (20)
The last expression involves the Riemann’s sum of the continuous function
t€]0,1]— tlnt, 0 — 0, whose integral is fo tintdt = [—lnt] fo 3 :—— Then
22r+3 2 | k ares 92r
% ;Eln(zr) 2 (1/4+e(1/r) = - (-8+e(1/r), (21)
where ¢(1/r) — 0 as 1/r — 0. On the other hand, one has by (15) that
22r
p = (1+27)Y—1=2"242 > - 22)
In addition, (15) also gives that £(1/r) = ¢(1/p). It follows by applying (20), (21) and (22) that
p+1
[T Ine—n] = explpx(-8+e(1/p))] = exp(-9p),
j=Lj#q

for all p > P, (= 2) so that [¢(1/p)| < 1 (notice that P, does not depend on ¢ =1,...,p + 1). The estimate being true for all
g=1,...,p+1, the proof of the lemma is achieved.
|

This allows us to prove the following result that will be useful for the proof of Proposition 1.2.
Lemma 2.7. Let h be any function defined on the set {n;} >, (coming from the sequence (nj)j21 of Lemma 2.5) and that is bounded:

hlls = supih(nj)| < +o0.
j=1

Then there is R, > 1 such that for all p = 0,

Ap,(np,-u,m)[h] (ﬂp+1) = ||h||°oR1; .
Proof. Let be p > 0. One has by Lemma 2.3 that
S G (
q P+ Dlhlloo
Ay ] (77P+1) = Z 1 =

- . +1 :
q=1 1 lj=1j#q |nq - 771'| min; <g<p+1 (Hf:l#q |7Iq - ﬂj|)
If p<P,—1, then

Ap B (Mpi1)| < Clitllco

where

c, = il

n .
mm1<p<P -1 (m1n1<q<p+1 H, Li#q Ing— 7)j|)

Otherwise p > P, (= 2) then one has by Lemma 2.6 that

p+1
qunggﬂ( [ Inq—n,-l) > 1/exp(9p),

j=1,j#q

thus
< (p+1llhll exp(9p) < exp(p)llhlloo exp(9p) = ||l exp(10p)

(the second estimate being justified by the classical one: 1+t < exp(t), YVt € R).
It follows that for all p > 1, one has

Ap,(np,--»,m)[h] (T)p+1)

IA

1]l oo max[Cn s exp(lOp)]
IMlloo (1+C,) exp(10p) < IAllooR?

IA

where R, := (1+ C,)e'® (for p =0, one just has that |A,(h) (n,)| = |h(n,)] < ||l * R?’) and the proof is achieved.
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Remark 1. Notice that we do not need to assume any kind of regularity for the function h, else that it is bounded on the set
{n j} j=1+

2.4 Proof of Proposition 1.2

Now we can give the proof of the proposition.

Proof. First, the set {n j}j>1 is dense in the square Q by Lemma 2.5 then its topological closure {n i}j>1 has nonempty interior. It
follows by Lemma 2.1 that {n ; }121 cannot be locally interpolable by real-analytic curves.
Next, the sequence (n j)j>1 being bounded, in order to prove that Ey(-; 1) converges (i.e. for entire functions as well as for

holomorphic functions on any fixed ball B, (0, ), it suffices to show that (n j)jZI satisfies the estimate (7) in Theorem 2.2. For

: . z Y
llg>0 h th the ch fh({)=| ——— | that
all ¢ > 0, one has wi e choice of h({) (1+|C|2 a

q

V1+[Z?

1+1[¢

(=)
112 |

(in particular h is bounded on C). It follows by Lemma 2.7 that for all p, g > 0,

z Y ¢y
Ap (1) |:(1 + |C|2) :|(n1’+1 (1 + |C|2)

ie. (n ; )].>1 satisfies condition (7) from Theorem 2.2 and this completes the proof of Proposition 1.2.

1
g H(«/Hmz)‘* . .

<]

~—

P < RP < RPH4
xRP < RP < RP™,

3 An essential result on the extraction of subsequences

In this part we give the proof of Proposition 1.6 that will be useful in order to prove Theorem 1.3. We first need a couple of
preliminar results.

