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Abstract
The classical folding lemma is extended, in the field of formal series, to two-tier and
three-tier folding lemmas covering all possible shapes of the words enclosing one
and two middle terms. The two-fold and three-fold continued fraction identities so
obtained are applied to derive a number of explicit continued fractions of certain
series expansions, including those related to exponential elements.

1. Introduction

Following [11], a continued fraction is an object of the form

[a0; a1, a2, . . .] := a0 +
1

a1 + 1
a2+...

.

Its nth convergent is defined as

Cn

Dn
:= [a0; a1, . . . , an] (n = 0, 1, 2, . . .).
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The classical Folding Lemma (first appeared in [4]; also see [11, Proposition 2])
asserts that

Cn

Dn
+

(�1)n

yD2
n

=
h
a0;
!
wn, y �Dn�1/Dn

i
=
h
a0;
!
wn, y,�  wn

i
, (1)

where
!
wn is an abbreviation for the word a1, a2, . . . , an, and accordingly, �  

wn

denotes the word �an,�an�1, . . . ,�a1. The Folding Lemma, as mentioned for
example in [12], is useful in the determining of explicit shapes of expressions because
the Folding Lemma makes its easy, given the expansion of a partial sum of a series,
to adjust a continued fraction for an appended term if the intervening gap is wide
enough, especially in the function field case. It is also well-known [2, 12] that
the Folding Lemma provides an unusal explanation for the symmetry in certain
continued fractions. In particular, Cohn [2] terms the right-hand continued fraction
in (1) as having 2-fold symmetry and says similarly that the continued fractionh
a0;
!
wn, y1,�

 
wn, y2,

!
wn

i
has 3-fold symmetry, etc. The Folding Lemma can also

be found (but in a disguised way) in the papers [3, 7]. The two main objectives
of our work here are first to extend the classical Folding Lemma one step further
by proving the two-tier and three-tier Folding Lemmas, which correspond to all
possible shapes of the 2-fold and 3-fold symmetric continued fractions in the field
of formal Laurent series, and second to illustrate their versatility by applying them
to establish old and new results about explicit continued fractions.

Throughout, we let F ((x�1)) denote the field of formal Laurent series over a field
F equipped with a degree valuation | · | defined by |x�1| = e�1. It is well-known
[6] that each element ⇠ 2 F ((x�1)) can be uniquely written as a (Ruban) continued
fraction of the form

⇠ = [a0; a1, a2, . . .] ,

where a0 2 F [x] and an 2 F [x] \ F (n � 1). Such a continued fraction is finite if
and only if ⇠ 2 F (x). Define two sequences (Cn), (Dn) by

C�1 = 1, C0 = a0, Cn+1 = an+1Cn + Cn�1 (n � 0)
D�1 = 0, D0 = 1, Dn+1 = an+1Dn + Dn�1 (n � 0).

The following proposition, whose induction proof is omitted, collects basic proper-
ties needed throughout.

Proposition 1. Let n 2 N [ {0}, � 2 F ((x�1)) \ {0}.

(i) We have �Cn+Cn�1
�Dn+Dn�1

= [a0; a1, a2, . . . , an,�].

(ii) We have Cn/Dn = [a0; a1, a2, . . . , an], called the nth convergent.

(iii) We have DnCn�1�CnDn�1 = (�1)n, so that Cn and Dn are relatively prime.
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(iv) If Cn/Dn = [a0; a1, a2, . . . , an], then Dn/Dn�1 = [an; an�1, . . . , a2, a1].

(v) If Cn/Dn = [0; a1, a2, . . . , an], then Cn/Cn�1 = [an; an�1, . . . , a3, a2] (n � 2).

The next result is classically known as the Folding Lemma.

Lemma 1. Let y 2 F [x] \ {0}, and let

Cn

Dn
:= [0; a1, a2, . . . , an] =

h
0;
�!
Xn

i
(n 2 N).

Then h
0;
�!
Xn, y,� �Xn

i
=

Cn

Dn
+

(�1)n

D2
ny

.

Proof. By Proposition 1, we geth
0;
�!
Xn, y,� �Xn

i
= [0; a1, a2, . . . , an, y,�an,�an�1, . . . ,�a1]

= [0; a1, a2, . . . , an, y �Dn�1/Dn]

=
(Dny �Dn�1)Cn + DnCn�1

(Dny �Dn�1)Dn + DnDn�1

=
Cn (Dny) + (�1)n

Dn (Dny)
.

2. Two-tier and Three-tier Folding Lemmas

In this section, we first extend Lemma 1 by exhibiting the four identities corre-
sponding to all possible patterns of the two words enclosing one middle term.

Lemma 2 (Two-tier Folding Lemma). Let y 2 F [x] \ {0}, and let

Cn

Dn
:= [0; a1, a2, . . . , an] =

h
0;
�!
Xn

i
(n 2 N).

Then

(1)
h
0;
�!
Xn, y,

�!
Xn

i
=

Cn

Dn
+

(�1)n

D2
n (y + (Cn + Dn�1)/Dn)

, (2)

(2)
h
0;
�!
Xn, y,��!Xn

i
=

Cn

Dn
+

(�1)n

D2
n (y + (Dn�1 � Cn)/Dn)

, (3)

(3)
h
0;
�!
Xn, y,

 �
Xn

i
=

Cn

Dn
+

(�1)n

D2
n (y + 2Dn�1/Dn)

, (4)

(4)
h
0;
�!
Xn, y,� �Xn

i
=

Cn

Dn
+

(�1)n

D2
ny

. (5)
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Proof. Observe first that the identity (5) is simply Lemma 1. Since the proofs of
(2)–(4) are quite similar, we give only that of (3). By Proposition 1, we haveh

0;
�!
Xn, y,��!Xn

i
= [0; a1, a2, . . . , an, y,�a1,�a2, . . . ,�an]

= [0; a1, a2, . . . , an, y � Cn/Dn] =
(Dny � Cn)Cn + DnCn�1

(Dny � Cn)Dn + DnDn�1

=
Cn (Dny � Cn + Dn�1) + (�1)n

Dn (Dny � Cn + Dn�1)
=

Cn

Dn
+

(�1)n

D2
n (y + (Dn�1 � Cn)/Dn)

.

The four identities in Lemma 2 will be referred to as two-fold continued frac-
tions of types 1 to 4, respectively. Next, we derive analogous results for three-fold
continued fractions.

Lemma 3 (Three-tier Folding Lemma). Let y1, y2 2 F [x] \ {0} and Cn/Dn be
as in Lemma 2. Then

(1)
h
0;
�!
Xn, y1,

�!
Xn, y2,

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Cn+Dn�1
Dn

⌘
+ (�1)n

y2+
Cn+Dn�1

Dn

,

(2)
h
0;
�!
Xn, y1,

�!
Xn, y2,�

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Cn+Dn�1
Dn

⌘
+ (�1)n

y2+
Dn�1�Cn

Dn

,

(3)
h
0;
�!
Xn, y1,

�!
Xn, y2,

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Cn+Dn�1
Dn

⌘
+ (�1)n

y2+
2Dn�1

Dn

,

(4)
h
0;
�!
Xn, y1,

�!
Xn, y2,�

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Cn+Dn�1
Dn

⌘
+ (�1)n

y2

,

(5)
h
0;
�!
Xn, y1,�

�!
Xn, y2,

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Dn�1�Cn
Dn

⌘
+ (�1)n

y2+
Cn�Dn�1

Dn

,

(6)
h
0;
�!
Xn, y1,�

�!
Xn, y2,�

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Dn�1�Cn
Dn

⌘
+ (�1)n

y2�
Cn+Dn�1

Dn

,

(7)
h
0;
�!
Xn, y1,�

�!
Xn, y2,

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Dn�1�Cn
Dn

⌘
+ (�1)n

y2

,

(8)
h
0;
�!
Xn, y1,�

�!
Xn, y2,�

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

Dn�1�Cn
Dn

⌘
+ (�1)n

y2�
2Dn�1

Dn

,

(9)
h
0;
�!
Xn, y1,

 �
Xn, y2,

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

2Dn�1
Dn

⌘
+ (�1)n

y2+ 2Cn
Dn

,

(10)
h
0;
�!
Xn, y1,

 �
Xn, y2,�

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

2Dn�1
Dn

⌘
+ (�1)n

y2

,

(11)
h
0;
�!
Xn, y1,

 �
Xn, y2,

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

2Dn�1
Dn

⌘
+ (�1)n

y2+
Cn+Dn�1

Dn

,

(12)
h
0;
�!
Xn, y1,

 �
Xn, y2,�

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
n

⇣
y1+

2Dn�1
Dn

⌘
+ (�1)n

y2+
Cn�Dn�1

Dn

,
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(13)
h
0;
�!
Xn, y1,�

 �
Xn, y2,

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
ny1+

(�1)n

y2

,

(14)
h
0;
�!
Xn, y1,�

 �
Xn, y2,�

�!
Xn

i
= Cn

Dn
+ (�1)n

D2
ny1+

(�1)n

y2�
2Cn
Dn

,

(15)
h
0;
�!
Xn, y1,�

 �
Xn, y2,

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
ny1+

(�1)n

y2+
Dn�1�Cn

Dn

,

(16)
h
0;
�!
Xn, y1,�

 �
Xn, y2,�

 �
Xn

i
= Cn

Dn
+ (�1)n

D2
ny1+

(�1)n

y2�
Cn+Dn�1

Dn

.

