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Extra Regularity of Hermite Subdivision Schemes

Jean-Louis Merrien? - Tomas Sauer?

Abstract

Hermite subdivision schemes act on vector valued sequences that are not only considered as functions
values of a vector valued function from R to R", but as evaluations of a function and its consecutive
derivatives. Starting with data on £"(Z), r = d +1, interpreted as function value and d = r—1 consecutive
derivatives, we compute successive iterations to define values on £"(27"Z) and an r-vector valued limit
function for whose first component C¢-smoothness is generally expected.

In this paper, we construct univariate Hermite subdivision schemes such that, for any given initial data, it
is possible to reach a limit function with smoothness d + p for any p > 0. The result is obtained with a
generalized Taylor factorization and a smoothness condition for vector subdivision schemes.

1 Introduction

Subdivision schemes create curves or surfaces by applying stationary refinement rules on data defined on the integers. This
refinement process extends the data to a discrete function defined on the half integers, quarter integers and so on, until eventually
the values become so dense that one could speak of a limit function. In the univariate case, which is the one we consider here,
stationary subdivision [1] means that any step of the subdivision process is a stationary process which defines data on next level
in a convolution-like way as
81 =580 = Y a(-—2P) g,(B);
Bez

in this expression, a stands for the mask, a finitely supported sequence and the values g, on different iteration levels are
normalized to be discrete functions g, : Z — R with the understanding that g,(a) stands for a value at 2™"a, a € Z. Such
subdivision schemes with scalar coefficients can be trivially extended to the generation of curves by acting componentwise, on
vector data, resulting in the iteration

gn+1:Sagn :Za(_zﬂ)gn(lj); gn:Z—>]Rr.
Bez

Vector subdivision goes one step further by applying a matrix valued mask to the data, allowing for interaction between the
components of the data vectors:

gn+1:SAgn :ZA(_Zﬂ)gn(ﬁ): A:Z_)Rrxr:
BEZ

again with the assumption that A is finitely supported. Finally, in Hermite subdivision the components of the vector f,(a) € R",
r =d + 1, are considered as function value and d consecutive derivatives of a function at 27"a. Due to the chain rule, the
refinement scheme now takes a level dependent form, that is, the operator depends on the iteration level n as

1

D=

Fan =D7"18,D"f, => D" A(-—26)D"f,(B), D=
Bez
2—d

All such types of subdivision schemes are covered extensively in the literature, see e.g. [2, 3, 4, 5, 8, 15], just to name a few specific
references on Hermite subdivision schemes. Standard questions to consider are the convergence of the iterative schemes and the
regularity of the associated limit functions. This is well-known to be closely related to the way how the subdivision operators act
on polynomial sequences, a property that can in turn be conveniently characterized by means of operator factorizations.

In the next section, we will review the basic definitions of vector and Hermite subdivision schemes and the appropriate
notions of convergence. We will point out what vector subdivision schemes and Hermite subdivision schemes have in common
and where they differ. Introducing Taylor operators, we will also present the transformation of a Hermite subdivision scheme into
vector subdivision schemes via the Taylor factorizations. We illustrate the different schemes with an example where, in particular
the limit functions are shown.
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We will see that the definitions of the smoothness of the two schemes are significantly different. By construction, the limit
function

®o
p=1:1,
¢a
of a Hermite scheme satisfies ¢; = éj ) for j=0,...,d, so that ¢, € C? whenever all components of ¢ are continuous. The limit

of a Hermite subdivision scheme always has to have a certain amount of regularity in the sense of differentiability. In this paper
we investigate the question under which circumstances we can have extra regularity, that is, ¢, € C¢*? for some integer p > 0.
We will relate this to a combined factorization, one due to the nature of Hermite subdivision schemes and one coming from
a smoothness condition for vector subdivision schemes that is due to [14]. A similar approach has been used to characterize
overreproduction of polynomials as an algebraic properties of the matrix symbols in [16, 17].

Section 3 will be devoted to the B-spline case. Here the splines are obtained as the limit of, firstly, a scalar subdivision scheme,
secondly, a Hermite subdivision scheme. The smoothness of such functions is well-known and can be as large as wanted.

In the final Section 4, we will give a generic construction to obtain convergent Hermite subdivision schemes with any order of
extra smoothness.