3.1 Some reminders and preliminar results
Let fix n = (n f)jzl' We first remind the following identity that is justified by Proposition 3 from [9] and that involves another

analogous formula Ry (+; 1), that is the essential remainder part of f —Ey(f;n): f € O(B,(0,ry)) (resp. f € O ((Cz)) being given,
one has for all N > 1 and all z € B, (0, r,,) (resp. z € C?),

f&) = Ey(fsm@—Ry(fsmE)+ ). aysial; (23)
k+I=N
here,
@) = D agkad
k,[=0

is the Taylor expansion of f, and

N N 4 —n.z P +77_Z k+I-N+1
1 j%2 k 2 p°l
Ry(f; = —= - 24
NGRS Z(l‘[ o ) >, ak,mp(lﬂn |2) 24)
p=1 \j=1,j#p 'P J k+I=N p

is well-defined and belongs to O (B,(0,r,)) (resp. O ((C2 )).

Since the remainder part of the Taylor expansion of f € O (B,(0,r,)) (resp. f € O ((CZ)) always converges to 0 uniformly on
any compact subset K C B, (0,1,) (resp. K C C?), this gives an equivalence between the convergence of Ey(-;n) and the one of
Ry (+;m). More precisely, we have the following result that is Lemma 7 from [9].

Lemma 3.1. r, > 0 being fixed, let consider f € O (B,(0,r,)) (resp. f € O ((CZ)) and K any compact subset of B,(0, ry) (resp. C2).
Then for all N > 1, one has

sgglf(Z)—EN(f;n)(z)l < SEEIRN(f;n)(Z)I+CK(N+2) sup |f (=)l (1—ex)",

llzll<rg

where ||z|| = /21| + |2,|? is the usual norm on C? and Cy, ry depend only on K.
In particular, Ex(f;m) converges to f (uniformly on any compact subset) if and only if so does Ry (f ;1) to 0.
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On the other hand, we will also deal with the action of some homographic transformations on (n j)].>1. We remind some

notations and results from [9] (beginning of Section 4): let fix any n° ¢ {n j}
U,c €U(2,C) defined by

=1V {oo} and let consider the unitary matrix

U = 1 (n° 1).
ne . 1+|nc|2 1 _nc >

let also consider the following homographic application

h, : CP* — CP' (25)
1+71°¢
¢
g—ne

(where CP! = C U {c0}) and the new sequence
0=(6)., = (he(n))s,- (26)
Then the set {91»}}.21 is well-defined as a subset of C and one has the following result that is Lemma 16 from [9].

Lemma 3.2. Let be f € O(B,(0,7,)) (resp. f € O((CZ)). For all N > 1 and z € B,(0, 1) (resp. z € C?),

Ry(fim)z) = Ry(foUyl;0)(Uyz).
These lemmas yield the following consequence.

Corollary 3.3. = (nf)jZI being any sequence, 1° & {nf}jZI U{oo} being fixed and h,. (resp. 6) being defined by (25) (resp. (26)),
the formula Ey(f;m) converges to f uniformly on any compact subset K C C? and for every function f € O ((CZ), if and only if so
does Ey(f; 0).

Proof. f €O ((CZ) being given, one has by Lemma 3.1 that the formula Ey (f; 1) converges to f if and only if Ry(f; ) converges
to 0 (uniformly on any compact subset). U, being an isometry, it follows by Lemma 3.2 that Ry (f;n) converges to O uniformly
on any compact subset K C C2 and for every function f € O ((CZ), if and only if so does Ry (f o U;}; 9), thus if and only if so does
Ry(f;0) forall f €O (Cz). Finally, by applying Lemma 3.1 again, it is true if and only if Ey (f; 6) converges to f (uniformly on
any compact subset) for all f € O ((CZ).