Proof. (1) From the two-fold continued fraction of type 1 (i.e., (2)), using Proposi-
tion 1, we get

h
0;
�!
Xn, y1,

�!
Xn, y2,

�!
Xn

i
=

0;
�!
Xn, y1 +

Cn

Dn
+

(�1)n

Dn (Dny2 + Cn + Dn�1)

�

=
Cn

Dn
+

(�1)n

D2
n

⇣
y1 + Cn+Dn�1

Dn

⌘
+ (�1)n

y2+
Cn+Dn�1

Dn

.

To prove (2)–(4), we start from the two-fold continued fractions of types 2-4 (i.e.,
(3)–(5)) and proceed analogously as above.

Using the fact that h
0;��!W k

i
= �

h
0;
�!
W k

i
, (6)

the identities (5), (6), (7) and (8) follow from the proofs of (2), (1), (4) and (3),
respectively. We give only a detailed proof of (5). From (6), we haveh

0;��!Xn, y2,
�!
Xn

i
= �

h
0;
�!
Xn,�y2,�

�!
Xn

i
.

Applying the two-fold continued fraction of type 2, we get
h
0;��!Xn, y2,

�!
Xn

i
= �Cn

Dn
+

(�1)n

Dn (Dny2 �Dn�1 + Cn)
.

The same proof as for (2) leads to
h
0;
�!
Xn, y1,�

�!
Xn, y2,

�!
Xn

i
=

0;
�!
Xn, y1 �

Cn

Dn
+

(�1)n

Dn (Dny2 �Dn�1 + Cn)

�

=
Cn

Dn
+

(�1)n

D2
n

⇣
y1 + Dn�1�Cn

Dn

⌘
+ (�1)n

y2+
Cn�Dn�1

Dn

,

which is (5).
If the nth convergent of

h
0;
�!
Xn

i
is Cn/Dn, then from Proposition 1 the two

consecutive (n� 1)th and nth convergents of
h
0;
 �
Xn

i
are Cn�1/Cn and Dn�1/Dn,

respectively. Substituting these into Lemma 2, we obtain reverse forms of the two-
fold continued fractions of types 1 to 4 as
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(1)
0
h
0;
 �
Xn, y2,

 �
Xn

i
= Dn�1

Dn
+ (�1)n

D2
n

⇣
y2+

Dn�1+Cn
Dn

⌘ ,

(2)
0
h
0;
 �
Xn, y2,�

 �
Xn

i
= Dn�1

Dn
+ (�1)n

D2
n

⇣
y2+

Cn�Dn�1
Dn

⌘ ,

(3)
0
h
0;
 �
Xn, y2,

�!
Xn

i
= Dn�1

Dn
+ (�1)n

D2
n(y2+2Cn/Dn) ,

(4)
0
h
0;
 �
Xn, y2,�

�!
Xn

i
= Dn�1

Dn
+ (�1)n

D2
ny2

.

The identities (9), (10), (11) and (12) are thus obtained in a manner similar to the
proofs of (3), (4), (1) and (2), respectively. We give only a detailed proof of (9).
Using (3)

0
, we haveh

0;
�!
Xn, y1,

 �
Xn, y2,

�!
Xn

i
=

0;
�!
Xn, y1 +

Dn�1

Dn
+

(�1)n

Dn (Dny2 + 2Cn)

�

=
Cn

Dn
+

(�1)n

D2
n

⇣
y1 + 2Dn�1

Dn

⌘
+ (�1)n

y2+2Cn/Dn

.

Similarly, using (6) and (4)
0
, we get (13) by the same proof as (4); using (6) and

(3)
0
, we get (14) by the same proof as (3); using (6) and (2)

0
, we get (15) by the

same proof as (2); using (6) and (1)
0
, we get (16) by the same proof as (1).

3. Folding Lemmas and Series Expansions

If a continued fraction of a finite sum of n terms is known, the two-tier Folding
Lemma enables us to determine a continued fraction of the sum with n + 1 terms
explicitly as seen in the next theorem.

Theorem 1. Let Y 2 F [x] \ {0}. If Ck`/Dk` =
h
0;
�!
Xk`

i
(` 2 N) is the k`

th

convergent of the continued fraction representing
P`

i=1 1/↵i (↵i 2 F [x] \ F ), then

(1)
h
0;
�!
Xk` , Y,

�!
Xk`

i
=

`+1X
i=1

1/↵i, ↵`+1 = (�1)k`
�
(Ck`Dk` + Dk`�1Dk`) + D2

k`
Y
�
(7)

(2)
h
0;
�!
Xk` , Y,��!Xk`

i
=

`+1X
i=1

1/↵i, ↵`+1 = (�1)k`
�
(Dk`�1Dk` � Ck`Dk`) + D2

k`
Y
�

(3)
h
0;
�!
Xk` , Y,

 �
Xk`

i
=

`+1X
i=1

1/↵i, ↵`+1 = (�1)k`
�
2Dk`�1Dk` + D2

k`
Y
�

(4)
h
0;
�!
Xk` , Y,� �Xk`

i
=

`+1X
i=1

1/↵i, ↵`+1 = (�1)k`D2
k`

Y.
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Proof. Since the proofs of these identities are similar, here we prove only the identity
(1). By (2) , we get

h
0;
�!
Xk` , Y,

�!
Xk`

i
=

Ck`

Dk`

+
(�1)k`

D2
k`

⇣
Y + Ck`

+Dk`�1

Dk`

⌘ =
Ck`

Dk`

+
1

↵`+1
=

`+1X
i=1

1
↵i

.

Now, we state a three-fold analogue of Theorem 1.

Theorem 2. Let Y1, Y2 2 F [x] \ {0}. If Ck`/Dk` =
h
0;
�!
Xk`

i
(` 2 N) is the k`

th

convergent of the continued fraction representing
P`

i=1 1/↵i, ↵i 2 F [x] \ F , then

(1)
h
0;
�!
Xk` , Y1,

�!
Xk` , Y2,

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Ck`

+Dk`�1

Dk`

⌘
+ 1

Y2+(Ck`
+Dk`�1)/Dk`

(2)
h
0;
�!
Xk` , Y1,

�!
Xk` , Y2,�

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Ck`

+Dk`�1

Dk`

⌘
+ 1

Y2+(Dk`�1�Ck`
)/Dk`

(3)
h
0;
�!
Xk` , Y1,

�!
Xk` , Y2,

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Ck`

+Dk`�1

Dk`

⌘
+ 1

Y2+2Dk`�1/Dk`

(4)
h
0;
�!
Xk` , Y1,

�!
Xk` , Y2,�

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Ck`

+Dk`�1

Dk`

⌘
+ 1

Y2

(5)
h
0;
�!
Xk` , Y1,�

�!
Xk` , Y2,

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Dk`�1�Ck`

Dk`

⌘
+ 1

Y2+(Ck`
�Dk`�1)/Dk`

(6)
h
0;
�!
Xk` , Y1,�

�!
Xk` , Y2,�

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Dk`�1�Ck`

Dk`

⌘
+ 1

Y2�(Ck`
+Dk`�1)/Dk`
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(7)
h
0;
�!
Xk` , Y1,�

�!
Xk` , Y2,

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Dk`�1�Ck`

Dk`

⌘
+ 1

Y2

(8)
h
0;
�!
Xk` , Y1,�

�!
Xk` , Y2,�

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + Dk`�1�Ck`

Dk`

⌘
+ 1

Y2�2Dk`�1/Dk`

(9)
h
0;
�!
Xk` , Y1,

 �
Xk` , Y2,

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + 2Dk`�1

Dk`

⌘
+ 1

Y2+2Ck`
/Dk`

(10)
h
0;
�!
Xk` , Y1,

 �
Xk` , Y2,�

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + 2Dk`�1

Dk`

⌘
+ 1

Y2

(11)
h
0;
�!
Xk` , Y1,

 �
Xk` , Y2,

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + 2Dk`�1

Dk`

⌘
+ 1

Y2+(Ck`
+Dk`�1)/Dk`

(12)
h
0;
�!
Xk` , Y1,

 �
Xk` , Y2,�

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
n

⇣
Y1 + 2Dk`�1

Dk`

⌘
+ 1

Y2+(Ck`
�Dk`�1)/Dk`

(13)
h
0;
�!
Xk` , Y1,�

 �
Xk` , Y2,

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
nY1 + 1

Y2

(14)
h
0;
�!
Xk` , Y1,�

 �
Xk` , Y2,�

�!
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
nY1 + 1

Y2�2Ck`
/Dk`

(15)
h
0;
�!
Xk` , Y1,�

 �
Xk` , Y2,

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
nY1 + 1

Y2+(Dk`�1�Ck`
)/Dk`
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(16)
h
0;
�!
Xk` , Y1,�

 �
Xk` , Y2,�

 �
Xk`

i
=
P`+1

i=1 1/↵i,

↵`+1 = (�1)k`D2
nY1 + 1

Y2�(Ck`
+Dk`�1)/Dk`

.