2 Vector and Hermite subdivision schemes

We begin by fixing some notation to describe subdivision schemes. Vectors in R", r € N, will generally be labeled by lowercase
boldface letters: y = [ yj]j:o,_“ L ory= [ y(j)]j:o,.. ._;» Where the latter notation is used whenever we especially want to
highlight the aforementioned fact that in Hermite subdivision the components of the vectors correspond to consecutive derivatives.
Moreover, in Hermite subdivision we denote the highest derivative by d, so that throughout the paper we will always have the
relationship r =d + 1.

Matrices in R"™*" will be written as uppercase boldface letters such as A = [ajk ]j,k:o,.“,r—l' The space of polynomials in one
variable of degree at most n will be written as II,,, with the usual convention I1_; = {0}, while IT will denote the space of all
polynomials. Vector sequences will be considered as functions from Z to R" and the vector space of all such functions will be
denoted by £"(Z). For a sequence y € £"(Z), the forward difference is defined as Ay :=y(-+ 1) —y, and iterated to

J .
Ny i=a(87y) = Ay + )= Ay = Y (L yeaR, iz
k=0

We use 0 to indicate zero vectors and matrices. If we want to highlight the dimension of the object, we will use a subscript like
0,, but to avoid too cluttered notation, we will often drop them if the size of the object is clear from the context.

For a finitely supported sequence of matrices A € £7*"(Z), called the mask of the subdivision scheme, we define the associated
stationary subdivision operator

Siig— Y AC—2P)g(B), gel'(2).
Bez
Using potentially different masks A, € £{"(Z), n € N, these operators can be iterated into a subdivision scheme that creates
sequences g, € £{(Z),n =0,
8ni1 =548, 1= Y A, (-—2B)g,(B), n=0, o)
Bez

from a given g,. An important algebraic tool for stationary subdivision operators is the symbol of the mask, the matrix valued
Laurent polynomial

A*(2) == ZA(a)z"‘, zeC\ {0}. )

a€Z
In a vector subdivision scheme as defined in [1], we simply set A, = A € £{*"(Z) and define convergence as follows.
Definition 2.1. The vector subdivision operator S, : £"(Z) — £"(Z) is called CP—convergent, p > 0, if for any data g, :=g € {"(Z)
and the refinements from (1) there exists a function v, : R — R" with C? components such that for any compact K C R there
exists a sequence ¢, with limit 0 that satisfies

2 en@) =, (27|, < e ®
For a Hermite scheme, in (1), we set
1
1
2
A,(a)=D"'A(a)D", acz, D:= . , (O]
1
2d
sothat r =d +1 and for k =0,...,d the k-th component of ¢, (@) corresponds to an approximation of the k-th derivative of some

function ¢, at @27". Starting from an initial sequence f, € £"(Z), a Hermite scheme

fn+1 = HAnfn = DinilSAann! n= 0>
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can be rewritten as

&n+1 ::Dn+1fn+1:SAann:SAgm n=0, (5)
based on the relation

8 =D"f,, nz=0. ©)

To capture the intuition of vectors with consecutive derivatives, the convergence of Hermite schemes is a little bit more intricate
and defined as follows.
Definition 2.2. The Hermite subdivision scheme with respect to the mask A € £"*"(Z) as defined by (5) is called convergent if
for any data f, € £"(Z) there exists a function ® : R — R" with (uniformly) continuous components such that for any compact
K C R there exists a sequence ¢, with limit O which satisfies

max max |fn(j)(a)— o; (2’”a)| <e,. @)

0<j<d a€Zn2"K
Moreover, the scheme H,_is said to be CP—convergent with p > d if in addition ¢, is a C? function and

) _ :

¢ =¢; 0<j<d.
Remark 1. Since the intuition of Hermite subdivision schemes is to iterate on function values and derivatives, it usually only

makes sense to consider C’—convergence for p > d. Note, however, that the case p > d leads to additional requirements.

Remark 2. The two concepts of convergence based on S, and H, are significantly different as can be seen immediately from (6).
Indeed, if the Hermite subdivision scheme is convergent it follows that

£ Po

h 1

27 f0 0
&n= : MR

nd £(d :

27 () 0

hence ¥, = ¢, e,. In particular, the components of g, have to converge to zero even with a prescribed rate. Therefore, in general
it cannot be ensured that D™"g, converges or is bounded, even if g, converges to a multiple of e,. This is the reason why the
factorization properties and the convergence analysis for Hermite subdivision cannot be obtained in a straightforward way from
that of the vector subdivision operator, even if they are based on the same mask, see Fig. 1 for a particular example.