O
We also prove the following preliminar result about the homographic transformations defined by (25).
Lemma 3.4. For all n° ¢ {nf}jzl U {oo}, one has h;} = hyz where
hyz: CP' — CP'
1+n°¢
¢ —.
g—n
In addition, one also has that 1° ¢ {h,. (ni)}j21 U{oo}, ie. hi! = hyz is of the same kind (25) for the associated set {n,e (ni)}j21 =
{Gj }121'
Proof. Indeed, for all { € C\ {7}, one has that
— 141
i e
— nc nC nc
h c © hT = = — = ,
(B 1) €) 1+n°¢ . L+nen©
{—n°
then the equality holds for all { € CP!. The second assertion follows by (25) since hye(00) = 7°, then by (n j) #me forall j > 1.
O

We finish the subsection with the following result reminded as Lemma 18 from [9], and that gives an equivalent definition for
the geometric criterion (5).

Lemma 3.5. The set {n;};5; is locally interpolable by real-analytic curves if and only if it can locally holomorphically interpolate the

conjugate function, i.e. for all { € {n;};>1 (the topological closure of {n;}>; in CP!), there are a neighborhood V of { and g € O (V)
such that

n; = 8&my),Vn;ev. 27

Remark 2. In [9], Lemma 18 was proved in C whereas the above statement is stronger since its deals with CP!. Nevertheless,
there is no apparent contradiction because the geometric criterions (5) and (27) are both invariant under the action of any
biholomorphic function (then in particular for any homographic transformation). This allows us to extend the claimed equivalence
to CP!.

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Irigoyen 10

3.2 On the extraction of certain subsequences

Now we can give the proof of Proposition 1.6.

j=1
without any neighborhood V € V({,) and holomorphic function g € O (Vlo) that can interpolate the conjugate function on

{7],'}]21 NV, ie.

Proof. Since the set {n J}j21 is not locally interpolable by real-analytic curves, it follows by Lemma 3.5 that there is {, € {n j}

VVEV(CO),VgGO(V),EIanV,g(nj) # ;. (28)
In particular, {, cannot be isolated in {nj }121' Otherwise, if {, # oo (resp. {, = 00), then by taking V, < C such that
{nj}j21 N Vy, = {0} (resp. Vo = CP! \ K, where the compact subset K is big enough so that {nj}j21 \K c {oco}) and
8, 'V, — C
= e(0=0
(resp.
8oo 1 Voo — CP!
¢ = gw(f)=00),

we would get a contradiction with (28).
As a consequence, there is a subsequence (n jk)k>1 C (17 j)j>1 that satisfies:

{(nik)k>l converges to {,; 29)
n;, # §o for all k > 1.
We will then deal with the cases {, € C and {, = o0 respectively.
SocC
We start by setting S, := (njk)kzl and
Si = So[ D), (30)

where D ({y,1) ={{ €C, | —{,| < 1}. By construction, S; gives a (nonempty and infinite) sequence that converges to {,. If S;
(as a set) is not locally interpolable by real-analytic curves, the proposition is proved. Otherwise (because {,, is a limit point of
S1), there are V; € V({,) and g; € O (V;) such that

n, = g1("7j) foralln; €S;NV;.

By reducing V; if necessary, we can assume that V; C D ({,, 1) and V; is connected. Since {, satisfies (28), it follows that gy,
cannot interpolate the conjugate function on V; [{n;};51, i.e. there is n; € V; ({n;};5; such that g, (7751) #7;,- We set

S, = & U {7)51}

and S, (with any enumeration) still gives a sequence that converges to .
Let fix m > 1 and let assume having constructed 7;,, ..., > S1,--+>Sm, Vi,---,V, and g;,..., g, such that forallg = 1,...,m,
one has the following properties:

V, €V ({,) and V, is connected; (€20
N5, € Vg €D (L0, 1/271) 5 (32)
g, € O(Vq) and g, (nsq) #5,5 (33)
g,(n;)=7; foralln;€S,NV,, (€2
where
S, = 51U{n51,...,nsq_l} forallg=2,...,m. (35)

We first consider the set

Sm+1 = SlU{nsl:"':nsm}

and this satisfies (35) forallg =2,...,m+ 1. Next, S,,,; (with any enumeration) will give a sequence that still converges to ¢,
as the union of S; (that converges to {, by (30) and (29)) and the finite set {7151, . } If S,,,1 is not locally interpolable
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by real-analytic curves, the proposition is proved. Otherwise (because ¢, is a limit point of S,,,,), there are V,,,; € V({,) and
Zmi1 € O (V,41) such that

n, = gm+1(nj) forall m; €S0 N Vg -

By reducing V,,,, if necessary, we can assume that V,,,; € D({,,1/2™) and V,,,, is connected. On the other hand, since ¢,
satisfies (28), it follows that there is 1 € V,,,; such that g4 (Tlsm+1) # .- This proves (31), (32), (33) and (34) for
g =m+ 1, and completes the induction.