Proof. The identities are proved by the same method as that of Theorem 1, but
appealing instead to the identities in Lemma 3.

4. Applications

In this section, we derive some known and some new explicit continued fractions of
series expansions as applications.

4.1. Two-fold Continued Fraction of Type 1

In this subsection, we work in the field Fq((x�1)) of formal Laurent series over the
finite field Fq, where q is a prime power. The notation and basic results follow
closely those in Carlitz [1]. For i 2 N, let

[i] := xqi � x, d0 := 1, di := [i]dq
i�1. (8)

It is known that [i] is the product of monic irreducible polynomials in Fq[x] of degree
dividing i, and di is the product of all monic polynomials in Fq[x] of degree i.

Remark 1. From (8), for all i � 1, we have:

(1) di = [1][2] · · · [i]dq�1
1 dq�1

2 · · · dq�1
i�1 .

(2) di = [i][i� 1]q[i� 2]q
2 · · · [2]q

i�2
[1]q

i�1
.

The exponential element for Fq[x] is defined by

e(z) :=
1X

i=0

zqi

di
, e := e(1).

Taking ↵` = xmd`�1 in (4) of Theorem 1, we obtain the following proposition which
is [9, Theorem 1].

Proposition 2. Let (xn) be a sequence defined recursively by x1 = [0; z�q[1]], and
when xn = [a0; a1, . . . , a2n�1], set

xn+1 =
h
a0; a1, . . . , a2n�1,�z�qn(q�2)dn+1/d2

n,�a2n�1, . . . ,�a1

i
.

We have

xn =
nX

i=1

zqi

di
.
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In particular, e(z) = z + limn!1 xn and for q = 2,

e =

2
66641; [1]|{z}, [2], [1]|{z}| {z }

, [3], [1], [2], [1]| {z }
| {z }

, [4], [1], [2], [1], [3], [1], [2], [1]| {z }, [5], . . .

3
7775 .

(More explicitly, for n > 0 the nth partial quotient is x2un � x with un being the
exponent of the highest power of 2 dividing 2n. The sequence of partial quotients is
the well-known “ruler sequence”.)

Specializing F = F2 in the last proposition yields the next proposition which is
[10, Theorem 4].

Proposition 3. Over F2((x�1)), for m > 2, with
�!
X (m) defined by

Pm�2
i=0 1/dixm =h

0,
�!
X (m)

i
, we have

e

xm
=
h
0;
�!
X (m), x

2m�1�m,
�!
X (m), x

2m�m,
�!
X (m), x

2m�1�m,
�!
X (m), x

2m+1�m, . . .
i
.

With
�!
X denoting the word x2 + 1, x, x + 1, we have

e

x2
=
h
0;
�!
X,x2,

�!
X,x6,

�!
X,x2,

�!
X,x14, . . .

i
.

The identities so obtained above allow us to deduce a good deal of new explicit
continued fractions. Here we give those of e/(x + 1)m and e/ (x(x + 1))m for q = 2
and m � 2, using the two-fold continued fraction of type 1. For the proofs, we need:

Lemma 4. Let m, t 2 N; q a prime power. If a monic f(x) 2 Fq[x] \ Fq is such
that f(x) | [1], then

gcd
✓

dt +
dt

d1
+

dt

d2
+ · · · + dt

dt�1
+ 1, f(x)mdt

◆
= 1.

Proof. Suppose that the assertion is false. Then there exists a prime p 2 Fq[x] such
that

p |
✓

dt +
dt

d1
+

dt

d2
+ · · · + dt

dt�1
+ 1
◆

and p | f(x)mdt.

Using the expression for dt in Remark 1 (1), since p | f(x)mdt, we get

p | f(x), or p | [r] for some 1  r  t, or p | ds for some 1  s  t� 1.

Again, Remark 1 (1) leads to

dt +
dt

d1
+

dt

d2
+ · · · + dt

dt�1
+ 1

=
⇣
[1][2] · · · [t]dq�1

1 dq�1
2 dq�1

3 · · · dq�1
t�1

⌘
+
⇣
[1][2] · · · [t]dq�2

1 dq�1
2 dq�1

3 · · · dq�1
t�1

⌘

+
⇣
[1][2] · · · [t]dq�1

1 dq�2
2 dq�1

3 · · · dq�1
t�1

⌘
+ · · · +

⇣
[1][2] · · · [t]dq�1

1 dq�1
2 · · · dq�1

t�2dq�2
t�1

⌘
+ 1.
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If p | f(x) or p | [r] (1  r  t), then p | 1 which is a contradiction, and so
p | ds (1  s  t � 1). We treat two separate cases. If q � 3, then p | 1, a
contradiction. If q = 2, from the above expressions, for 1  s  t � 2, since
di | di+1 (i � 0), then p | 1, a contradiction, and so s = t� 1. We apply Remark 1
(1) again to deduce that p | [r] for some 1  r  t�1, or p | ds for some 1  s  t�2,
both of which have already been ruled out.

For N � 2, let

L1 = 2 R1 = 2
L2 = 2 + 1 R2 = 22

...
...

LN = 2N�1 + 1 RN = 2N .

Then, provided M 6= N , we have

{n 2 N;n � 2} =

0
@ [

N�1

[LN ,RN ]

1
A \ Z, [LN ,RN ] \ [LM ,RM ] = ;.

For a fixed integer m > 1, there clearly exists a unique N 2 N such that m 2
[LN ,RN ] .

Theorem 3. Over F2((x�1)), if

(N�1)+`X
i=0

1
(x + 1)mdi

=:
h
0;
�!
Xk`

i
(` � 1),

then
(N�1)+`+1X

i=0

1
(x + 1)mdi

=

0;
�!
Xk` ,

[N + `]
(x + 1)m

+
1

(x + 1)m�1
,
�!
Xk`

�
.

In particular,

e

(x + 1)m
=

2
40;
�!
Xk1|{z},

[N + 1]
(x + 1)m

+
1

(x + 1)m�1
,
�!
Xk1|{z}| {z }

,
[N + 2]
(x + 1)m

+
1

(x + 1)m�1
, . . .

3
5 .

Proof. For ` � 1, let Ck`/Dk` :=
h
0;
�!
Xk`

i
be the kth

` convergent of the continued

fraction of
P(N�1)+`

i=0 1/(x + 1)mdi. From

(N�1)+`X
i=0

1
(x + 1)mdi

=
d(N�1)+` + d(N�1)+`

d1
+ d(N�1)+`

d2
+ · · · + d(N�1)+`

d(N�1)+`�1
+ 1

(x + 1)md(N�1)+`
,
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since
d(N�1)+` +

d(N�1)+`

d1
+

d(N�1)+`

d2
+ · · · +

d(N�1)+`

d(N�1)+`�1
+ 1

and (x+1)md(N�1)+` are monic polynomials over F2, using Lemma 4 and Ck` , Dk`

being relatively prime, we get

Ck` = d(N�1)+`

✓
1 +

1
d1

+
1
d2

+ · · · + 1
d(N�1)+`�1

+
1

d(N�1)+`

◆

Dk` = (x + 1)md(N�1)+`.

Claim. We have

Dk`�1 = (x + 1)d(N�1)+` + Ck` (` � 1).

Proof of Claim. Let Q = (x + 1)d(N�1)+` + Ck` and P = (1 + Ck`Q) /Dk` . Then

PDk` �QCk` =
✓

1 + Ck`Q

Dk`

◆
Dk` �QCk` = 1.