As a consequence of Remark 2 we observe that whenever a mask A defines a convergent Hermite subdivision scheme, the
associated vector subdivision scheme based on S, is a so-called rank-1 subdivision scheme as defined in [13, 14]. In concrete
terms, this means that the mask as to satisfy

Qoep =Q1ep =€y, Q.= ZA2a+17 e€{0,1},
a€Z

and that the two matrices Q, and Q, have no further common eigenvector with respect to the eigenvalue 1.
To give convergence criteria for vector and Hermite subdivision schemes, we need three different types of difference operators
from [10, 11].

Definition 2.3. The simple difference operator (of rank-1 type) is defined as

1
Dy =T+ (A—1)esel = . (8)
1
A
A generalized incomplete Taylor operator is an operator of the form
A =1 % ... *
Al

Ty:= KT [ 1] + [tjk]j)k:(),...,d ’ ©

A -1

1

where
tiim=-1 and txg=0, k<j.
In the same way, the generalized complete Taylor operator is of the form
A =1 x ... *

Ty:=DyTy= - . =AI+[t], (10)

A -1

In this paper we only consider generalized Taylor operators, so that from now on we will drop the word “generalized” and always
speak of generalized operators and factorizations.
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The name Taylor operator stems from the fact that, motivated by observations from [6], the (incomplete) operator had originally
be introduced in [10] as

A -1 — —

1
2

A —
1

It is a particular case of our new generalized Taylor operator and it appears as a comparison between the difference of function
values and the derivative terms of the Taylor expansion. Since for any ¢ € C¢*}(R) one has that

1
2
1

¢ (&)
e $UE) |
Td : (x): : > gje(X,x+1): J=0:"':d:
$® HUE)

the operator clearly annihilates all polynomials of degree at most d.

The generalized Taylor operatorenables us to give a sufficient criterion for the convergence of Hermite subdivision schemes
by means of factorization.
Definition 2.4. The masks B, B € {"*"(Z) are called a Taylor factorization and a complete Taylor factorization of A, respectively; if
they satisfy

T;S,=2798,T;, and  T,S,=27953T,, an
respectively.

In a certain sense, the factorization always exists. We simply have to write (11) as

z1—1 -1 =« .. *
T*(2)A*(z) = 27¢B*(2)T*(z?), T (z) :=

. *
z1—1 -1
1

with an analogous identity for the complete factorization, to obtain that
B'(z) = 2¢T*(2)A*(2)T*(2%) ™! and A*(z) = 274 T*(2) ' B*(2)T*(22),
respectively. Given a finitely supported mask A, the resulting B*(z) is usually a non-polynomial rational function, hence the factor

B is an infinitely supported mask. Unfortunately, the same also holds true for A* which, for given B can only be guaranteed to be
a rational function, even if

-2 _ 1)d+1
274 (det T*(2)) " detB*(z) det T*(3*) =271 " —1)

(z-1—1)d+1
-1 d+1
- (z 2+ 1) detB*(2)

is a Laurent polynomial in z. This is in contrast to scalar subdivision schemes where raising the order of the zero at —1 is the
standard way to increase the smoothness of the limit function. Nevertheless, the existence of a factorization is the key to the
construction of convergent Hermite subdivision schemes.

detA*(z) detB*(z)

Theorem 2.1 ([11], Corollary 4). If a given mask A has a complete Taylor factorization T;S, = 274S5T, where
1. B (™" (Z) is finitely supported,
2. Sy is a contraction on {1 _(Z),
3. By =1

then Hy is C d_convergent.

Hence, in order to construct a C%-convergent subdivision scheme, we can start with a finitely supported B such that the associated
subdivision satisfies the contractivity condition 2) and the normalization condition 3) at the same time. Note that the latter
prohibits a simple rescaling of B, i.e., a multiplication with a small constant.

This, however, is not enough as one also has to ensure that T*(z)"'B*(2)T*(22) is a matrix valued Laurent polynomial which
leads to additional conditions on B*. A generic construction for such a B has been given, for any generalized Taylor operator, in
[11] which shows that for any generalized Taylor operator and any d there exists a C¢ convergent Hermite subdivision scheme that
is factorizable with respect to this generalized Taylor operator. We will later extend this construction by means of a supercomplete
Taylor factorization, but first we illustrate the concept by looking at a special case that actually motivated the development of
generalized Taylor factorizations.