Now if there is m > 1 such that the set S,, defined by (35) is not locally interpolable by real-analytic curves, then the
proposition is proved (since any enumeration of S,, will give a sequence that converges to ().

Otherwise, we can construct for all m > 1, such 7, _, S,, V,, and g,, that fulfill (31), (32), (33) and (34) forallg=1,...,m,
and consider the following set

Se = nglsm=51U{nsm,mz1}.

Then any enumeration of S, will give a sequence that converges to { as the union of S; (that converges to £, by (30) and (29))
and the convergent sequence (nsm )m>1 (since by (32), one hasn, €D (C 01/ 2’"‘1)). If we prove that S, is not locally interpolable
by real-analytic curves, the proof of the proposition will be achieved in the case for which ¢, € C.
Let assume on the contrary that S, is, i.e. (since ¢ is a limit point of S,) there are V., € V({,) and g, € O (V) such
that g (nj) =7, foralln; €S (Voo In particular, this yields for all m > 1 (since S,, C S.),
go(n) = M, V1 €8 \Veo- 36)

On the other hand, by (32) there is m, > 1 such that V,,, ¢ D (Q’ 01/ 2’"0‘1) C V. In addition, one has by (34) for ¢ = m,, that

gmo(nj) = 7; foralln; €S, NV, .

Hence g, and goo|vm0 are both holomorphic functions on the domain V,, , that coincide on the set S,, NV, . Since by (35),
Smg N Vi, 2 S1NV,, that is infinite with limit point {, € V,,, by (30), (29) and (31), it follows that

goo|vm0 = &mp- 37)

But an application of (36) for m = my + 1 yields g, (nj) =m; for all n; € S,,11 N Vo. In particular, since Nspy € Ving C
D (Co, 1/2’”0’1) C V,, (by (32) for ¢ =m,) and N5y € Smy+1 DY (35) for m =m, + 1, one has Ny € Smy+1 N Voo then

8o (mmo) = My - (38)
Moreover, an application of (33) for ¢ = m,, also yields
o (mmo) # My - (39)

Finally, (37), (38) and (39) together lead to (since N5y € Vino)

m = 8 (nsmo) = gOOIVmo (nsmo) = 8my (nsmo) # m’

and this is impossible. Necessarily, S, cannot be locally interpolable by real-analytic curves and the proposition is proved in the
case for which ¢, € C.

fo=00

First, by removing O from {nj}j21 if necessary, we can assume that n; # 0, Vj > 1 (as well as n;, # 0, Vk > 1). Indeed,

since the sequence (n jk) converges to 0o by (29), it follows that the subset {n]-k} o1 \ {0} is infinite, then so is the set

k=1
{nj}j21 \ {0} > {njk }kz] \ {0}. In addition, the new subset {njk}kzl \ {0} gives a new sequence that still satisfies (29).

Now let consider the sequence (01'),21 where

1
= — forall j>1.
nj

0

J

First, (9]»)121 is well-defined. Next, since (n jk)
with the choice of £ := 0, i.e.

satisfies (29) with {, = oo, it follows that so does the subsequence (ij)

k=1 k>1

{(ejk)k> , converges to 0; (40)

0; #0 for all k > 1.

Lastly, we claim that {j = O satisfies (28) as well. Indeed, let be V € V(0) and g € O (V). We want to prove that there exists
0; € V such that g (Oj) # G_J
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If g(0) # 0, then by (40), Q_Jk —Oand g (91}() —> g(0) #0 as k — +o00. It follows that g (ij) # Q_Jk for all k large enough
and the claim is proved in this case.
Otherwise, g(0) = 0. Let consider

1
W= {Z,CGV\{O}}U{OO}
and
h:w — CP!
o0 — oo

>

1 .
recow — {200 if g(1/0)#0,
oo otherwise.