We first show that P 2 F2[x]. From Remark 1 (2), we get

(x + 1) | [i], (x + 1)2
i�1 | di (i 2 N), (9)

and

P =
1 + Ck`Q

Dk`

=
1 + Ck`

�
(x + 1)d(N�1)+` + Ck`

�
Dk`

=
⇢

(x + 1)d(N�1)+`

✓
1 +

1
d1

+
1
d2

+ · · · + 1
d(N�1)+`�1

+
1

d(N�1)+`

◆

+

 
d(N�1)+` +

d(N�1)+`

d2
1

+
d(N�1)+`

d2
2

+ · · · +
d(N�1)+`

d2
(N�1)+`�1

!)
/(x + 1)m.

(10)

From (9), it follows that (x + 1)d(N�1)+` ⌘ 0
⇣
mod (x + 1)2

(N�1)+`
⌘

and

(x + 1)d(N�1)+`

dj
+

d(N�1)+`

d2
j�1

=
d(N�1)+`

dj

⇣
(x + 1) + (x2j

+ x)
⌘

=
d(N�1)+`

dj
(x + 1)2

j

⌘ 0
⇣
mod (x + 1)2

(N�1)+`
⌘

(j 2 {1, 2, . . . , (N � 1) + `}) .

Since m  2N  2(N�1)+` (` 2 N), we get P 2 F2[x].
From PDk` �QCk` = 1 and Ck`�1Dk` �Dk`�1Ck` = 1, we get

PDk` �QCk` = Ck`�1Dk` �Dk`�1Ck` , Ck` (Dk`�1 �Q) = Dk` (Ck`�1 � P ) .
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Since Ck` and Dk` are relatively prime, by (10) we see that

deg P = deg d(N�1)+` + 1�m  deg d(N�1)+` � 1 < deg d(N�1)+` = deg Ck` .

By definition, deg(Ck`�1 � P ) < deg Ck` . Thus Ck`�1 = P , and so

Dk`�1 = Q = (x + 1)d(N�1)+` + Ck` ,

and the claim is proved.
Next, we show that

[N + `]
(x + 1)m

+
1

(x + 1)m�1
2 F2[x] \ {0} (` � 1).

This is immediate from [N+`]
(x+1)m + 1

(x+1)m�1 = (x+1)2
N+`

(x+1)m and 2N+` > m.
Applying Lemma 2 (1), we get


0;
�!
Xk` ,

[N + `]
(x + 1)m

+
1

(x + 1)m�1
,
�!
Xk`

�

=
Ck`

Dk`

+
1

D2
k`

⇣⇣
[N+`]

(x+1)m + 1
(x+1)m�1

⌘
+
⇣

Ck`
+Dk`�1

Dk`

⌘⌘

=
Ck`

Dk`

+
1

(x + 1)md(N�1)+(`+1)
=

(N�1)+`+1X
i=0

1
(x + 1)mdi

.

Thus,

(N�1)+1X
i=0

1
(x + 1)mdi

=
h
0;
�!
Xk`

i

(N�1)+2X
i=0

1
(x + 1)mdi

=

0;
�!
Xk1 ,

[N + 1]
(x + 1)m

+
1

(x + 1)m�1
,
�!
Xk1

�
.

Continuing, we finally get

e

(x + 1)m
=

0;
�!
Xk1 ,

[N + 1]
(x + 1)m

+
1

(x + 1)m�1
,
�!
Xk1 ,

[N + 2]
(x + 1)m

+
1

(x + 1)m�1
, . . .

�
.

Theorem 4. Over F2((x�1)), if

(N�1)+`X
i=0

1
(x(x + 1))m di

=:
h
0;
�!
Xk`

i
(` � 1),
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then
(N�1)+`+1X

i=0

1
(x(x + 1))m di

=

0;
�!
Xk` ,

[N + `] + [N ]
(x(x + 1))m ,

�!
Xk`

�
.

In particular,

e

(x(x + 1))m =

2
40;
�!
Xk1|{z},

[N + 1] + [N ]
(x(x + 1))m ,

�!
Xk1|{z}| {z }

,
[N + 2] + [N ]
(x(x + 1)))m

, . . .

3
5 .

Proof. Let Ck`/Dk` :=
h
0;
�!
Xk`

i
be the kth

` convergent of the continued fraction ofP(N�1)+`
i=0 1/ (x(x + 1))m di. Consider

(N�1)+`X
i=0

1
(x(x + 1))m di

=
d(N�1)+` + d(N�1)+`

d1
+ d(N�1)+`

d2
+ · · · + d(N�1)+`

d(N�1)+`�1
+ 1

(x(x + 1))m d(N�1)+`
.

Using Lemma 4, since Ck` and Dk` are relatively prime, we see that

d(N�1)+` +
d(N�1)+`

d1
+

d(N�1)+`

d2
+ · · · +

d(N�1)+`

d(N�1)+`�1
+ 1

and (x(x + 1))m d(N�1)+` are monic polynomials over F2. Thus,

Ck` = d(N�1)+`

✓
1 +

1
d1

+
1
d2

+ · · · + 1
d(N�1)+`�1

+
1

d(N�1)+`

◆

Dk` = (x(x + 1))m d(N�1)+`.

Claim. We have Dk`�1 = [N ]d(N�1)+` + Ck` (` � 1).

Proof of Claim. Let Q = [N ]d(N�1)+` + Ck` and P = (1 + Ck`Q)/Dk` . Thus,

PDk` �QCk` =
✓

1 + Ck`Q

Dk`

◆
Dk` �QCk` = 1.

We first show that P 2 F2[x]. In F2[x], we have

x(x + 1) | [i] (i 2 N). (11)

From Remark 1 (2), since x(x + 1) | [i] (i 2 N), we have

(x(x + 1))2
i�1 | di (i 2 N). (12)
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Now we consider

P =
1 + Ck`Q

Dk`

=
1 + Ck`

�
[N ]d(N�1)+` + Ck`

�
Dk`

=
⇢

[N ]d(N�1)+`

✓
1 +

1
d1

+
1
d2

+ · · · + 1
d(N�1)+`�1

+
1

d(N�1)+`

◆

+

 
d(N�1)+` +

d(N�1)+`

d2
1

+
d(N�1)+`

d2
2

+ · · · +
d(N�1)+`

d2
(N�1)+`�1

!)
/ (x(x + 1))m .

(13)

For fixed ` � 1 and j 2 {1, 2, . . . , (N � 1) + `} , we get

x2N

+ x2j ⌘ 0
⇣
mod (x(x + 1))2

min{N,j}⌘

and

2(N�1)+` � 2j + 2min{N,j} =

(
2(N�1)+` if min{N, j} = j

2(N�1)+` � 2j + 2N if min{N, j} = N

� 2N . (14)

By (11), (12) and (14), it follows that [N ]d(N�1)+` ⌘ 0
⇣
mod (x(x + 1))2

(N�1)+`
⌘
,

and

[N ]d(N�1)+`

dj
+

d(N�1)+`

d2
j�1

=
d(N�1)+`

dj
([N ] + [j])

=
d(N�1)+`

dj

⇣
x2N

+ x2j
⌘
⌘ 0

⇣
mod (x(x + 1))2

N
⌘

(j 2 {1, 2, . . . , (N � 1) + `} ,

i.e., P 2 F2[x].
From PDk` �QCk` = 1, Ck`�1Dk` �Dk`�1Ck` = 1, we get

PDk` �QCk` = Ck`�1Dk` �Dk`�1Ck` , Ck` (Dk`�1 �Q) = Dk` (Ck`�1 � P ) .

Since Ck` and Dk` are relatively prime, by (13) we have

deg P = deg d(N�1)+` + 2N � 2m  deg d(N�1)+` � 2 < deg d(N�1)+` = deg Ck` .

By definition, deg(Ck`�1 � P ) < deg Ck` . Thus, Ck`�1 = P and so Dk`�1 = Q =
[N ]d(N�1)+` + Ck` , which proves the claim.

Next, we show that

[N + `] + [N ]
(x(x + 1))m 2 F2[x] \ {0} (` � 1).
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This follows from

[N + `] + [N ]
(x(x + 1))m =

⇣
x2N+`

+ x
⌘

+
⇣
x2N

+ x
⌘

(x(x + 1))m =
x2N

(x + 1)2
N (2`�1)

(x(x + 1))m ,

2` � 1 � 1, and 2N � m. Applying Lemma 2 (1), we get
0;
�!
Xk` ,

[N + `] + [N ]
(x(x + 1))m ,

�!
Xk`

�
=

Ck`

Dk`

+
1

D2
k`

⇣⇣
[N+`]+[N ]
(x(x+1))m

⌘
+
⇣

Ck`
+Dk`�1

Dk`

⌘⌘

=
Ck`

Dk`

+
1

(x(x + 1))m d(N�1)+(`+1)
=

(N�1)+`+1X
i=0

1
(x(x + 1))m di

.