In Figure 1, with a given mask, {A(-)}, we plot the "limit” functions for the two vector schemes, S,, Sy (after Taylor incomplete
factorization), and the Hermite scheme H, . We notice that the first functions for S, and H, are identical, corresponding to ¢,

in Definition 2.2 and similarly the last ones of Sy and H, corresponding to d)éd) in the same definition.
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Vector scheme SA after 15 steps
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Vector scheme SB after 15 steps
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Hermite scheme HA after 15 steps
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Figure 1:

The different schemes: Sy, Sg and Hy
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3 The B-spline case

In this section, we rewrite the well known cardinal splines, [18] in term of a scalar subdivision scheme and extend it into Hermite
schemes of different orders. From the properties of cardinal splines, we have convergence of the schemes and regularity of the
limit.

Our presentation, already proposed in [9], is based on a construction detailed by Michelli in [12] and in summarized in the

following.
Let
3 [ 1lifxe[0,1],
Po)=1011= 1 0if x ¢[0,1].
Form=1,2,..., we build ¢,, by means of autoconvolution as ¢,, = @q * ¢,,_; Or ¢,,(x) = f:_l Pm_1(t)dt.

Let us recall that ¢, is a C™™! piecewise polynomial of degree m with finite support [0, m + 1].
il . . .
_1 +1 ) e if0<j<i,
Moreover, ©9,,(x) = 5= > ("), (2x — @) where (’J) = { J!(OJ)! otherise.

Considering v(x) =" ., O(O)(a)wm(x — a), which is a finite sum for any x € R since ¢,, has finite support, we deduce for

neN, that v(x) = >, fO(a)g,, (2" x — a) where

1 1
@ =50 ﬁZ (&)o@ = ;Zam(a —2p)f(B).  acz, (12)
that is,
a,(a) = i(m—i—l), aEZ. (13)
2m\ a

This is a scalar subdivision scheme.
Then, the well-known derivative formula for cardinal B—spline yields

diy o
— ni A1 £(0) s n,. . _
_dxi(x)_ E 2MA'f O a—1) @, (2"x —a), i=0,....,m—1. (14)

a€Z

We have a particular case when i = m — 1. Since the function ¢, is piecewise linear with ¢,(a) = &,,, we obtain

dmfl

S (B/2) =2 DA FO(B —m 4+ 1),

dxm—l n
With this formula, we define a Hermite subdivision scheme of order d < m with mask {A(a)} and support [0,m +d + 1] by
applying differences to the mask a,,, yielding

a,(a) 0O ... 0
Agp(a—1) 0 ... O
Ala) = . 5 (15)
Ala,(a—d) 0 ... 0O
thus
1 0o ... O
lagy+l [ (=2) 0 ... 0
A(z) = % : (16)
1-2¢ 0 ... 0
Beginning with f, € £", and using the recurrence (5) we notice thatforn>1andi=1,...,d:
F(@)=2"Af O a—1). a7
Now with (12) and (14), for n > 0,
div ,
- — @) ny. -
o (X)—;fn (@¢ni(2'x—a),  i=0,..d.
In [9], we had proved that the generalized Taylor operators are given by
A -1 ... -1 A -1 ... -1
T,:= and T, := (18)
A -1 A -1
1 A
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Thus the corresponding vector scheme in the factorization is given by

1
- 1 m—d 1
B*(z):z(;m—i =z 22—z L 22(1-22) 2. (19)
1
It is of rank 1. Let us also notice that
1 0 ... 0
. s 0O ... 0
T'(2)A*(z) = 279B (2)T*(2?) = 27"z (1 + 2)"" (1 —2)*!
1 0 ... 0

We did not plot the graphs of the B-splines which are well known and probably everyone has seen one already.

4 Hermite schemes with extra regularity: a generic construction

In this section we will show that for any generalized Taylor operator of any order d there exists a C?-convergent subdivision
scheme with an a extra regularity of p for any given p > 0. Before we give a proof by means of an explicit construction for such a
scheme, we formally state the result.

Theorem 4.1. Given p > 0 and a generalized Taylor operator T, of order d, there exists a finitely supported mask A € {™" such that
the Hermite subdivision H, scheme is C?-convergent with a limit function ¢ € C4*P(R) and S, admits a Taylor factorization with
respect to T,.