Then W € V(00), h is well-defined and h € O(W). It follows by (28) that there is n; € W such that h (nj) #m;. If g(1/n;) =0,
ie g (Gj) =0, then 9_1 =1/m;#0=g¢g (Gj), and this proves the claim in that case. Otherwise, g (1/771) #0,ie g (Gj) # 0 then
_r o1
g(6;)  g(1/n))

hence g (Gj) # 9_1 and the claim is proved in this last case.

1

=h(n) # W= 7’
i

We can now apply the previous case of the proposition with the choice of (Gj )jzl and ¢, = 0 to get a subsequence (9].2 )k21

(maybe different from (911() ) that converges to 0 and that is not locally interpolable by real-analytic curves. It follows that

k=1

the sequence (n fi)km = (1 / 9]-2)]21 converges to oo. On the other hand, the inverse function { — 1/{ being a homographic

transformation, it is in particular a biholomorphic application of CP!. Hence the subset {n i }k>1 = {1 / 91-]/( }k>1 cannot be either
locally interpolable by real-analytic curves. Finally, one also has that n A # 0 for all k > 1. This proves the proposition in this

second case and completes its whole proof.
|

Remark 3. As we have seen in the above proof, we know in addition that in the case for which ¢, = 0o, we also have that n; # 0
forall k > 1.

4 Proof of the main theorem

In the first subsection, we deal with the proof of the equivalence between (1) and (3) in the statement of Theorem 1.3.

4.1 On the stability by extraction of subsequences

Before giving the proof of this part, we remind the following result as Proposition 2 from [9], and that is a special case of
equivalence for the geometric criterion (5), i.e. in the particular case when (n j)j>1 is a convergent sequence, condition (5) also
becomes necessary.

Proposition 4.1. Let (n j)jZI be any convergent sequence (in C). If the interpolation formula Ey(f ;) converges to f (uniformly on
any compact subset) for all f € O ((Cz), then {n;};», is locally interpolable by real-analytic curves.

Remark 4. To be rigorous, in order to apply Proposition 4.1, we should also assume that Ey(f;n) converges to f for all
f € O(B,(0,1y)). But as specified by Remark 5.2 from [9], it is sufficient to assume the convergence of Ey(f;n) for all
feo(c?).

Proof. First, if {T)j }jZI is locally interpolable by real-analytic curves, then so is any (infinite) subset {T) Jk}kzl' The implica-
tion (1) = (3) then follows by Theorem 1.1.

Conversely, let assume that {n ; }j21 is not locally interpolable by real-analytic curves. By Proposition 1.6, there is a subsequence
(n jk)k>1 that is not locally interpolable by real-analytic curves and that is convergent (in CP'). In order to get the converse

implication (3) = (1), we want to prove that ' := (n jk) does not make converge its associated interpolation formula

k=1
Ey (-;m") for entire functions, i.e. there exists (at least) one function f € O ((CZ) such that Ey (f;n") does not converge to f
(uniformly on any compact subset K C C2).

Let be ¢, = limy_,, 0 m;,- If {, is finite, the required assertion follows by Proposition 4.1. Otherwise, {, = oo and by

Remark 3, one also has that n; 7 0 for all k > 1. It follows that the sequence 6’ := (ij)kZI where

= L forallk>1,

Jk
Mk
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is well-defined (as a subset of C), bounded and converges to 0. On the other hand, 6, = h, (n]-k) for all k > 1, where h,, is the

homographic transformation defined as hy({) = 1/ (see (25) with the choice of n° = 0). Thus {ij } 4>, is not locally interpolable
by real-analytic curves (because any homographic transformation is in particular biholomorphic). Again, by Proposition 4.1, the

sequence 6’ = (ij)k>l does not make converge its associated interpolation formula Ey (-; 8”) for entire functions, i.e. there exists

feo ((CZ) such that Ey (f; 0”) does not converge to f (uniformly on any compact subset). Finally, since Ey, (-; 0") = Ey (+; ho (1)),
it follows by Corollary 3.3 that neither can do the sequence 1’ = (n jk)
proves the implication (3) = (1).