Thus
(N�1)+1X

i=0

1
(x(x + 1))m di

=
h
0;
�!
Xk`

i

(N�1)+2X
i=0

1
(x(x + 1))m di

=

0;
�!
Xk1 ,

[N + 1] + [N ]
(x(x + 1))m ,

�!
Xk1

�
.

Continuing analogously, we arrive at

e

(x(x + 1))m =

0;
�!
Xk1 ,

[N + 1] + [N ]
(x(x + 1))m ,

�!
Xk1 ,

[N + 2] + [N ]
(x(x + 1))m , . . .

�
.

4.2. Two-fold Continued Fraction of Type 3

In this subsection, we work in the field of formal series over a field F of characteristic
0. For n 2 N, a continued fraction [a0, ; a1, a2, . . . , an] is said to be palindromic if the
word a1, a2, . . . , an is equal to its reversal. It is not hard to see that if a continued
fraction [a0, ; a1, a2, . . . , an] = Cn/Dn is palindromic, then Cn = Dn�1. Let

f(T ) = T (T + 2)(T � 2)g(T )� T 2 + 2 2 (F [x])[T ],

be monic in T , with monic g(T ) 2 (F [x])[T ]. Let

f0(T ) = T, fn(T ) = f (fn�1(T )) (n � 1),

i.e., fn = f1 � f1 � · · · � f1 (n composites). Let A0(T ) = 1, B0(T ) = f0(T ) = T and
for n � 1, let

An(T ) = (�1)n +
nX

m=1

(�1)m+1fm(T )fm+1(T ) · · · fn(T ) = (�1)n + fn(T )An�1(T )

(15)
Bn(T ) = f0(T )f1(T ) · · · fn(T ). (16)
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It follows that

X̀
n=0

(�1)n

f0(T )f1(T ) · · · fn(T )
=

A`(T )
B`(T )

`+1X
n=0

(�1)n

f0(T )f1(T ) · · · fn(T )
=

A`(T )
B`(T )

+
(�1)`+1

f0(T )f1(T ) · · · f`+1(T )
.

Lemma 5. For `, i 2 N [ {0}, if f(T ) 2 (F [x]) [T ] \ {0}, then

A`(fi(T )) ⌘ ± A`+i(T ) (mod fi(T )) .

Proof. The case i = 0 is trivial. If i > 0 and ` = 0, then the desired result follows
from the definition of A0. For `, i � 1, from

A`(fi(T )) = (�1)` +
X̀
m=1

(�1)m+1fm(fi(T )) · · · f`(fi(T ))

= (�1)` +
`+iX

m=i+1

(�1)m+1�ifm(T )fm+1(T ) · · · f`+i(T ),

we get

A`+i(T ) = (�1)`+i +
iX

m=1

(�1)m+1fm(T ) · · · f`+i(T )

+
`+iX

m=i+1

(�1)m+1fm(T ) · · · f`+i(T )

= (�1)iA`(fi(T )) +
iX

m=1

(�1)m+1fm(T ) · · · f`+i(T )

⌘ ± A`(fi(T )) (mod fi(T )) .

Replacing T with a nonzero polynomial Z(x) := Z in F [x], we get:

Lemma 6. If Z 2 F [x] \ {0}, then Z |
�
A2

`(Z)� 1
�

for all ` 2 N [ {0} .

Proof. Since f1(0) = 2, by induction we have f`(0) = �2 (` � 2). To prove the
lemma, it su�ces to show that A`(0) = ±1 for all ` 2 N [ {0}. Clearly, A0(Z) = 1.
Thus,

A1(0) = (�1)1 + f1(0) · A0(0) = �1 + 2 · 1 = 1.

By induction, we get A`(0) = (�1)`+1 (` � 1), and the desired result follows.
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Lemma 7. If Z 2 F [x]\F , then B`(Z) 6= 0, B`(Z) | (A2
`(Z)�1) for all ` 2 N[{0} .

Proof. We have

2  |f0(Z)| < |f1(Z)| < |f2(Z)| < · · · ,

and (16) implies that B`(Z) 6= 0 (` 2 N [ {0}). Now from Lemma 6, we get

f`(Z) | (A2
`(f`(Z))� 1) (` � 0). (17)

We also have from Lemma 5 that for `, i 2 N [ {0}, either

A2
`(fi(Z)) = A2

`+i(Z) + 2Dfi(Z)A`+i(Z) + D2f2
i (Z),

or
A2

`(fi(Z)) = A2
`+i(Z)� 2Dfi(Z)A`+i(Z) + D2f2

i (Z),

for some D 2 F [x]. By (17), we have fi(Z) | (A2
`+i(Z)� 1). Specifically,

fi(Z) | (A2
(`�i)+i(Z)� 1) = A2

`(Z)� 1 (i = 0, 1, . . . `). (18)

It remains to prove that

B`(Z) = f0(Z)f1(Z) . . . f`(Z) | (A2
`(Z)� 1). (19)

For 0  j < k, since fk(Z) = fk�j(fj(Z)) ⌘ fk�j(0) (mod fj(Z)) , and

fk�j(0) =

(
2 for k = j + 1
�2 for k > j + 1,

we deduce that, for all j 6= k,

gcd(fj(Z), fk(Z)) = gcd(fj(Z), 2) 2 F, (20)

i.e., fj(Z), fk(Z) are relatively prime. Hence, (19) follows from (18) and (20).

An analogoue of Tamura’s result [8] in the field of formal Laurent series reads:

Theorem 5. If Z 2 F [x] \ F is monic, then 1/f0(Z) = [0;Z] , and if

`�1X
n=0

(�1)n

f0(Z)f1(Z) · · · fn(Z)
=
h
0;
�!
Xk`

i
(` � 1)

is a palindromic continued fraction, then

X̀
n=0

(�1)n

f0(Z)f1(Z) · · · fn(Z)
=
h
0;
�!
Xk` , u`(Z),

 �
Xk`

i
, (21)
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where

u`(Z) = (�1)`�1 f`(Z)
B`�1(Z)

� 2
A`�1(Z)
B`�1(Z)

, A`�1(Z) = Ck` , B`�1(Z) = Dk`

with Ck`/Dk` being the k`
th convergent of

h
0;
�!
Xk`

i
.

In particular, the continued fraction representing the corresponding infinite sum
takes the form

1X
n=0

(�1)n

f0(Z)f1(Z) · · · fn(Z)
= [0;Z, u1(Z), Z, u2(Z), Z, u1(Z), Z, u3(Z), . . .] .

Proof. For ` 2 N, let ↵` = (�1)`�1f0(Z)f1(Z) · · · f`�1(Z) and let Ck`/Dk` =:h
0;
�!
Xk`

i
be the k`

th convergent of the continued fraction of

1
↵1

+
1
↵2

+ · · · + 1
↵`

=
1

f0(Z)
+

�1
f0(Z)f1(Z)

+ · · · + (�1)`�1

f0(Z)f1(Z) · · · f`�1(Z)

=
`�1X
n=0

(�1)n

f0(Z)f1(Z) · · · fn(Z)
.

Clearly, 1/f0(Z) = [0;Z] =: Ck1/Dk1 , so k1 is an odd positive integer. From Lemma
7, we know that A`�1(Z) and B`�1(Z) are relatively prime. Since A`�1(Z), B`�1(Z)
are monic (in Z) and B`�1(Z), Dk` are monic (in Z), we infer that

B`�1(Z) = Dk` (22)

and so A`�1(Z) = Ck` . Since
h
0;
�!
Xk`

i
is palindromic, we have

Ck` = Dk`�1. (23)

Next, we show that if Z 2 F [x] \ F , then u`(Z) 2 F [x] \ F . By (15), we get

A`(Z)2 = (�1)2` + 2(�1)`f`(Z)A`�1(Z) + f`(Z)2A`�1(Z)2. (24)

By Lemma 7 and (24), we get

u`(Z) = (�1)`�1(Z)
f`(Z)

B`�1(Z)
� 2A`�1(Z)

B`�1(Z)

= (�1)`f`(Z)
A`�1(Z)2 � 1

B`�1(Z)
+ (�1)`�1 A`(Z)2 � 1

B`(Z)
2 F [x] \ F.

From (22) and (23), we get

�
�
2Dk`�1Dk` + q2

k`
u`

�
= �

✓
2A`�1(Z)B`�1(Z) + B`�1(Z)2

✓
(�1)`�1 f`(Z)

B`�1(Z)
� 2

A`�1(Z)
B`�1(Z)

◆◆

= (�1)`B`�1(Z)f`(Z) = (�1)`f0(Z)f1(Z) · · · f`(Z) = ↵`+1.
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We observe that {k`}`�1 obtained by this process is a sequence of odd positive
integers, and so

(�1)k`
�
2Dk`�1Dk` + q2

k`
u`

�
= ↵`+1.