The idea behind the construction is simple and to some extent even follows the same concept as usual scalar subdivision:
starting with the Taylor factor B such that T;S, = 2745, T;, we increase the order of smoothness of the limit function of Sy by
constructing a scheme whose symbol has extra (matrix) factors. This means that Sy from the (incomplete) Taylor factorization

should be further factorizable into ) )
[Id A]SB=2‘pS§[Id A], (20)

where B is also a finitely supported mask. From [13, 14] we recall the following result on smoothing limit functions.
Theorem 4.2. The vector subdivision scheme Sy has C? limit function if

I p+1 1 I p+1
[ d A] sB:—sg[ d A] 2D

and Sg is contractive. The converse does not hold.
For the construction of an appropriate B, we partition it as
5= [ Bn® Bu®] 5 e B B e i U(R). B e )
B (2)=[~l1 =200 Bn €47(R), By, By, € 7(R), By €07 (R)
By (2) By(2) 21
Since (21) can be rewritten as
. 11, B BLE)][1. Pt
B (Z) = - -1 _ ~% ~% -2 _
2p b4 1 B, (z) B,,(2) b4 1
1 B}, () (=2 =1)"' B ,(2) 22)
2 [ -1)PB,(z)  (+1)PB,Gk) |
we can record the following immediate consequence of Theorem 4.2.
Corollary 4.3. Sy converges to a CP limit function of the form f,= f.e4 if
1. Sg is contractive,
2. E; has a zero of order p+1 at 1,
3. B is normalized as EZZ(D =1

The corollary tells us that contractive schemes are at the heart of the construction of a convergent Hermite subdivision scheme.
Note that contractivity of a scheme C means that the spectral radius

p(Sc) :=limsup ISgIIV", IS¢l := sup IS¢ clloo,

n—00 llelloo=1
based on the operator norm of the subdivision operator is less than one, where
llelloo = sup max ¢, (a)l.
aez 0<k<r

The following simple sufficient condition for contractivity of a vector subdivision scheme is most likely known in the folklore, but
we state it and give a quick proof for the sake of completeness and the reader’s convenience.
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Lemma 4.4. If C is a lower triangular mask, i.e., all components of C(a) are lower triangular matrices and the diagonal elements
Co0s - - -5 Cr—1,,—1 € £(Z) are scalar contractive schemes, then C defines a contractive vector subdivision scheme.

Proof. Write C = D+N where D € {""(Z) is a diagonal scheme and N € {"*"(Z) is strictly lower diagonal one, then Sg = S} +Sy,
for some strictly lower diagonal N,, € £"*"(Z), n € N. Since the diagonal elements are contractions, there exist some n € N such
that ||S3 || < 1. With

1
€
E,:=
Erfl
we have that
0
£x 0
E.S(E]' =Sp +Sgyg,  EN'E]'=| .
g x ex 0
and hence there exists ¢ > 0 such that p := ||E€SQE;1 || < 1. Hence, for any m € N,
-1 1| _ 1— —1\™ P’
ISzl < IEME | ||E.SemE || = e [|(E.SeE)|| < pr

which becomes < 1 for m sufficiently large. Since p(S;) < IISZ”‘IIU (mm for any choice of m,n € N, this completes the proof that
S¢ is a contraction. O

Next, note that the second condition on B in Corollary 4.3 ensures that B* in (22) is a Laurent polynomial while the normalization

yields
pw=|, 5 wen=[i o

(ZB(za)) e = (ZB(za + 1)) e =ey,

a€Z aE€Z

hence

which is the necessary condition for the limit function to be of the form f.e;. Combining the two factorizations into one, we
arrive at the following definition.

Definition 4.1. The (generalized) supercomplete Taylor operator of order d and extra regularity p is of the form

A =1 x ... *

Ce . : I - L i1
Ty, = N :[ A ] Td:[ A ] T,. (23)
A -1
Ap+1
The special cases are T; = T, _; and T, = Typ-
A factorization with respect to a supercomplete operator, T, ,S, = 27Pdgy T, , is equivalent to

L (1;,0) B, )

_ 2lel (TN'*(z))% [Id - 1)7p] B () [Id —y 1)P] ()

- mEer [ ] el ] Te

A'(2)

= S(FE) COTE).