1>, for the formula Ey (+;n") for entire functions, and this

O

4.2 On the action by permutations

Now we can give the proof of the second part of Theorem 1.3 that is the equivalence between (1) and (2), and achieve its whole
proof. We first need a specific result that is a part of the proof for Theorem 1 from [9] (reminded above as Theorem 2.2).
Lemma 4.2. Let be (nf)jzl such that, for all f € O ((Cz), Ry(f;n) is uniformly bounded on any compact subset of C2. Then the
estimate (7) from Theorem 2.2 is satisfied.

This result is Lemma 11 from [9] and yields the part (2) = (3) in the statement of Theorem 2.2. In particular, the important
fact is that no one condition is needed for the set {nj }121 (like boundedness, see Remark 3.1 from [9]). This will be useful in
order to prove the implication (2) = (1) in the statement of Theorem 1.3.

Proof. The implication (1) = (2) immediately follows by Theorem 1.1 since the property of being locally interpolable by
real-analytic curves is a condition about sets, then it does not depend on any enumeration of {n;};5;.

Conversely, let assume that {n;};»; (coming from the sequence n = (n j)j21) is not locally interpolable by real-analytic

curves. We want to find a permutation o of N \ {0} such that Ey (:; (1)) does not converge for entire functions (where
a(n) = (ng(j))JZl). We know by Proposition 1.6 that there are {, € CP! and a subsequence ' = (T]fk)kzl of (nj)j21 that satisfy

the following conditions:

{the sequence (n jk)k>1 converges to {; 41

the set {n e } (1 IS TOL locally interpolable by real-analytic curves.

First, we claim that can w.l.o.g. assume that ¢, is finite. Indeed, if {, = 00, let consider n° ¢ {nj}j21 U{oo}, h, €0 ((CPI)
defined by (25) and the associated sequence 6 = (Gj)].21 = (hnc (n j))jzl (that is well-defined by (26)). Then the subsequence
(ij)kzl = (hnc (njk))k21 satisfies (41) with {j = h,.(00) = n° € C (because (T’jk)
follow that there will be a permutation o such that the sequence o(6) = (900))
interpolation formula Ey (-; 0(0)) for entire functions. Since

O = W(00)n] = (5! (0e)) ., = (gt T (100)]) L, = (M) ey = o)

i1 does and h, is biholomorphic). It will

o1 does not make converge its associated

(notice that {(h;} (0(9))) } = {h;} (9]-)} . is well-defined as a subset of C by Lemma 3.4), an application of Corollary 3.3
)= jz

(which is possible because h;cl = hnT by Lemma 3.4) will allow us to deduce that neither will do the sequence h;} (c(8)=0c(n)

for Ey (-; o(n)) for entire functions, i.e. there will exist (at least) one function f € O (CZ) such that Ey (f; o(n)) will not converge

to f (uniformly on any compact subset K C C2). This will prove the required implication (2) = (1) of the theorem for the case

{, = oo and complete the whole proof of the equivalence between (1) and (2) in the general case.

We can then assume that {, € C in (41). Let fix the enumeration of the associated subsequence 1’ = (n jk)k>1 as well as the
canonical one for the complementary subsequence N

n" = (nrm)m21 = (nj)j21\(njk)k21 : (42)

Since n’ = (n jk)k>1 is a (bounded) convergent sequence that is not locally interpolable by real-analytic curves, it follows by
Proposition 4.1 that Ey (-;1") cannot converge for entire functions. By an application of (2)<=(3) in Theorem 2.2, it follows
that the sequence of the associated divided differences is not exponentially bounded, i.e. YR > 1, 3 pg, gz = 0 such that

> ar
_& PR+
Aoy omy) [( 1+ (Mye)| > RO 43)
In particular, there are p,, g; = 0 such that
Z q1
Apl’(njpl """ i) |:(T|Z:|2) :| (njp1+1) = 1. (44)
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We set
o(k) = j, forall k=1,...,p;+1 and o(p;+2)=r;. (45)

Then o is injective on the first (p; + 2) indices, 1 is attained since 1 € {j;, 1} € o ({1,...,p; + 1,p; +2}) and (44) can be
rewritten as