Using Theorem 1 (3), we get

h
0;
�!
Xk` , u`(Z),

 �
Xk`

i
=

`+1X
i=1

1
↵i

=
X̀
n=0

(�1)n

f0(Z)f1(Z) · · · fn(Z)
.

The above proof with some minor changes is also applicable to some other forms
of f(T ) such as T (T + 2)(T � 2)g(T ) + T 2 � 2.

4.3. Two-fold Continued Fraction of Type 4

In this subsection we consider F = Fq, the finite field of q elements. Making use
of the two-fold continued fraction of type 4, we now extend and complement the
works of [10]. We begin with:

Theorem 6. Let {Qi}i�1 be a sequence of nonconstant monic polynomials over the
finite field Fq, where q is a prime power. Assume that there exists N 2 N[{0} such
that

Q1Q2 · · ·Qj+1 | Qj+2 (j � N) (25)

and that if N � 1, then

gcd ((Q2 · · ·QN+1) + (Q3 · · ·QN+1) + · · · + QN+1 + 1, Q1Q2 · · ·QN+1) = 1. (26)

If
PN+`

i=1 1/Q1Q2 · · ·Qi = [0; a1, a2, . . . , ak` ] (` � 1), then

N+`+1X
i=1

1
Q1Q2 · · ·Qi

=

0; a1, a2, . . . , ak` ,

(�1)k`QN+`+1

Q1Q2 · · ·QN+`
,�ak` , . . . ,�a2,�a1

�
.

Proof. Let Ck`/Dk` :=
h
0;
�!
Xk`

i
be the kth

` convergent of the continued fraction ofPN+`
i=1 1/Q1Q2 · · ·Qi. We observe that both Ck` and Dk` are monic. From

N+X̀
i=1

1
Q1Q2 · · ·Qi

=
(Q2Q3 · · ·QN+`) + (Q3Q4 · · ·QN+`) + · · · + QN+` + 1

Q1Q2 · · ·QN+`
,

we assert that

gcd ((Q2Q3 · · ·QN+`) + (Q3Q4 · · ·QN+`) + · · · + QN+` + 1, Q1Q2 · · ·QN+`) = 1.

For N � 1 and ` = 1, this is obvious from (26). Next, we treat the remaining cases.
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Suppose there exists a prime p 2 Fq[x] such that

p | ((Q2Q3 · · ·QN+`) + (Q3Q4 · · ·QN+`) + · · · + QN+` + 1) , p | Q1Q2 · · ·QN+`.

If N = 0, by (25), we have Q1Q2 · · ·Qi | Qi+1. Since p | (Q1Q2 · · ·Q`), then p | Qk

for some 1  k  `, and so p | QjQj+1 · · ·Q` for all 2  j  k. Since Q1Q2 · · ·Qk |
Qk+t (1  t  ` � k), we have Qk | Qk+l · · ·Q`, and so p | Qk+t · · ·Q` (1 
t  ` � k). Since p | ((Q2Q3 · · ·Q`) + (Q3Q4 · · ·Q`) + · · · + Q` + 1) , then p | 1, a
contradiction. Thus

gcd ((Q2Q3 · · ·Q`) + (Q3Q4 · · ·Q`) + · · · + Q` + 1, Q1Q2 · · ·Q`) = 1.

If N � 1 and ` � 2, since p | (Q1Q2 · · ·QN+`), then p | Qk for some 1  k  N + `.
If p | QN+`, since

p | ((Q2Q3 · · ·QN+`) + (Q3Q4 · · ·QN+`) + · · · + QN+` + 1) ,

then p | 1, a contradiction.
Assume that p | Qk for some 1  k  N+`�1. Using (25) when j = N+`�2 � N,

we get Q1Q2 · · ·QN+`�1 | QN+`, which implies that p | QN+`, again we have a
contradiction. Thus,

gcd ((Q2Q3 · · ·QN+`) + (Q3Q4 · · ·QN+`) + · · · + QN+` + 1, Q1Q2 · · ·QN+`) = 1.

Since Ck` and Dk` are relatively prime, and all Qi are monic, we have Dk` =
Q1Q2 · · ·QN+`. For ` � 1, using (25) with j = N + `� 1 � N , we get

(�1)k`QN+`+1/Q1Q2 · · ·QN+` 2 Fq[x] \ {0} .

Applying Lemma 2 (4), we get

0; a1, a2, . . . , ak` ,

(�1)k`QN+`+1

Q1Q2 · · ·QN+`
,�ak` , . . . ,�a2,�a1

�
=

Ck`

Dk`

+
(�1)k`

D2
k`

(�1)k`QN+`+1
Q1Q2···QN+`

=
Ck`

Dk`

+
(�1)k`

(Q1Q2 · · ·QN+`)
2 (�1)k`QN+`+1

Q1Q2···QN+`

=
N+`+1X

i=1

1
Q1Q2 · · ·Qi

.

Note that Theorem 6 is contained in the following proposition of [5] which can
also be proved by taking ↵`�1 = P`+1 (` � I + 1) in Theorem 1 (4).

Proposition 4. Let I be a fixed positive integer, {ki}i�1 a sequence of positive
integers, {ci}i�I a sequence of nonzero polynomials over Fq, subject to the condition
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that if I = 1, then c1 and those ci (i � 2) for which ki = 2 are nonconstant
polynomials over Fq. Let the sequence {Pi}i�1 be defined by

P1 = 1, P2, P3, . . . , PI 2 Fq[x] \ Fq; Pu = cu�1P
ku�1
u�1 P ku�2

u�2 · · ·P ku�I

u�I (u � I + 1),

and let

E(u) =
uX

i=1

1
Pi

(u 2 N).

Assume that

(i) if I � 2, then P2 | P3 | · · · | PI ;

(ii) ki � 2 for all i � I.

If E(u) = [a0; a1, a2, . . . , an] (u � I + 1), then there exists � 2 Fq \ {0} such that

E(u + 1) = [a0; a1, a2, . . . , an,�su,�an, . . . ,�a2,�a1] ,

where su = cuP ku�1
u /cu�1P

ku�I

u�I .

Now we apply Theorem 6 to determine explicit continued fractions of e/f(x),
where f(x) is a nonconstant monic polynomial satisfying f(x) | [1].

Corollary 1. Let f(x) 2 Fq[x] \ Fq be monic, q a prime power. If f(x) | [1], then

e

f(x)
=

2
40; f(x)|{z},

�[1]
f(x)

,�f(x)| {z }| {z }
,
�[2]dq�2

1

f(x)
, f(x),

[1]
f(x)

,�f(x)
| {z }

,
�[3]dq�2

2

f(x)
, . . .

3
5 .

Proof. Let Q1 = f(x) and Qi+1 = di/di�1 (i 2 N). Observe that

Qi+1 =
di

di�1
=

[i]dq
i�1

di�1
= [i]dq�1

i�1 2 Fq[x] \ Fq.

Since Q2 = d1 = [1] and f(x) | [1], we have Q1 | Q2. For i � 2, from

Q1Q2Q3 · · ·Qi = f(x)
d1

d0

d2

d2
· · · di�1

di�2
= f(x)di�1

and Qi+1 = di/di�1, we get

Qi+1

Q1Q2Q3 · · ·Qi
=

di/di�1

f(x)di�1
=

[i]dq
i�1

f(x)d2
i�1

=
[i]dq�2

i�1

f(x)
.

We treat two separate cases.
If q � 3, since f(x) | [1] and [1] | di (i 2 N), then f(x) | di (i 2 N), which implies

that Q1Q2Q3 · · ·Qi | Qi+1.
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If q = 2, since [1] | [i] (i 2 N), then f(x) | [i], and so Q1Q2Q3 · · ·Qi | Qi+1.
Applying Theorem 6 with N = 0, we get

1
f(x)

= [0; f(x)]

1
f(x)

+
1

f(x)d1
=

0; f(x),

�[1]
f(x)

,�f(x)
�

1
f(x)

+
1

f(x)d1
+

1
f(x)d2

=

"
0; f(x),

�[1]
f(x)

,�f(x),
�[2]dq�2

1

f(x)
, f(x),

[1]
f(x)

,�f(x)

#
.

Continuing in the same manner, we finally arrive at

e

f(x)
=

"
0; f(x),

�[1]
f(x)

,�f(x),
�[2]dq�2

1

f(x)
, f(x),

[1]
f(x)

,�f(x),
�[3]dq�2

2

f(x)
, . . .