Thus, if we can find mask C associated to a contractive scheme and normalized as (C*(1)),4 = 1, such that H, is a C¢-convergent
e . =%
subdivision scheme, then we can compute B (2) as

p+1 —p—1
_ zp[ OB (z_z%)"jé;m}
@ =1CLE) (Hx)T Cu)
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The construction of C has been pointed out in [11]. More precisely, given any symbol h;; of a mask h such that the univariate
scalar stationary subdivision scheme S, is contractive, then there exists a recursive scheme [11, eq. (65) in the proof of Theorem 5]

*

to compute hd’dil, ..., hq such that for any h}‘k, k=0,...,j—1,j=1,...,d —1, the lower triangular symbol

z711
2 —1 2
' —12h () S
C'(z)= : _ .
E DR, . G DR ) Y
czo(z) ... cg’d_z(z) cz’d_l(z) Cia (2)

with )
¢@=0E"-1)"n,EY, =04

defines a Taylor factor with a contractive associated subdivision scheme by Lemma 4.4. Note, in particular, that C7, = 0 and that

¢y = R, If, in addition, we choose

(z+1)p*?

h:d(z) = 2p+1

a(z), a(l)=2,

in a B-spline fashion, then B"(z) is a matrix Laurent polynomial and S,, defined by

1
op+d

A'(z) = i(T*(z))’lc*(z)T*(zz):

1~y
> (15,@) BT, ()

defines a C? convergent Hermite subdivision scheme by Theorem 2.1 and has a p-supercomplete Taylor factorization with factor
B. The symbol B is a lower triangular matrix with the same diagonal structure as C* and thus also defines a contraction. Hence,
by Theorem 4.2 and Corollary 4.3, the last component of the limit [(j), o,..., qb(d)] of H, belongs to C?(R) which eventually
verifies that ¢ € C4*P(R).

This also concludes the proof of Theorem 4.2.

We finish with revisiting one example from [11] where already a mask with a supercomplete Taylor factorization was
constructed.

Example 4.1. In the case n = 5 with the functions from [11, Example 5], we can get a factorization with p = 4 and obtain

8(z—1
_ (zz ) 0 0
o* _ 16 (z—1)% 4(z—1)
B(z) = — - 0
32(z—1)0 (5—4a—3z+4az) 8(z—1)° (15—20a+16a2—182+32a2—32a22+722—12az2+16a222) 14,
& - &7 2

as well as

A(2)

(1+2) (—20a+16a2—23z+48 az—32a% 2+1522—28 az%+16 a% 22)

223
— _ (E=1)(+2)(11-8a—72+8az)
3

z
2(z—1)? (1+2) (5—4a—3z+4az)
24

30a—40a?+32a%+312—46 az+56 a® 2—32a° 24242%—78 a2%+72a% 22 —32a% 224523 +94 a2°—88a% 23 +324% 3

423
(z—1) (—31+40a—32a%—242+16 az+4322—56 az%+32a% z%)

423
(z—1)? (—15+20a—16a®>—12z+8 az+19z2—28 az*+16a*z%)
- 224
a+z+7az+82%+22a2%+3023+42a2347224—-183a2*~1192°+63az°

3225
(z—1) (—1-82—-3022—722°+1192*+32a2*)

3225
(z—1)° (1+92+3922+1112%)
- 3226

In this expression, a is the free parameter of the associated generalized Taylor operator with complete form

A -1 a
T, = A -1
A

In Fig. 2, we have plotted the ”limit” function and its first and second derivatives. Since the process does not compute the next
derivatives, the approximations for higher derivatives in Fig. 3 have been determined using the successive finite differences of

F@.
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Hermite scheme HA after 9 steps
25 47 157

f
|
2 \l | I'n‘| ||W||
/ |' [ ¢ 107 | |
1.5 ( || 2 I‘ | |“|I ||
| | [
|
! | | | R 5 o ||
} of— | | V— |
05 | /I ‘ |
f | | | 0 T .
0 7/1 | /___ | | | || I{f’
& 2 | | | ‘ v
-0.5 | I‘ | | -5f | |
|
1 || | 4 | | | |
I | 10} |
15 U | I
| ||.|‘
# -6 15
-5 0 5 5 0 5 5 0 5
£(0) £ e
Figure 2: The function and its first and second derivatives
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Figure 3: Approximation of the successive derivatives by finite differences
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5 Conclusion

Convergent Hermite subdivision schemes of order d have a limit function that belongs to C¢, at least if the scheme converges in
the sense proper for Hermite subdivision. We have shown that this regularity can be raised to an arbitrary order and provided
an explicit recipe to determine such schemes. The approach uses factorizations and contractivity, but in contrast to the scalar
univariate case the factor mask B must satisfy additional, nontrivial conditions, and the main task in the construction is to satisfy
these conditions.
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