> Q1
APln(nU(Pl)"“’nU(l)) [(%mz) ] (no(p1+1)) = 1. (46)
The permutation o will be constructed by induction on m > 1. We first set
Do = —2, 47)
and we assume having defined o on {1,...,p,, + 2} where
pi+2<p forall [=1,...,m, (48)
as follows: foralll =1,...,m,
o) = {f:_li;lkfirliu_i_l; pa+3,...,p+1, 49)
We also assume that foralll =1,...,m,
> a
Am,(no(m) ~~~~~ No(1)) [(TCICIZ) :| (na(mﬂ)) > [ (50)

We indeed check that (48) is fulfilled for m = 1 since p; = 0 and p, = —2 by (47). Similarly, (49) (resp. (50)) is satisfied for
m =1 by (47) and (45) (resp. by (46)).
(m))

Now let consider the sequence ™ = (n x defined as follows:

k=1

n(m) Now forall k=1,...,p, +2,

= 51
k {njk_m forall k>p,+3. D

Since {n(’”)} (as a set) is the union of {njk}k>1 and the finite set {nrl, . ..,nrm} by (49), the sequence n™ is bounded and
satisfies (41) as well (with the same limit point {,). Again, by successive applications of Proposition 4.1 and (2)<=(3) from
Theorem 2.2, it follows that n™ satisfies (43). In particular, with the choice of R = m + 1, there are p,,,1, @1 = O such that

Z Im+1
(m)
Apm+1,(n(p':1{fl,4..,n(l”‘)) [( 1+ mz) :| (npm+1+1)

In addition, we can choose p,,.; = p,, + 2 (this will satisfy (48) for all l = 1,...,m + 1). Indeed, if it were not possible,
this would mean that for all R > m + 1, the associated pp should be bounded. By Corollary 2.4, so would be all the

> (m + 1)Pm+1+qm+1 . (52)

z
(m)
APR,(n(p?,.‘.,n({”)) |:( 1+¢)2 ) :| (nPRH)

to {1,...,pme1 + 2} as follows:

terms for all ¢ > 0, and this would contradict (43) for n™. We can then extend o

Jiem forall k=p, +3,...,pps1 +1,

53
I'm+1 i1:k=pm-¢—1—"_2' ( )

ok) = {

The induction hypothesis (49) and (53) show that o is well-defined on {1, ..., p,,.; +2}. Moreover, one has by (51) and (53)

that 1) = ng(m) forallk =1,...,p,u41 + 1, then it follows by (52) that (50) is still satisfied for [ = m + 1. This last assertion with
the induction hypotheses (49) and (50) complete the case for m + 1, i.e. (49) and (50) are still satisfied foralll =1,...,m+ 1.

The sequence (p,,),,»; constructed above allows us to define o for all k > 1 by (49) since we have the following partition
from (47) and (48),

N\{0} = (Jik,pua+3<k<p,+2}.
m=1
Next, o is a permutation of N\ {0}: indeed, it follows from (48) that every set {k, p,,.; +3 < k < p,, + 2} contains at least
two elements, i.e. o attains by (49) exactly one of the type r,, and at least one of the type j; as well. On the other hand, one
has by (49) again that for allm > 1, o (p,, + 1) = ji,, —m+2 a0d 0 (P, + 3) = jj, 43-(m+1)41 = Jp,,—m+3- This last assertion and (45)
together show that all the j,’s (resp. r,,’s) are reached exactly once.

Finally, the estimate (50) being satisfied for all m > 1 (i.e. this contradicts the estimate (7) from Theorem 2.2), it follows by
an application of Lemma 4.2 that there is f € O ((Cz) such that Ry (f; o(n)) cannot be uniformly bounded (on any compact subset
K C C?). In particular, Ry (f; o(n)) cannot even converge to 0, then by (23), Ey(f; o(n)) does not converge to f (uniformly on
any compact subset K C C2). This achieves the implication (2) => (1) from Theorem 1.3 and completes its whole proof.

O
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4.3 Proof of Corollaries 1.4 and 1.5
In order to prove Corollary 1.4, we first remind the following auxiliary result that is Lemma 8 from [9].