#
.

We now show, using Corollary 1, how to derive explicit continued fractions of

e/x, e/
�
xq�1 � 1

�
, e/(x� 1), e/

�
xq�2 + xq�3 + · · · + 1

�
, e/x(x� 1),

e/x
�
xq�2 + xq�3 + · · · + 1

�
, e/[1]

for q � 2 being a prime power, and show, using Theorem 6, how to find explicit
continued fractions of

e/xm, e/(x� 1)m, e/ (x(x� 1))m , e/
�
xq�1 � 1

�m
, e/

�
xq�2 + xq�3 + · · · + 1

�m
,

e/
�
x
�
xq�2 + xq�3 + · · · + 1

��m
, e/[1]m,

for a prime power q � 3 and integer m � 2. To this end, we need to use two
appropriate partitions of positive integers.

4.3.1. Partition 1

For a prime power q � 3, let

L1 = 2 R1 = q � 1
L2 = q R2 = q2 � q � 1
L3 = q2 � q R3 = q3 � q2 � q � 1

...
...

LN = qN�1 � qN�2 � · · ·� q2 � q RN = qN � qN�1 � · · ·� q � 1 (N � 3).

Observe that for M 6= N , we have

{n 2 N;n � 2} =

0
@ [

N�1

[LN , RN ]

1
A \ Z, [LN , RN ] \ [LM , RM ] = ;.
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For a fixed integer m > 1, there exists a unique N in N such that m 2 [LN , RN ] .

Corollary 2. Let q > 2 be a prime power. We have

(1)
e

xm
=

2
40;
�!
Xk1|{z}, u1,�

 �
Xk1| {z }| {z }

, u2,
�!
Xk1 ,�u1,�

 �
Xk1| {z }, u3, . . .

3
5 ,

where
h
0;
�!
Xk1

i
:=
PN

i=0
1

xmdi
, u` := (�1)k` [N+`]dq�2

N+`�1
xm ;

(2)
e

(x� 1)m
=

2
40;
�!
Y k1|{z}, v1,�

 �
Y k1| {z }| {z }

, v2,
�!
Y k1 ,�v1,�

 �
Y k1| {z }, v3, . . .

3
5 ,

where
h
0;
�!
Y k1

i
:=
PN

i=0
1

(x�1)mdi
, v` := (�1)k` [N+`]dq�2

N+`�1
(x�1)m ;

(3)
e

(x(x� 1))m =

2
40;
�!
Z k1|{z}, w1,�

 �
Z k1| {z }| {z }

, w2,
�!
Z k1 ,�w1,�

 �
Z k1| {z }, w3, . . .

3
5 ,

where
h
0;
�!
Z k1

i
:=
PN

i=0
1

(x(x�1))mdi
, w` := (�1)k` [N+`]dq�2

N+`�1
(x(x�1))m .

Proof. (1) Let Q1 = xm and Qi+1 = di/di�1 (i 2 N). Observe that

Qi+1 =
di

di�1
=

[i]dq
i�1

di�1
= [i]dq�1

i�1 2 Fq[x] \ Fq (i � 1),

For j � N, we write j = N + h, h � 0, to get

QN+h+2

Q1Q2 · · ·QN+h+1
=

dN+h+1/dN+h

xmdN+h
=

[N + h + 1]dq�2
N+h

xm
.

First, we show that xm | [N + h + 1]dq�2
N+h (h � 0). By Remark 1 (2), we have

[N +h+1]dq�2
N+h = [N +h+1]

⇣
[N + h][N + h� 1]q[N + h� 2]q

2 · · · [1]q
N+h�1

⌘q�2
.

Since x | [i] (i 2 N), we have x(q�2)(qN+h�1+qN+h�2+···+q+1)+1 | [N + h + 1]dq�2
N+h.

For h � 0, since

(q � 2)
�
qN+h�1 + qN+h�2 + · · · + q + 1

�
+ 1

� (q � 2)
�
qN�1 + qN�2 + · · · + q + 1

�
+ 1 = qN � qN�1 � · · ·� q � 1 � m,

we have xm | [N + h + 1]dq�2
N+h. Thus, Qi satisfies (25). Using Lemma 4, we get

gcd ((Q2Q3 · · ·QN+1) + (Q3Q4 · · ·QN+1) + · · · + QN+1 + 1, Q1Q2 · · ·QN+1)

= gcd
✓

dN +
dN

d1
+

dN

d2
+ · · · + dN

dN�1
+ 1, xmdN

◆
= 1.
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For ` � 1, since

(�1)k`QN+`+1

Q1Q2 · · ·QN+`
=

(�1)k` [N + `]dq�2
N+`�1

xm
= u`,

applying Theorem 6, we get

N+1X
i=1

1
Q1Q2 · · ·Qi

=
NX

i=0

1
xmdi

=
h
0;
�!
Xk1

i

N+2X
i=1

1
Q1Q2 · · ·Qi

=
N+1X
i=0

1
xmdi

=

"
0;
�!
Xk1 ,

(�1)k1 [N + 1]dq�2
N

xm
,� �Xk1

#
.

Continuing the procedure, we arrive at
e

xm
=
h
0;
�!
Xk1 , u1,�

 �
Xk1 , u2,

�!
Xk1 ,�u1,�

 �
Xk1 , u3, . . .

i
.

The proofs of (2) and (3) are similarly done by taking Q1 = (x � 1)m and Q1 =
(x(x� 1))m , respectively.

4.3.2. Partition 2

For a prime power q � 3, let

L1 = 1 R1 = q � 2
L2 = q � 1 R2 = q2 � 2q
L3 = q2 � 2q + 1 R3 = q3 � 2q2

...
...

LN = qN�1 � 2qN�2 + 1 RN = qN � 2qN�1 (N � 3).

Observe that, for M 6= N ,

N =

0
@ [

N�1

[LN ,RN ]

1
A \ Z, [LN ,RN ] \ [LM ,RM ] = ;.

For a fixed positive integer m > 1, there exists a unique N in N such that m 2
[LN ,RN ] .

Corollary 3. Let q > 2 be a prime power. We have

(1)
e

(xq�1 � 1)m =

2
40;
�!
W k1|{z}, u1,�

 �
W k1| {z }| {z }

, u2,
�!
W k1 ,�u1,�

 �
W k1| {z }, u3, . . .

3
5,

where
h
0;
�!
W k1

i
:=
PN

i=0
1

(xq�1�1)mdi
, u` := (�1)k` [N+`]dq�2

N+`�1
(xq�1�1)m ;
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(2)
e

(xq�2 + xq�3 + · · · + 1)m =

2
40;
�!
Xk1|{z}, v1,�

 �
Xk1| {z }| {z }

, v2,
�!
Xk1 ,�v1,�

 �
Xk1| {z }, v3, . . .

3
5,

where
h
0;
�!
Xk1

i
:=
PN

i=0
1

(xq�2+xq�3+···+1)mdi
, v` := (�1)k` [N+`]dq�2

N+`�1
(xq�2+xq�3+···+1)m ;

(3)
e

(x (xq�2 + xq�3 + · · · + 1))m

=

2
40;
�!
Y k1|{z}, w1,�

 �
Y k1| {z }| {z }

, w2,
�!
Y k1 ,�w1,�

 �
Y k1| {z }, w3, . . .

3
5,

where
h
0;
�!
Y k1

i
:=
PN

i=0
1

(x(xq�2+xq�3+···+1))mdi
, w` := (�1)k` [N+`]dq�2

N+`�1
(x(xq�2+xq�3+···+1))m ;

(4)
e

[1]m
=

2
40;
�!
Z k1|{z}, y1,�

 �
Z k1| {z }| {z }

, y2,
�!
Z k1 ,�y1,�

 �
Z k1| {z }, y3, . . .

3
5,

where
h
0;
�!
Z k1

i
:=
PN

i=0
1

[1]mdi
, y` := (�1)k` [N+`]dq�2

N+`�1
[1]m .

Proof. (1) Let Q1 =
�
xq�1 � 1

�m and Qi+1 = di/di�1 (i 2 N). Observe that

Qi+1 =
di

di�1
=

[i]dq
i�1

di�1
= [i]dq�1

i�1 2 Fq[x] \ Fq.

For j � N, we write j = N + h, h � 0, to get

QN+h+2

Q1Q2 · · ·QN+h+1
=

dN+h+1/dN+h

(xq�1 � 1)m dN+h
=

[N + h + 1]dq�2
N+h

(xq�1 � 1)m .

We claim that �
xq�1 � 1

�m | [N + h + 1]dq�2
N+h (h � 0).

By Remark 1 (2), we have

[N +h+1]dq�2
N+h = [N +h+1]

⇣
[N + h][N + h� 1]q[N + h� 2]q

2 · · · [1]q
N+h�1

⌘q�2
.

Since
�
xq�1 � 1

�
| [1], we have

�
xq�1 � 1

�(q�2)qN+h�1

| [N + h + 1]dq�2
N+h. For

h � 0, since (q � 2)qN+h�1 � (q � 2)qN�1 = qN � 2qN�1 � m, then
�
xq�1 � 1

�m |
[N + h + 1]dq�2

N+h. Thus, Qi satisfies (25). Using Lemma 4, we get

gcd ((Q2Q3 · · ·QN+1) + (Q3Q4 · · ·QN+1) + · · · + QN+1 + 1, Q1Q2 · · ·QN+1)

= gcd
✓

dN +
dN

d1
+

dN

d2
+ · · · + dN

dN�1
+ 1,

�
xq�1 � 1

�m
dN

◆
= 1.
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For ` � 1, since

(�1)k`QN+`+1

Q1Q2 · · ·QN+`
=

(�1)k` [N + `]dq�2
N+`�1

(xq�1 � 1)m = u`,

applying Theorem 6, we get

N+1X
i=1

1
Q1Q2 · · ·Qi

=
NX

i=0

1
(xq�1 � 1)m di

=
h
0;
�!
W k1

i

N+2X
i=1

1
Q1Q2 · · ·Qi

=
N+1X
i=0

1
(xq�1 � 1)m di

=

"
0;
�!
W k1 ,

(�1)k1 [N + 1]dq�2
N

(xq�1 � 1)m ,� �W k1

#

Continuing the procedure, we finally arrive at
e

(xq�1 � 1)m =
h
0;
�!
W k1 , u1,�

 �
W k1 , u2,

�!
W k1 ,�u1,�

 �
W k1 , u3, . . .

i
.

The proofs of (2), (3) and (4) follow similarly by taking

Q1 =
�
xq�2 + xq�3 + · · · + 1

�m
, Q1 =

�
x
�
xq�2 + xq�3 + · · · + 1

��m
, Q1 = [1]m,

respectively.

The identities for e/f(x)m, m 2 N, monic f(x) 2 Fq[x] \ Fq in Subsections 4.1
and 4.3 and those known earlier are summarized in the next table.

f(x) (m � 2) q = 2 q � 3
x Corollary 1 Corollary 1
xm Thakur (1996) Corollary 2
xq�1 � 1 Corollary 1 Corollary 1�
xq�1 � 1

�m Theorem 3 Corollary 3
x� 1 Corollary 1 Corollary 1
(x� 1)m Theorem 3 Corollary 2
xq�2 + xq�3 + · · · + 1 Thakur (1992) Corollary 1�
xq�2 + xq�3 + · · · + 1

�m Thakur (1992) Corollary 3
x (x� 1) Corollary 1 Corollary 1
(x (x� 1))m Theorem 4 Corollary 2
x
�
xq�2 + xq�3 + · · · + 1

�
Corollary 1 Corollary 1�

x
�
xq�2 + xq�3 + · · · + 1

��m Thakur (1996) Corollary 3
[1] Corollary 1 Corollary 1
[1]m Theorem 4 Corollary 3

4.4. Three-fold Continued Fraction of Type 13

In [2], series expansions of real numbers of the form
P1

n=0 1/fn(x), where f0(x) = x
and fn(x) = f

�
fn�1(x)

�
(n � 1) are shown to have explicit continued fractions
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if and only if f(x) satisfies one of the fourteen congruence conditions. Here, we
extend one of these results using Theorem 2 (13). Let

f(T ) = T 2(T � 1)g(T ) + 1 2 (F [x])[T ]

be monic (in T ), with monic g(T ) 2 (F [x])[T ]. Then, for all n � 1,

fn(T ) = fn�1(T )2
�
fn�1(T )� 1

�
gn(T ) + 1, gn(T ) := g

�
fn�1(T )

�
2 (F [x])[T ].

For brevity, let
An(T ) = Tf(T ) · · · fn(T ) (n � 0).

Theorem 7. If Z 2 F [x] \ F is monic, then

1X
n=0

1
fn(Z)

= [0;Z,�g(Z)(Z � 1),�Z + 1,�Z � 1] ,

and for ` � 2, if
P`�1

n=0 1/fn(Z) =
h
0;
�!
Xk`

i
, then

X̀
n=0

1
fn(Z)

=

"
0;
�!
Xk` ,

g`(Z)g`�1(Z)
�
f `�2(Z)� 1

�
A`�3(Z)2

,� �Xk` , 1,
�!
Xk`

#
.

Proof. For ` � 1, let ↵` = f `�1(Z) and let Ck`/Dk` =:
h
0;
�!
Xk`

i
be the kth

` conver-
gent of the continued fraction of

1
↵1

+
1
↵2

+ · · · + 1
↵`

=
1
Z

+
1

f(Z)
+ · · · + 1

f `�1(Z)
=

`�1X
n=0

1
fn(Z)

.

We claim that
Dk` = A`�1(Z) (` � 1).

From

f `(Z)� 1 = f `�1(Z)2
�
f `�1(Z)� 1

�
g`(Z)

= f `�1(Z)2f `�2(Z)2
�
f `�2(Z)� 1

�
g`�1(Z)g`(Z) = . . .

= f `�1(Z)2f `�2(Z)2 · · · f(Z)2Z2 (Z � 1) g(Z)g2(Z) · · · g`(Z),

we see that
A`�1(Z)2 |

�
f `(Z)� 1

�
, (27)

i.e.,
f `(Z) = A`�1(Z)2B` + 1 for some B` 2 (F [x])[T ]. (28)
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Now

Ck`

Dk`

=
1
Z

+
1

f(Z)
+ · · · + 1

f `�1(Z)

=
�
f(Z) · · · f `�1(Z)

�
+
�
Zf2(Z) · · · f `�1(Z)

�
+ · · · +

�
Zf(Z) · · · f `�2(Z)

�
Zf(Z) · · · f `�1(Z)

.

The numerator and denominator are relatively prime, for if there exists a prime
element p 2 F [x] dividing them, then p | fr(Z) for some 0  r  ` � 1, which
implies that

p | Zf(Z) · · · fr�1(Z)fr+1(Z)fr+2(Z) · · · f `�1(Z),

and so p | Zf(Z) · · · fr�1(Z) or p | fr+1(Z)fr+2(Z) · · · f `�1(Z).
If p | Zf(Z) · · · fr�1(Z), using (27), we see that p | (fr(Z)� 1) , contradicting

p | fr(Z). Thus,
p | fr+1(Z)fr+2(Z) · · · f `�1(Z).

By (28), we get

fr+1(Z)fr+2(Z) · · · f `�1(Z)
=
�
Ar(Z)2Br+1 + 1

� �
Ar+1(Z)2Br+2 + 1

�
· · ·
�
A`�2(Z)2B`�1 + 1

�
.

Since fr(Z) | Aj(Z) (r  j) and p | fr(Z), then p | 1, a contradiction. Thus,
�
f(Z) · · · f `�1(Z)

�
+
�
Zf2(Z) · · · f `�1(Z)

�
+ · · · +

�
Zf(Z) · · · f `�2(Z)

�
and Zf(Z) · · · f `�1(Z) are relatively prime. Since Z is monic, we get

Dk` = Zf(Z) · · · f `�1(Z) = A`�1(Z) (` � 1),

and the claim is proved.
Next, we consider

↵`+1 = f `(Z) = f `�1(Z)2
�
f `�1(Z)� 1

�
g`(Z) + 1

= f `�1(Z)2f `�2(Z)2
�
f `�2(Z)� 1

�
g`�1(Z)g`(Z) + 1

= A`�1(Z)2
�
f `�2(Z)� 1

�
g`�1(Z)g`(Z)

A`�3(Z)2
+ 1 = A`�1(Z)2Y1 +

1
Y2

,

where Y1 := (f`�2(Z)�1)g`�1(Z)g`(Z)

A`�3(Z)2 , Y2 := 1. By (27), we get Y1 2 F [x] \ {0} . Let
�!
Xk2 be the word Z,�g(Z)(Z � 1),�Z + 1,�Z � 1. Then

h
0;
�!
Xk2

i
= [0;Z,�g(Z)(Z � 1),�Z + 1,�Z � 1] =

1
Z

+
1

f(Z)
.
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We observe that {k`}`�2 obtained by this process is a sequence of even positive
integers. Thus, ↵`+1 = (�1)k`D2

k`
Y1 + 1/Y2. Using Theorem 2 (13), we get

"
0;
�!
Xk` ,

g`(Z)g`�1(Z)
�
f `�2(Z)� 1

�
A`�3(Z)2

,� �Xk` , 1,
�!
Xk`

#
=

`+1X
i=1

1
↵i

=
X̀
n=0

1
fn(Z)

.
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