Lemma 4.3. Let ry > 0 be fixed. If there is €, > 0 such that, Y f € O (B,(0,1,)), Ry(f;n) converges to 0 uniformly on any compact
subset of B,(0,¢,1,), then Y g € O ((CZ), Ry(g;m) converges to 0 uniformly on any compact subset of C2.

We can then give the proof of Corollary 1.4.

Proof. First, as for the proof of Theorem 1.3, the implication (1) = (2) (resp. (1) = (3)) from the statement of the corollary
immediately follows by Theorem 1.1 since, if {n 1}121 is locally interpolable by real-analytic curve, then so will be the (same) set

k1)

Conversely, in order to prove the implication (2) = (1) (resp. (3) = (1)), let fix 0 € Gy (resp. 1’ = (njk)kzl) and
geo0 ((Cz). The hypothesis (2) (resp. (3)) and Lemma 3.1 imply that for all f € O (B,(0,1y)), Ry(f;0(n)) (resp. Ry (f;m"))
converges to 0 uniformly on any compact subset K C B, (O, €, ro). It follows by Lemma 4.3 that in particular Ry (g; o(n)) (resp.
Ry (g;m")) converges to 0 uniformly on any compact subset K C C2. Again, by an application of Lemma 3.1, one can deduce that
Ey(g; 0(n)) (resp. Ey (g;7n’)) converges to g uniformly on any compact subset K C C2.

Finally, o € Gy (resp. n' = (n fk)k>1) and g € O((CZ) being arbitrary, the condition (2) (resp. (3)) from the statement of
Theorem 1.3 is satisfied, whose application yields the required assertion (1).

{oc(m}= {na(j)}jz1 for all o € &y (resp. the subset {n]-k }k21 coming from any subsequence (njk)

O

Lastly, the proof of Corollary 1.5 immediately follows by an application of Theorem 1.1 (or Theorem 3 from [9]) and
Corollary 1 from [9] since the set {ng(j)}j21 (resp. {17 i } «>1) 18 still locally interpolable by real-analytic curves.

References
[1] L.A. Aizenberg, Carleman’s formulas in complex analysis, Kluwer Academic Publishers (1993).
[2] B. Berndtsson, A formula for interpolation and division in C", Math. Ann. 263 (1983), 399-418.

[3] VA. Bolotov, On the reconstruction of holomorphic functions from values on some one-dimensional sets (Russian), Multidimensional Complex
Analysis, Akad. Nauk SSSR Sibirsk. Otdel., Inst. Fiz., Krasnoyarsk (1985), 223-226.

[4] VA. Bolotov, Reconstruction of holomorphic functions of several variables from values on certain one-dimensional curves (Russian), Izv.
Vyssh. Uchebn. Zaved. Mat., 12 (1986), 64-67.

[5] C. de Boor, Divided differences, Surveys in Approximation Theory 1 (2005), 46-69.

[6] R.A. DeVore, G.G. Lorentz, Constructive Approximation, Springer-Verlag (1993).

[7] A.O. Guelfond, Calcul des Différences Finies (French), Dunod (1963).

[8] G.M. Henkin, A.A. Shananin, C"-capacity and multidimensional moment problem, Notre Dame Math. Lectures 12 (1992), 69-85.

[9] A.Irigoyen, A criterion for the explicit reconstruction of a holomorphic function from its restrictions on lines, Journal of Mathematical
Analysis and Applications, 420 (1) (2014), 705-736.

[10] A.Irigoyen, An application of reconstruction formulas by interpolation methods in the Radon transform theory, in progress.
[11] A. Martineau, Equations différentielles d’ordre infini, Bull. Soc. Math. France, 95 (1967), 109-154.
[12] J.E Steffensen, Interpolation, Williams and Wilkins, Baltimore (1927).

Dolomites Research Notes on Approximation ISSN 2035-6803



	Introduction
	Setting of the problem and some reminders
	Essential results

	On the non-equivalence of the geometric criterion
	Some reminders
	Construction of a counterexample
	A bound for the associated divided differences
	Proof of Proposition 1.2

	An essential result on the extraction of subsequences
	Some reminders and preliminar results
	On the extraction of certain subsequences

	Proof of the main theorem
	On the stability by extraction of subsequences
	On the action by permutations
	Proof of Corollaries 1.4 and 1.5


